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A SHORT and Easy Course of the Mathematical Sciences 
has long been considered as a desideratum for the use of Stu- 
dents in the different schools of education’: one that should 
hold a middle rank between the more voluminous and bulky 
collections of this kind, andthe mere abstract and brief com- 
mon-place forms, of principles and memorandums. * 

For long experience, in all Seminaries of Learning, has 
shown, that such a work was very much wanted, and would 
prove a great and general benefit ; as, for want of it, recourse | 
has always been obliged to be had to a number of other books 
by different authors ; selecting a part from one and a part from 
another as seemed most sutiable to the purpose in hand, and 
rejecting the other parts—a practice which occasioned much 
expense and trouble, in procuring and using such a number 
of odd volumes, of various forms and modes of composition ; 
besides wanting the benefit of uniformity and reference, which 
are found in a regular series of composition. 

To remove these inconveniences, the Author of the present 
work has been induced from time to time, to compose various 
parts of this Course of Mathematics ; which the experience 
of many years’ use in the Academy has enabled him to adapt 
and improve to the most useful form and quantity for the be- 
nefit of instruction there. And, to render that benefit more 
eminent and lasting, the Master General of the Ordnance has 
been pleased to give it.its present form, by ordering it to be 


enlarged and printed, for the use of the Royal Military Aca- 


demy. ey 

AS this work has been composed expressly with the inten- 
tion of adapting it to the purposes of academical education, it 
is not designed to hold out the expectation of an entire new 
mass of inventions and discoveries : but rather to collect and 
arrange the most useful known principles of mathematics, dis- 
posed in a convenient practical form, demonstrated in a plain 
and concise way, and illustrated with suitable examples, re- 
jecting whatever seemed to be matters of mere curiosity, and 
retaining only such parts and branches, as have a direct ten- 
dency and application to some useful purpose in life or profes- 
sion. 

It is however expected that much that is new will be found 
in many parts of these volumes ; as weil in the matter, as in 
the arrangement and manner of demonstration, throughout the 
whole work, especially in the geomeiry, which is rendered 
much more easy and simple than heretofore ; and in the conic 

sections 
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sections, which are here treated in a manner at once new, €asy, 
and natural ; so much so indeed that all the propositions and 
their demonstrations in the ellipsis, are the very same, word 
for word, as those in the hyperbola, using only, m a very few 
places, the word sum, for the word difference: also in many 
of the mechanical and philosophical parts which follow in the 
second volume. Inthe conic sections too, it may be observed, 
that the first theorem of each section only is proved from the 
‘cone itself, and allthe rest of the theorems are deduced from 
the first, or from each other, in a very plainand simple manner. ° 
Besides renewing most of the rules, and introducing every 
where new examples, this edition is much enlarged in several 
places ; particularly by extending the tables of squares and 
cubes, square roots and cube roots, to 1000 numbers, which 
will be found of great use in many calculations ; also by the 
tables of logarithms, sines, and tangents, at the end of the se- 
cond volume ; by the addition of Cardan’s rules for resolving 
cubic equations ; with tables and rules for annuities ; and 
many other improvements in different parts of the work. 
Though the several parts of this course of mathematics are 
ranged in the order naturally required by such elements, yet 
students may omit any of the particulars that may be thought 
the least necessary to their several purposes ; or they may 
study and learn various parts in a different order from their 
present arrangement in the book, at the discretion of the tutor, 
So, for instance, all the notes at.the-foot of the pages may be 
omitted, as well as many of the rules ; particularly the Ist or 
Common Rule for the Cube Root, p. 85, may well be omitted, 
' being more tedious than useful. Also the chapters on Surds. 
and Infinite Series, in the Algebra; or these might be learned 
after Simple Equations. Also Compound Interest and Annui- 
ties at the end of the Algebra. Also any part of the Geome- 
try, in vol. 1 ; any of the branches in vol. 2, at the discretion of 
the preceptor. And, in any ofthe parts, he may omit some of 
the examples, or he may give more than are printed in the 
book; or he may very profitably vary or change them by alter- 
ing the numbers occasionally.—As to the quantity of writing ; 
the author would recommend, that the student copy out into 
his fair book no more than the chief rules which he is directed 
to learn off by rote, with the work of one example only to 
each rule, set down at full length ; omitting to set down the 
work of all the other examples, how many soever he may be 
directed to work out upon his slate or waste paper.—In short, 
a great. deal of the business, as to the quantity, and order, and 
manner, must depend on the judgment of the discreet and 
- prudent tutor or director. aie 
[ Dr. 


[Dr, Hutton’s Preface to the Third Volume of the English Edition, 
. published in 1811.] H . 


een 


THE beneficial improvements lately made, and still making 
in the plan of the scientific education of the Cadets, in the 
Royal Military Academy at Woolwich, having rendered a fur- 
ther extension of the Mathematical Course adviseable, I was 
honoured with the orders of his Lordship the Master Gene- 
ral of the Ordnance, to prepare a third volume, In addition 
to the two former volumes of the Course, to contain such 
additions to some of the subjects before treated of in those 
two volumes, with such other new branches of military sci- 
ence, as might appear best adapted to promote the ends of 
this important institution. From my advanced age, and the 
precarious state of my health, I was desirous of declining 
such a task, and pleaded my doubts of being able, in such a 
state; to answer satisfactorily his lordship’s wishes. This 
difficulty however was obviated by the reply, that, to pre- 
serve a uniformity between the former and the additional 
parts of the Course, it was requisite that I should undertake 
the direction of the arrangement, and compose such parts of 
the work as might be found convenient, or as related to top- 
ics in which I had made experiments or improvements; and 
for the rest, I might take to my assistance the aid of any oth- 
er person I might think proper. With this kind indulgence, 
being encouraged to exert my best endeavours, | immediate- 
ly announced my wish to request the assistance of Dr. Gre- 
gory of the Royal Military Academy, than whom, both for 
his extensive scientific knowledge, and his long experience, | 
know of no person more fit to be associated in the due per- 
formance of such a task. Accordingly, this volume is to be 
considered as the joint composition of that gentleman and my- 
self, having each of us taken and prepared, in nearly equal 
portions, separate chapters and branches of the work, being 
such as in the compass of this volume, with the advice and as- 
sistance Of the Lieut. Governor, were deemed among the 
most useful additional subjects for the purposes of the educa- 
tion established in the Academy. 
The several parts of the work, and their arrangement, are 
as follow.—lIn the first chapter are contained all the proposi- 
tions of the course of Conic Sections, first printed for the use 
of the Academy in the year 1787, which remained, after 
those that were selected for the second volume of this Course : 
to which is added a tract on the algebraic equations of the 
several conic sections, serving as a brief introduction to the 
algebraic properties of curve lines. 
- The 
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The 2d chapter contains a short geometrical treatise on the 
elements of Isoperimetry. and the maxima and minima of sur- 
faces and solids ; in which several propositions usually inves- 
tigated by fluxionary processes are effected geometrically ; 
and in which, indeed, the principal results deduced by Thos. 
Simpson, Horsley, Legendre, and Lhuillier, are thrown into 
the compass of one short tract. 7 

The 3d and 4th chapters exhibit a concise but compre- 
hensive view of the trigonometrical analysis, or that in which 
the chief theorems of Plane and Spherical Trigonometry are 
deduced algebraically by means of what is commonly denom- 
inated the Arithmetic of Sines. A comparison of the modes 
of investigation adopted in these chapters, and those pursued 
in that part of the second volume of this course which is de- 
voted to Trigonometry, will enable a student to trace the: 
relative advantages of the algebraical and geometrical meth- 
ods of treating this useful branch of science. The fourth 
chapter includes also a disquisition on the nature and measure 
of solid angles, in which the theory of that’ peculiar class of 
- geometrical magnitudes 1 is so represented, as to render their 
mutual comparison (a thing hitherto supposed impossible, ex- 
cept in one or two very obvious cases) a matter of perfect 
ease and simplicity. } 

Chapter the fifth relates to Geodesic parathion, and that 
more extensive kind of T'rigonometrical Surveying which is 
employed with a view to determine the geographical situa-. 
tion of places, the magnitude of kingdoms, and the figure of 
theearth. This chapter is divided into two sections ; in the 
first of which is presented a general account of this kind of 
surveying ; and in the second, solutions of the most important 
problems connected with these operations. This portion of. 
the volume it is hoped will be found highly useful ; as there 
is no work which contains a concise and connected account of 
this kind of surveying and its dependent problems ; and it 
cannot fail to be interesting to those who know how much 
honour redounds to this country from the great skill, accura- 
cy, and judgment, with which the trigonometaee suv ey of 
England has long been carried on. : 

In the 6th and 7th chapters are developed the principles 

of Polygonometry, and those which relate to the. Division of 
_ lands and other surfaces, both by geometrical construction 
and by computation. 4 

The 8th chapter contains a view of the natare and solution 
of equations in general, with a selection of the best rules for 
equations of different degrees. Chapter the 9th is devoted to 

» the 
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the nature and properties of curves, and the construction of 
of equations. ‘These chapters are manifestly connected, and 
show how the mutual relations subsisting between equations 
. of different degrees, and curves of various orders, serve for 
the reciprocal illustration ofthe properties of both. 

In the 10th chapter the subjects of Fluents and Fluaxional 
equations are concisely treated. ‘The various forms of Fluents 
comprised in the useful table of them in the 2d volume, are 
investigated : and several other rules are given ; such as it is 
believed will tend much to facilitate the progress of students 
in this interesting department of science, especially those 
which relate to the mode of finding fluents by continuation. 

The 11th chapter contains solutions of the most useful prob- 
lems concerning the maximum effects of machines in motion ; 
and developes those principles which should constantly be 
kept in view by those who would labour beneficially for the 
improvement of machines. | 3 
In the 12th chapter will be found the theory of the pres- 
sure of earth and fluids against walls and fortifications ; and 
the theory which leads to the best construction of powder 
magazines with equilibrated roofs. 

The 13th chapter is devoted to that highly interesting sub- 
ject, as well to the philosopher as to military men, the theory 
and practice of gunnery. Many of the difficulties attending 
this abstruse enquiry are surmounted by assuming the results 
of accurate experiments, as to the resistance experienced by 
bodies moving through the air, as the basis of the computa- 
tions. Several of the most useful problems are solved by 
means of this expedient, with a facility scarcely to be expect- 
ed, and with an accuracy far beyond our most sanguine expec- 
tations. - | 

The 14th and last chapter contains a promiscuous but ex- 
- tensive collection of problems in statics, dynamics, hydrosta- 
tics, hydraulics, projectiles, &c. &c. ; serving at once to exer- 
cise the pupil in the various branches of mathematics com- 
prised in the Course, to demonstrate their’ utility especially 
to those devoted to the military profession, to excite a thirst 
for knowledge, and in several important respects, to gratify it. 
This volume being professedly supplementary to the pre- 

ceding two volumes of the Course, may best be used in tuition 
by akind of mutual incorporation of its contents with those 
of the second volume. The method of effecting this will, of 
course, vary according to circumstances, and the precise em- 
ployments for which the pupils are destined : but in general 
it is presumed the following may be advantageously adopted. 
Let the first seven chapters be taught, immediately after the 

: | Conic 
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Conic Sections in the 2d voluwne. . Then let the substance of 
the 2d volume succeed, as far as the Practical Exercises on 
Natural Philosophy,-inclusive. Let the 8th and 9th chapters 
in this 3d vol. precede the treatise on Fluxions in the 2d ; and 
when the pupil has been taught the part relating te fluents i in 
that treatise, let him immediately be conducted through the 
10th chapter of the 2d volume. After he has gone over the re- 
mainder ofthe Fluxions with the applications to tangents, rad-— 
dii of curvature, rectifications, quadratures, &c. the 11th and 
12th chapters of the 3d vol. should be taught. The prob- 
lems in the 13th and 14th chapters must be blended with the 
practical exercises at the end of the 2d volume, in such manner 
as shall be found best suited to the capacity of the student, and 
_ best calculated to ensure his thorough comprehension of the 
several curious problems contained in those DOP of the 
work. 

In the composition of this 3d volume, as well as in that of 
the preceding parts of the Course, the great object kept con- 
stantly in view has been utility, especially to gentlemen in- 
tended for the Military Profession. To this end, all. such in- 
vestigations as might serve merely to display ingenuity or ta- 
lent, without any regard to practical benefit, have been care- 
fully excluded. ‘The student has put into his hands the two 
powerful instruments of the ancient and the modern.or sub- 
lime geometry ; he is taught the use of both, and their relative 
advantages are so exhibited as to guard him, itis hoped, from 
any undue and exclusive preference for either. Much no- 
velty of matter is not to be expected in a work like this ; 
though, considering its magnitude, and the frequency with 
which several ef the subjects have been discussed, a candid 
reader will not, perhaps, be entirely disappointed in this re- 
spect. Perspicuity and condensation have been uniformly 
aimed at through the performance; and a small. clear type, 
witha full page, shave been chosen for the introduction of a 
large quantity of matter. 

A candid public will accept as an. apology for any ‘light 
disorder or irregularity that may appear in the composition 
and arrangement of this Course, the circumstance of the dif- 
ferent volumes having been prepared at widely distant times, 
and with gradually expanding views. But, on the whole, I. 
trust it will be found that, with the assistance of my. friend 
and coadjutor in this supplementary volume, I have now 
produced a Course of Mathematics, in which a great variety 
of useful subjects are introduced, and treated with greater 
perspicuity and correctness, than in any three volumes of equal 


size In any language. CHA. HUTTON 
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~ BY THE AMERICAN EDITOR. 


THE last English edition of Hutton’s Course of Mathemaiics, 
in three volumes octavo, may be considered as one of the 
best systems of Mathematics in the English language. Its 
great excellence consists in the judicious selection made by 
the authors of the work, who have constantly aimed at such 
things as ‘are most necessary in the useful arts of life. To 
this may be added the easy and perspicuous manner in which 
the subject is treated—a quality of primary importance in a 
treatise intended for beginners, and containing the elements oP 
Science. _ 

~ The third volume of the English Edition having been but 
lately published, is scarcely known at present in this country— 
it is but justice to its excellent authors to state, that they have 
collected in it agreat number of the most interesting sub- 
jects in Analytical and Mechanical Science. Analytical Tri- 
gonometry, Plane and Spherical, Trigonometrical Surveying, 
Maxima and- Minima of Geometrical Quantities, Motion of 
Machines and their Maximum Effects, Practical Gunnery, 
&c. are among the most important subjects in Mathematics, 
and are discussed in the volume just mentioned in such a 
manner as not only to prove highly useful to pupils, but also 
to,such as are engaged i in various departments of Practical 
Science. — ; 

As the work, after the Ss bheaion of the third volume, em- . 
braced most subjects of curiosity or utility in Mathematics, it 
it has been thought unnecessary to enlarge its size by much 
; additional matter. The present edition however, differs in 
several 
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several respects from the last English one ; and itis presumed, 
that this difference will be found to consiag of improvements. 
These are principally as follows : 

In the first place, it was thought ddivianable . publish the 
work in two volumes instead of three ; the two volumes being 
still of a convenient size for the use of students. 

Secondly, a new arrangement of various parts of the work 
has been adopted. Several parts of the third volume of the 
English edition treated of subjects already discussed in the 
preceding volumes ; in such cases, when it was practicable, 
the additions in the third volume have been properly in- 
corporated with the corresponding subjects that preceded 
them; and, in general, such a disposition of the various de- 
partments of the work has been made as seemed best calcu- 
lated te promote the improvement of the pupil, and exhibit 
the respective places of the various branches in me scale of 
science. 

In the third place, several notes have'been added ; and 
numerous corrections have been made in various places of 
the work: it were tedious and unnecessary to enumerate 
all these at present ; it may suffice to remark the few follow- 
ing : 

In pages 58, 59, vol. 1, anote is added on the reduction 
of fractions to the least common denominator ; and for com- 
mon cases an easier rule is given, than has been scarab pre- 
sented to the public. 

In page 169. vol. 1, a useful note is added eeneeting the 
degree of accuracy resulting from the application of loga- 
rithms. This note will appear the more necessary, when 
we observe such oversights committed by authors of experi- 
ence. 

In several places of the last or seventh London edition, the 
corrections made in the first American edition have been 
adopted. The definition of Surds which had been improper- 
ly given in the fifth and sixth London editions, is now cor- 
rectly in the seventh ; agreeably to the mode prescribed in 
the first American edition. This erroneous definition of Surds 
is still retained in the large Algebra of Bonnycastle, pub- 

lished 
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lished in London, in 1820. The true definition is given in 
the small work of the same author, by the editor, Mr. Ryan, 
in the New-York edition of 1822. 

are erroneous computation of the value « in the equation 

= 100, which was pointed out and corrected in the first 

y te edition, is expunged from the seventh London edi- 
tion. The solution of this problem was subject to the same 
error in both the treatises of Algebra by Bonnycastle. The 
American edition of 1822 is correct, but the larger Algebra, 
published in London, in 1820, still retains the error. 
- In the second volume, page 24, American edition, a very 
simple solution was given to the problem in the sixth example. 
This problem was solved by a cubic in the sixth London edi- 

tion ; and in the seventh, the solution is reduced from a cubic 
toa quadratic ; but notwithstanding this improvement of the 
solution, it is still inferior to that given in the first American 
edition. : 

There are in the last London edition several errors conti- 
nued from the sixth edition, which had been corrected in the 
first American edition. Among these we may notice the de- 
monstration given to the third theorem in Spherics. The 
demonstration is founded on the assumption, that an angle of a 
spherical triangle is greater than the angle contained by the 
chords of the sides containing the spherical angle. 

See on this subject the note page 555, vol. II. 

In the mensuration, page 411, vol. 1, aremark is added re- 
specting the magnitude of the earth. Dr. Hutton has com- 
monly used a diameter of 79573 English miles, merely be- 
cause it gives the round number 25,000 for the circumference : 
in a few places he has used a diameter of 7930. Having some 
years ago discovered the proper, method of ascertaining the 
most probable magnitude and figure of the earth, from the ad- 
measurement of several degrees of the meridian, I found the 
ratio of the’ axis to the equatorial diameter, to be as 320 to 
to 321, and the diameter, when the earth is considered as a 
globe, to be 7918-7 English miles. 

In the additions immediately preceding the Table of Loga- 
rithms in the mcond volume, a new method is given for as- 

certaining 


Kil _ PREFACE... 


certaining the vibrations of a variable pendulum. . This prob- 
lem was solved by Dr. Hutton, in his Select Exercises, 1787, 
and he has given the same solution in the present work, see _ 
page 537, vol. 2. The method used by the Doctor appears to 
me to be erroneous ; but in order that such as would judge for 
themselves on this abstruse question, may have a fair oppor- 
tunity of deciding between us, the Doctor’s | solution 1 is: given. 
as well as my own. , 

It may be proper to observe, with respect to the new 7 gale 
tion, as well as Dr. Hutton’s that the resulting formula does 
not show the relation between the time and any number of 
vibrations actually performed ; but merely gives the limit to 
which this relation approaches, when the horizontal velocity 
is indefinitely diminished. If therefore we would use the 
new formula as an approximation in very small finite vibra- 
tions, the times must not be extended without limitation. ? 

Besides the numerous corrections in this third American 
edition, there is added to the second volume an elementary 
treatise on Descriptive Geometry, in which the principles and 
fundamental problems are given in a simple and easy manner, 
with a select number of useful applications, in Spherics,, Co- 
nics, Sections, &c. : 

ROBERT ADRAIN. 
Columbia eo New-York. we9 by 
Jay 1, 1822. . 
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MATHEMATICS, &e. 





GENERAL PRINCIPLES. 


1. Q carry, or Maenitups, is any thing that will 
admit of increase or decrease ; or that is capable of any sort 
of calculation or mensuration : such as numbers, lines, space, 
time, motion, weight. 

2. Marnemartics is the science which treats of all kinds 
of quantity whatever, that can be numbered or measured.— 
That part which treats of numbering is called Arithmetic ; 
and that which concerns measuring, or figured extension, is 
called Geometry.—These two, which are conversant about 
multitude and magnitude, being the foundation of all the 
other parts, are called Pure or Abstract Mathematics; be- 
cause they investigate and demonstrate the properties of ab- 
stract numbers and magnitudes of allsorts. And when these 
two parts are applied to particular or practical subjects, they 
constitute the branches or parts called Mixed Mathematics.— 
Mathematics is also distinguished into Speculative and Prac- 
tical: viz. Speculative, when it is concerned in discovering 
properties and relations ; and Practical, when applied to 
practice and real use concerning physical objects: 

Vol. I. 2 3. In 


2 GENER.tL PRINCIPLES. 


3. In Mathematics are several general terms or principles ; 
such as Definitions, Axioms, Propositions, Theorems, Prob- 
jlems, Lemmas, Corollaries, Scholiums, &c. 

4. A Definition is the explication of any term or word ina 
science; showing the sense and meaning in which the term is 
employed.—Every Definition ought to be clear, and ex- 
pressed.in words that are common and perfectly well under- 
stood. . e 

5. A Proposition is something proposed to be proved, or 
something required to be done ; and is accordingly either a 
Theorem or a Problem. 

6. A Theorem is a demonstrative proposition ; in which 
some property is asserted, and the truth of it required to be 
proved. Thus, when it is said that, The sum of the three 
angles of any triangle is equal to two right angles, this is a 
Theorem, the truth of which is demonstrated by Geometry. 
—A set or collection of such Theorems constitutes a Theory. 

7. Al Problem is a proposition or a question requiring 
something to be done ; either to investigate some truth or 
property, or to perform some operation. As, to find out the 
quantity or sum of all the three-angles-of any triangle, or to 
draw one line perpendicular to another. A Limited Prob- 
lem is that which has but one answer. An Unlimited Pro- 
blem is that which has innumerable answers. And a Deter- 
minate Problem is that which has a certain number of an- 
ewers, ; ie 

_ 8, Solution of a Problem, is the method of finding the an- 
swer. 1 Numerical or Numeral Solution, is the answer given 
in numbers. 1 Geometrical Solution, is the answer given by 
the principles of Geometry. And a Mechanical Solution, is 
‘one which is gained by trials. af 

9. A Lemma is a preparatory proposition, laid down in 
order to shorten the demonstration of the main proposition 
which follows it. | jag 

10. A Corollary, or Consectary, is a consequence drawn 
immediately from some proposition or other premises. 

11.°.4 Scholium is a remark or observation made on some 
foregoing proposition or premises. es 
- 12. An Axiom, or Maxim, is a self-evident proposition ; 
requiring no formal demonstration to prove the truth of it; 
but is received and assented to as soon as mentioned. Such 
a8, The whole of any thing is greater than a part of it ; or, 
The whole is equal to all its parts taken together ; or, Two 
quantities that are each of them equal to a third quantity, 
are equal to each other 

13. A 
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13. A Postulate, or Petition, is something required to be 
done, which is so easy and evident that no person will hesi- 
tate to allow it. 

14. An hypothesis is a supposition assumed to be true, in 
order to argue from, or to found upon it, the reasoning and 
demonstration of some proposition. 

15. Demonstration is the collecting the several arguments 
and proofs, and laying them together in proper order, to 
show the truth of the proposition under consideration.: 

16. A Derect, Positive, or Affirmative Demonstration, is 


‘ that which concludes with the direct and certain proof of the 


proposition in hand.—This kind of Demonstration is most 
satisfactory to the mind ; for which reason it is called some- 
times an Ostensive Demonstration. 

17. An Indirect, or Negative Demonstration, is that which 
shows a proposition to be true, by proving that some absur- 
dity would necessarily follow if the proposition advanced were 
false. This is also sometimes called Reductio ad Absurdum ; 
because it shows the absurdity and falsehood of all suppost- 
tions contrary to that contained in the proposition. . 

18. JVethod is the art of disposing a train of arguments in 
a proper order, to investigate either the truth or falsity of a 
proposition, or to demonstrate it to others when it has been 
found out.—This is either Analytical or Synthetical. . 

19. Analysis, or the Analytic Method inGeometry, is the art or 
mode of finding out the truth of a proposition, by first supposing 
the thing to be done, and then reasoning back, step by step, 
till we arrive at some known truth.—This is also called the 
Method of Invention, or Resolution; and is that which is com- 
monly used in Algebra. 

20. Synthesis, or the Synthetic Method, is the searching 
out trath, by first laying down some simple and easy princi- 
ples, and pursuing the consequences flowing from them till 
we arrive at the conclusion.—This is also called the Method 
of Composition ; and is the reverse of the Analytic method, as 


this proceeds from known principles to an unknown conclu- 


sion ; while the other goes in a retrograde order, from the 
thing sought, considered as if it were true, to some known 
principle or fact. And therefore, when any truth has been 
found out by the Analytic method, it may be demonstrated 
by a process in the contrary order, by Synthesis. 


i 
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ARITHMETIC. 


Aanirunetic is the art or science of numbering ; be- 
ing that branch of Mathematics which treats of the nature 
and properties of numbers.—When it treats of whole num- 
bers, it is called Vulgar, or Common Arithmetic ; but when of 
broken numbers, or parts of numbers, it is called Fractzons. 

Unity, or an Unit, is that by which every thing is called 
ene ; being the beginning of number ; as, one man, one ball, 
one gun. Heth A 

Number is either simply one, or a compound of several 
units ; as, one man, three men, ten men. 
_ An Integer, or Whole Number, is some certain precise 
quantity of units ; as, one, three, ten.—T hese are so called as 
distinguished from Fractions, which are broken numbers, or 
parts of numbers ; as, one-half, two-thirds, or three-fourths. 


NOTATION AND NUMERATION, 


Notation, or Numerartion, teaches to denote or express 
any proposed number either by words or characters ; or to 
read and write down any sum or number. | 

The numbers in Arithmetic are expressed by the following 
ten digits, or Arabic numeral figures, which were introduced 
into Europe by the Moors, about eight or nine hundred 
years since ; viz. 1 one, 2 two, 3 three, 4 four, 5 five, 6 six, 
7 seven, 8 eight, 9 nine, 0 cipher, or nothing. ‘These cha- 
racters or figures were formerly all called by the general 
name of Ciphers; whence it came to pass that the art of 
Arithmetic was then often called Ciphering. Also the first 
nine are called Significant Figures, as distinguished from the 
cipher, which is of itself quite insignificant. 

Besides this value of those figures, they have also another 
which depends on the place they stand in when joined toge- 
ther ; as in the following table : 

Units 
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Here any figure in the first place, reckoning from right te 
left, denotes only its own simple value; but that in the 
second place, denotes ten times its simple value ; and that in 
the third place, a hundred times its simple value ; and so on: 
the value of any figure, in each successive place, being always 
ten times its former value. 

Thus, in the number 1796, the 6 in the first place denotes 
enly six units, or simply six; 9 in the second place signifies 
-nine tens, or ninety ; 7 in the third place, seven hundred ; 
and the 1 in the fourth place, one thousand; so that the 
whole number is read thus, one thousand seven hundred and 
ninety-six. — | 

As to the cipher, 0, though it signify nothing of itself, yet 
being joined on the right-hand side to other figures, it in- 
creases their value in the same ten-fold proportion : thus, 5 
signifies only five ; but 50 denotes 5 tens, or fifty ; and 500 is 
five hundred ; and so on. 

For the more easily reading of large numbers, they are 
divided into periods and half-periods, each half-period con- 
sisting of three figures ; the name of the first period being 
units ; of the second, millions; of the third, millions of 
millions, or bi-millions, contracted to billions : of the fourth, 
millions of millions of millions, or tri-millions, contracted to 
trillions, and soon. Also the first part of any period is so 
many units of it, and the latter part so many thousands. 


The 
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The following Table contains a summary of the whole 
doctrine. | 


Periods. |Quadrill; Trillions;Billions; Milhons ; Units. | 
ON Ned ON ft Of ae lO fe ON 


Half-per. th.un. th.un. th.un. th.un. th. un. 
PAPA, HPN GI APVNIND BPP I Pw 


| Figures. 123,456;789,098;765,432; 101,234;567,890. 


Noumeratron is the reading of any number in words that is 
proposed or set down in figures ; which will be easily done 
by help of the foliowing rule, deduced from the foregoing ta- 
blets and observations—viz. , 

Divide the figures in the proposed number, as in the sum- 
mary above, into periods and half periods ; then begin at the 
left-hand side, and read the figures with the names set to 
them in the two foregoing tables. 


EXAMPLES. 
Express in words the following numbers; viz. 
34 15080 13405670 
96 72003 47050023 
180), 109026 309025600 i 
304 483500 ' 4723507689 
6134 2500639 274856390000 
9028 7523000 . 6578600307024 


Notation is the setting down in figures any number pro- 
posed in words; which is done by setting down the figures 
instead of the words or names belonging to them in the sum- 
mary above ; supplying the vacant places with ciphers where 
any words do not occur. | 


EXAMPLES. 


_Set down in figures the following numbers : 
Fifty-seven. 
Two hundred eighty six. | 
Wine thousand two hundred and ten. ; 
Twenty-seven thousand five hundred and ninety-four. 
Six hundred and forty thousand, four hundred and eighty one. 
Three millions, two hundred sixty thousand, one hundred 
and six. . 
Four 
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Four hundred and eight millions, two hundred and fifty-five 
thousand, one hundred and ninety-two. 

Twenty-seven thousand aid eight millions, ered ix have 
sand two hundred and four. 

Two hundred thousand and five hundred and fifty millions, 
one bundred and ten thousand, and sixteen. 

Twenty-one billions,: eight hundred ‘and ten millions, sixty - 
four thousand, one hundred and fifty. 


Or tHe Roman Norarion, 


The Romans, like several other nations, expressed their 
numbers by certain letters of the alphabet. ‘The Romans 
used only seven numeral letters, being the seven following 
capitals: vix. I for one; V for five; X for ten; L for-fi fifty: 
C for an hundred; D for five hundred; M for 4 thousand, 
The other numbers they expressed by various repetitions 
and combinations of these, after the following mamner : 


i=) 
a a As often as any character is re- 
= TH peated, so many times is its 
| ; value repeated. 
A=W orlV. ~Aless character before a great- 
Bs Ve er diminishes its value. 
6.= VI A less character after a greater 
Dios VAL, increases its value, 
ae VAL | 
‘0 ix 
i0=X 
50 = L 
100 ==C 
500 = Dor I) For every 9 annexed, this be- 


comes 10 times as many. 
1000 = M or CIO- For every C and 9, placed one 


2000 = MM at each end, it becomes 10 
times as much. 

5000 = V or 109 A bar over any number in- 

6000 V1 creases it 1000 fold, 


10000 = X or CCIO9 
60000 = L or 1000 
60000 = LX 
100000 = C or CCCINII 
1000000 = M or CCCCIOIIG 
¢600000 = MM . 


Ke. &c. Exxpia-' 
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EXPLANATION OF CERTAIN CHARACTERS. 


There are various characters or marks used in Arithmetic, 
and Algebra, to denote several of the operations and proposi- 
tions ; the chief of whichare as follows : 


+ senice plus, or addition. 
. minus, or substraction. 


xX or - multiplication. 
== - - division. 

: $2: + proportion. 
= - - equality. 

/ - - square root. 
2/  -.- cube root, &c. 


wm - - diff. between two numbers when it is not knewn: 
which is the greater. . 


Thus, 
5 + 3, denotes that 3 is to be added to 5. 
6 — 2, denotes that 2 is to be taken from 6. 
7 X 3, or 7.3, denotes that 7 is to be multiplied by 3. 
8 — 4, denotes that 8 is to be divided by 4. 
2:3:: 4:6, shows that 2 is to 3. as 4 is to 6. 
6+ 4 = 10, ‘ahiwer that the sum of 6 and 4 is equal to 10. 
o/ 3, or 31, denotes the square root of the number 3. 
3/ 5, or 5h, ’ denotes the cube root of the number 5. 
aa, denotes that the number 7 is to be squared. 
83, denotes that the number 8 is to be cubed. 

&e. 


OF ADDITION. 


Apprtron is the collecting or putting of several numbers 
together, in order to find their sum, or the total amount of the 
whole. This is done as follows : 

Set or place the numbers under each other, so “that each 


figure may stand exactly under the figures of the same value, 
that 
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that is, units under units, tens under tens, hundreds under 
hundreds, &c. and draw a line under the lowest number, to 
separate the given numbers from their sum, when it is found. 
—Then add up the figures in the column or row of units, 
and find how many tens are contained in that sum.—Set 
down exactly below what remains more than those tens, or 
if nothing remains, a cipher, and carry as many ones to the 
next row as there are tens.—Next add up the second row, 
together with the number carried, in the same manner as the 
first. And thus proceed till the whole is finished, setting 
down the total amount of the last row. 


TO PROVE ADDITION. 


First Method.—Begin at the top, and add together all the 
rows of numbers downwards ; in the same manner as they 
were before added upwards ; then if the two sums agree, it 
may be presumed the work is right. This method of proof 
is only doing the same work twice over, a little varied. 


Second Method.—Draw a line below the uppermost number, 
and suppose it cut off. Then add all the rest of the numbers 
together in the usual way, and set their sum under the num- 
ber to be proved.—Lastly, add this last found number 
and the uppermost line together ; then if their sum be the 
same as that found by the first addition, it may be presumed 
the work is right.—This method of proof is founded on the 
plain axiom, that ‘‘ The whole is equal to all its parts taken 
together.” 


Third Method.—Add the figures in 


the uppermost line together, and find EXAMPLE I. 
how many nines are contained in 

their sum.—Reject those nines, and 3497 4 5 
set down the remainder towards the 6612 -2ere' 8 
right-hand directly even with the $295 1 eG 
figures in the line, as in the annexed —- > — 
example.—Do the same with each 18304 8 7 
of the proposed lines of numbers, set- cecusuneeint Wer 
ting all these excesses of nines in aco-. red 


lumn on the right-hand, as here 5,5, 6. Then, if the excess 
of 9’s inthis sum, found as before, be equal to the excess 
of 9’s in the total sum 18304, the work is probably right.— 
Thus, the sum of the right-hand column, 5, 5, 6, is 16, the 
excess of which above 9 is 7. Also the sum of the figures in 

Von. I, Water ves , , “the 
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the sum total 18304, is 16, the excess of which above 9 is 
also 7, the same as the former*. 
































OTHER EXAMPLES. 

9 3. 4 
12345 12345 12345 
67890 67890 876 
98765 9876 9087 
43210 543 56 
12345 21 234 
67890 9 1012 

302445 90684 23610 
290100 78339 11265- 
302445. 90684 23610 








* This method of proof depends ona property of the number 9, which except 
the number 3, belongs to no other digit whatever; namely, that ‘ any number 
divided by 9, will leave the same remainder as the sum of its figures or digits 
divided by 9;”’ which may be demonstrated in this manner. 

Demonstration. Let there be any number proposed as 4658. This, separa- 
ted into its several parts, becomes 4000 -- 600-+ 50-+4-8. But4000 = 4 >< 1000 
== 4 Xt (999-4 1) =4X& 999-4 4. In like manner 600 =6 X 99 + 6; and 
50= 5X 94.5. Therefore the given number 4658-—4 % 999.4 +6 x 
9+ 645x9F548=a 4x99 4+6K 995X944 464 
5 4 8; and 4658 — 9= (4X 99946 X 9945 X9+ 44645 +48) 
== 9. But4 X 999-+6 X 99 + 5 XK is evidently divisible by 9, without 
a remainder; therefore if the given number 4658 be divjded by nine, it will 
leave the same remainder as 4 -+.6 -+ 5 -- 8 divided by9, And the same, it is 
evident, will hold for any other number whatever. 

In like manner, the same property may be shown'to belong to the number 3; 
but the preference is usually given to the number 9, on account of its being more 
convenient in practice, ; 

Now from the demonstration above given, the reason of the rule itself is evident ; 
tor the excess of 9’s in two or more numbers being taken separately, and the ex- 
cess of 9’s taken also out of the sum of the former excesses, it is plain that this 
last excess must be equal to the excess of 9’s contained in the total sum of all 
these numbers; all the parts taken together being equal to the whole.—This rule 
wasfirat given by Doctor Wallisin his Arithmetic, published in the year 1657. 


Ex, 


SUBTRACTION. io 


Ex. 5. Add 3426 ; 9024; 5106; 8890; 1204, together. 
eS oh Ans. 27650. 
6. Add 509267 ; 235809 ; 72920; 8392; 420; 21; and 
9, together. | | Ans. 826838. 
7. Add 2; 19; 817; 4298; 50916 ; 730205; 9180634, 
together. Ans. 9966891, 
8. How many days are in the twelve calendar months ? 
; | Ans. 365. 
9. How many days are there from the 15th day of April to 
the 24th day of November, both days included? Ans. 224. 
10. An army consisting of 52714 infantry*, or foot, 5110 
horse, 6250 dragoons, 3927 light horse, 928 artillery, or 
gunners, 1410 pioneers, 250 sappers, and 406 miners : what 
is the whole number of men ; Ans. 70995. 


OF SUBTRACTION. 


Sustracrion teaches to find how much one number 
exceeds another called their difference, or the remainder, by 
taking the less from the greater. The method of doing which 
is as follows : 

» Place the less number under the greater, in the same man- 
ner-as in addition, that is, units under units, tens uader tens, 
and so on; and draw a line below them.—Begin at the right- 
hand, and take each figure in the lower line, or number, from 
the figure above it, setting down the remainder below it.— 
But if the figure in the lower line be greater than that above 
it, first borrow, or add, 10 to the upper one, and then take 
the lower figure from that sum, setting down the remainder, 
and carrying 1, for what was borrowed, to the next lower 
figure, with which proceed as before; and so on till the 
whole is finished. 





* The whole body of foot soldiers is denoted by the word Infantry ; and all 
those that charge on horseback by the word Cavalry.—Some authors conjecture 
that the term infantry is derived from a certain Infanta of Spain, who finding that 
the aay commanded by the king her father had been defeated by’ the Moors, as- 
sembled a body of the people together on foot, with which she engaged and. to- 
tally routed the enemy. In honour of this event, and to distinguish the foot sol- 
diers, who were not before held in much estimation, they received the name of 
Infantry, from her own title of Infanta. 


ro 
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TO PROVE SUBTRACTION. 


. 


App the remainder to the less number, or that which is 
just above it; andif the sum be equal to the’ seen or up- 
permost number, the work is right*. 


1. 
From:5386427 
‘Take 2164315 


ces 


Rem. 3222112 














EXAMPLES. 


2; 
From 5386427 
Take 4258792 


Ee eamemeieemeal 


Rem. 1127635 





en er 


ae 


“From 1234567 


Take 702973 








Rem. 531594 





Proof.5386427 Proof.5386427 Proof.1234567 
4. From 5331806 take 5073918. ~ Ans. 257888. 
5. From 7020974 take 2766809. Ans. 4254165. 
6. From 8503602 take 574271. Ans. 7929131. 


‘7. Sir Isaac Newton was born in the year 1642, and he 
died in 1727 :. how old was he at the time of his decease ? 2 
Ans. 85 years. 
he Homer was bo 2543 years ago, and Christ 1810 years 
: then how long before Christ was the birth of Homer? © 
Ans. 733 years. 
9. Noah’s flood happened about the year of the world 1656, 
and the birth of Christ about the year 4000: then how long 
was the flood before Christ ? Ans. 2344 years. 
10. The Arabian or Indian method of notation was first 
known in England about the year 1150; then how long is it 
since to this present year 1810? Ans. 660 years. 
11. Gunpowder was invented in the year 1330: then how 
jong was this before the invention of printing, which was in 
1441? Ans. 111 years. 
12. The mariner’s compass was invented in Europe in the 
year 1302: then how long was that before the discovery of 
sanerica by Columbus, which happened. in 1492 ? 


Ans. 190 years. 


* The reason of this method of proof is evident; for if the difference of two 
numbers be added to the less, it must manifestly. make up a sum equal to the 


greater. 
/ OF 


MULTIPLICATION. 13 


OF MULTIPLICATION. 


Mutipiieation is a compendious method of Addition, 

teaching how to find the amount of any given number when 
repeated a certain number of times; as, 4 times 6, which 
is 24° ) 
The number to be multiplied, or repeated. is called the 
Muluplicand.—The number you multiply by, or the number 
of repetitions, is the Multiplier.—And the number found, be- 
ing the total amount, is called the Product.—Also, both the 
multiplier and multiplicand are, in general named the Terms 
or Factors. 

Before proceeding to any operations in this rule, it is ne- 
cessary to learn off very perfectly the following Table, of all 
the products of the first 12 numbers, commenly called the 
Multiplication Table, or sometimes shia ease s Table, from 
ifs inventor. 


MULTIPLICATION TABLE. 





——— | ff | | | J | I | |] 
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16 | 24 32 40 | 48 | 56 “64 12 80; 88] 96 





18 | 27 | 36 45 54 | 63 | 72 | 81} 90; 99 108 





j Ce as Sealy |S Aa | 








| 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90] 100] 110] 120 





11 | 22.) 33 | 44.) 55 | 66] 77 | 88 |. 99/110) 121 | 132 





——— | ——— [{ —- —— |] —— | | | | |! —-——_ 


12 (24 \ 36 | a8 | Go ( 72 | 84 | 96 | 108 120 (132! 144 | 
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To multiply any Given Number by a Single Figure, or by any - 


Number not more than 12.) 
* Set the multiplier under the units figure, or right-hand 
place, of the multiplicand, and draw a line below it.—Then 
beginning at the right-hand, multiply every figure in this by 
the multiplier.—Count how many tens there are in the pro- 
dact of every single figure, and set down the remainder di- 
rectly under the figure that is multiplied; and if nothing re- 
mains, set down a cipher.—Carry as many units or ones as 
there are tens counted, to the product of the next figures ; 
arid proceed in the same manner till the whole is finished. 


~. 


EXAMPLE. 


Multiply 9876543210 the Multiplicand. - 
By - - - - 2 the Multiplier. 





19753086420 the Product. 





To multiply by a Number consisting of Several Figures. 


t Set the multiplier below the multiplicand, placing them 
as in Addition, namely, units under units, tens under tens, &c. 
drawing a line below it. ~ Multiply the whole of the multi- 
plicand by each figure of the multiplier, as in the last article; 











5678 
* The reason of this rule is the same as for the J 
process in Addition, in which 1 is carried for eve- 
ry 10, to the next place, gradually as the several 32, =>, 8.4 
products are produced one after another, instead of 280 = 7X4 
setting them all down one below each other, as in 2400 = 6000X% 4 
the annexed example. 20000 == 5000 x 4 
> eer ¥ 


22712 = 5678 x 4 


+ After having found the produce of the multiplicand by the first figure of the 
multiplier, as in the former case, the multiplier is supposed to be divided into 
parts, and the product is found for the second figure in the same manner: but as 
this figure ‘stands in the place of tens, the product must be ten. times its simple 
value} and therefore the first figure of this product must be set in the place of 


setting 
ae 


A 
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setting down a line of products for each figure in the multi- 
plier, so as that the first figure of each line may stand straight 
under the figure multiplying by.—Add all the lines of pro- 
ducts together in the order as they stand, and their sum will 
be the answer or whole product required. 


TO PROVE MULTIPLICATION, 


Tuene are three different ways of proving Multiplication, 
which are as below. 


_ First Method.—Make the multiplicand and- multiplier 
change places, and multiply the latter by the former in the 
same manneras before. Then if the product found in this 
way be the same as the former, the number is right, 


- Second Method.—*Cast all the 9’s out of the sum of the 
figures in each of the two factors, as in Addition, and set 
down the remainders. Multiply these two remainders 
together, and cast the 9’s out of the product, as also out of 








tens; or, which is the same thing, directly under the figure multiplied by, And 
proceeding in this manner separately ‘ 

with all the figures of the multiplier, 1234567 the multiplicand, 
it is evident that we shall multiply all 4567 

the parts ef the multiplicand by all 








the parts of the multiplier, or the 8641969 — 7 times the mult. 
whole of the multiplicand, by the 7407402 == 60 times ditto. 
whole of the multiplier: therefore, 6172835 = 500 times ditto. 


these several ucts being added 4938268 =—4000 times ditta 
together, will be equal to the whole 


required product; as in the example 563827489 = 4567 times ditto. 
annexed. ee 


~ 


* This method of proof is derived from the peculiar property of the number 9, 
mentioned in the proof of Addition, and the reason for the one may serve for that 
of the other. " Another more emple demonstration of this rule may be as follows : 
—Let P and Q denoie the number of 9’s in the factors to be multiplied, and a and 
b what remain; then 9 P-- aand 9Q~+- b will be the numbers themselves, and 

r product is (9 P x 9 Q) + (9P Kb) + (9QX a) + (a & b); but the 

three of these products are each a precise number of 9’s because their fac- 

tors are so, either one or both: these therefore being cast away, there remains 

only a Xb; andif the 9’salso be cast out of this, the excess is the excess of 9's 

in the total product: but a and 6 are the excesses in the factors themselves, and @ 
—y bis their product ; therefore the rule is. true, 


* 


the 
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the whole product or answer of the question, reserving the 
remainders of these last two, which remainders must be equal 
when the work is right.*— Vote, It is common’ to set the four 
remainders within the four angular spaces of a cross, as in the 
example below. | : : 


Third Method.—Multiplication is also very naturally prov- 
ed by Division; for the product divided by either of the fac- 
tors, will evidently give the other. But this cannot be prac- 
tised till the rule of Division is learned. 











EXAMPLES. 
Mult. 3542 Proof. or Mult. 6196 
by 6196 ! by 3542 
91252 12392 
31878 24784 f 
3542 30980 
912523 18588 
21946232. Product. : 21946232. Proof. 
OTHER EXAMPLES. 
Multiply 123456789 by 3. Ans. 370370367. 
Multiply 123456789 by 4, Ans. 493827156. 
Multiply 123456789 by 5. Ans. 617283945. 
Multiply 123456789 by 6. Ans. 740740734. 
Multiply 123456789 by 7. Ans. 864197523. 
Multiply 123456789 by 8. Ans. £8'7654312. 
Multiply 123456789 by 9. Ans.. 1111111101. 
Muitiply 123456789 by 11. Ans. 1358024679. 
Multiply 1234656789 by 12. Ans. 1481481468. 
Multiply 302914603 by 16. Ans. 4846633648. 
Multiply 273580961 by 23. Ans. 6292362103. 


Multiply 402097316 by 195. Ans. 78408976620. 
Multiply €2164973 by 3027. Ans. 248713373271. 
Multiply 7564900 by 579. Ans. 4380077100. 
Multiply 8496427 by 874359. Ans. 7428927415293. - 
Multiply 2760325 by 37072. Ans. 102330768400. 


* If the two remainders be equal, it by no means follows that the answer'is 
correct. ‘Thus, if we multiply 13 by 12, the product is 156, and the remainders 
are each 3: but if we take for the answer or product any of the numbers 165, 
561, 516, 246, &c. the remainders are the same a$ before, and therefore the rule — 


is defective. Ed. 
CONTRAC- 
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- CONTRACTIONS IN MULTIPLICATION. : 


1. When there are Ciphers in the Factors. 


Ir the ciphers be at the right-hand of the numbers ; mul- 
tiply the other figures only, and annex as many ciphers to 
the right-hand of the whole product, as are in both the fac- 
tors.— When the ciphers are in the middle parts of the mul- 
tiplier ; neglect them as before, only taking care to place the 
first figure of every line of products exactly under the figure 
multiplying with. 














EXAMPLES. 
“i 2 
Mult. 9001635 Malt. 390720400 
by - - 70100 by - 406000 
9001635 23443294 
63011445 15628816, 








cee | lee 
631014613500 Products 158632482400000 

















. Multiply 81503600 by 7030.' Ans. 572970308000. 


3 
4. Multiply 9030100 by 2100. Ans. 18963210000. 
5. Multiply 8057069 by 70050, Ans. 564397683450. 


Il. When the multiplier is the Product of two or more Numbers 
. in the Table ; then, ? 
* Multiply by each of those parts separately, instead of the 
whole number at once. | | 


EXAMPLES. 


1. Multiply 51307298 by 56, or 7 times 8. 
es 51307298 
7 
359151086 
8 


_ 2873208688 


— ee ee 





— 
€ 


Ld 
*. The reason of this rule is obvious enough ; for any number multiplied by _ 
the Component parts of another, must give the same product as if it were multi- 
plied by that number at once. Thus, in the 1st example, 7 times the product of 


_ 8 by the given number, makes 56 times the same number, as plainly as 7 times 
8 makes 56. 
Vou. 1. 4 : -~2. Mul. 
P ot ) f j Z e / . \. J - P a ; Z : welt th i " ; 
2» is ( ¥ hi 1 ag fot é ene f be Let LOL y - i ; He {3 . aie 
, : £ A lanier tAa4 dit: 
+f F ro oe 
ear e the Fhe nan VA 
Po ae } i. ‘ re ye 
br Ht nm 7 < 5 
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2. Multiply 31704592. by 36. Ans. 1141365312. 
3. Multiply 29753804 by 72. Ans. 2142273888. 
4, Multiply 7128368 by 96. Ans. 684323328. 
5. Multiply 160430800 by 108. Ans. 17326526400. 
6. Multiply 61835720 by 1320. Ans. 81623150400. 
7. There was an army composed of 104 * battalions, each 


consisting of 500 men; what was the number of men con- 
tained in the whole ? Ans. 52000. 
8. A convoy of ammunition { bread, consisting of 250 
waggons, and each waggon containing 320 loaves, having been 
intercepted and taken by the enemy, what is the number of 
loaves lost ? - Ans. 80000. 


awn = 


OF DIVISION. 


Division is a kind of compendious method of Subtraction, 
teaching to find how often one number is contained in an- 
other, or may bé taken out of it: which is the same thing. 

The number to be divided is called the Dividend.—The 
number to divide by, is the Divisor.—And the number of times 
the dividend contains the divisor, is called the Quotient.— 
Sometimes there is a Remainder left, after the division is fin- 
ished. 

The usual manner of placing the terms, is, the dividend in 
the middle, having the divisor on the left hand, and the quo- 
tient on the right, each separated by a curve line ; as, to di- 
vide 12by 4, the quotient is 3, 


Dividend 12 by 
Divisor 4) 12 (3 Quotient ; 4 subtr. 
showing that the number 4is 3times — 
contained in 12, or may be3 times 8 
subtracted out of it, as in the margin. 4 subtr, 
t Rule—Having placed the divisor _ 
before the dividend, as above direct- 4 
ed, find how often the divisor is con- 4 subtr. 
tained in as many figures of the divi- _ 
dend as are just necessary, and place 0 
the number on the right inthe quo- — 
tient. _ Mul- 


* A battalion is a body of foot, consisting of 500, or 600, or 700 men, more or less. 
+ The ammunition bread, is that which is provided for, and distributed to, the 
soldiers; the usual allowance being a loaf of 6 pounds to every soldier, once in 
4 days. 
+ in this way the dividend is resolved into parts, and by trial is found how often 
the. 
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Multiply the divisor by this number, and set the product 
under the figures of the dividend before-mentioned.—Sub- 
tract this product from that part of the dividend under which 
it stands, and bring down the next figure of the dividend, oe 
more if necessary, to join on the rigit of the remainder — Di- 
vide this number, so increased, in the same manner as before ; 
and so on till all the figures are brought down and used. 


JV. B. If it be necessary to bring dewn more figures than 
one to any remainder, in order to make it as large as the 
divisor, or larger, a cipher must be set in the quotient for 
every figure so brought down more than one. 


TO PROVE DIVISION. 


* Muttipzy the quotient by the divisor ; to this product 
add the remainder, if there be any ; then the sum will be 
equal to the dividend when the work is right. 








the divisor is contained in each of those parts, one after another, arranging the 
several figures of the quotient one after another, into one number. 
When there is no remainder to a division, the quotient is the whole and perfect 
answer to the question. But when there is a remainder, it goes so much towards 
another time, as it approaches to the divisor; so, if the remainder be half the 
divisor, it will go the half of a time more; if the 4th part of the divisor, it will 
go one fourth of a time more ; and soon. ‘Therefore, to complete the quotient, 
set the remainder at the end of it, above a small line, and the divisor below it, 
- thus forming a fractional part of the whole quotient.’ 


* This method of proof is plain enough ; for since the quotient is the number of 
times the dividend contains the divisor, the quotient multiplied by the divisor must 
evidently be equal to the dividend. 


_ There are also several other methods sometimes used for proving Division, 
some of the most useful of which are as follow : ‘ 
Second Method—Subtract the remainder from the dividend ; and divide what is 
left by the quotient; so shall the new quotient from this last division be equal to 
the former divisor, when the work is right. 


Third Method—Add together the remainder and all the products of the several 
quotient figures by the divisor, according to the order in which they stand in the 
work; and the sum will be equal to the dividend when the work is right. 


EXAM- 
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EXAMPLES. 
1.  Quot. Oita abt: 
3) 1234567 (411522 37)19345678 (333668. 
12 mult. 3 111... 37 
3 1234566 124 2335662 _ 
3 add 1 “111, - 1000998 
Sheree |) selec eetiche ree — rem. 36 
4 1234567 9135 he 
8. — 111 12345678 
—— Proof. —— 
15 246 Proof. 
15 + eae 
6 : 247 
6 222 
7 SEB as 
6 222 
Rem. i Rem. 36 
3. Divide 73146085 _ by 4. Ans. 182865214 
4. Divide 5317986027 by 7. Ans. 7597122894. 
5. Divide 570196382 by 12. Ans. 475163652; 
6, Divide 74638105 by 37. Ans. 201724623,. 
7. Divide 137896254 by 97. Ans. 142161034 
8. Divide 35821649 by 764. Ans. 46886243. 


9, Divide 72091365 by 5201. Ans. 13861304... 
10. Divide 4637064283 by 57606. | Ans. 80496-1707 
11. Suppose 471 men are formed into ranks of three deep, 
what is the number in each rank ? “> Ans. “157. 
12. A party at the distance of 378 miles from the head 
quarters, receive orders to join the corps in 18 days: what 
number of miles must they march each day to obey their or- 
ders ? Ans. 21. 
13. The annual revenue of a gentleman being 383301 ; 
how much per day is that equivalent to, there being 365 days 
inthe year? Ans. 1041. 


[~-) 
i} 
for) 


CONTRACTIONS IN DIVISION. 


There are certain contractions in Division, by which the 
operation in particular cases may be performed i in a Shorter 
manner, as follows : 


1. Divi- 


“a 
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I, Division by any Small Number, not greater than 12, may 
be expeditiously performed, by multiplying and subtracting 
mentally, omitting to set down the work, except only the 
quotient immediately below the dividend. 


b 5 EXAMPLES. | 
3) 56103961  4)52619675 _—5) 1379192 


ee So Cer SS 





mY REECE, 


Quot. 187013201 





ee eee a es 


6) 38672940. 7) 81396627 8) 23718920 


SRNR ON Lem eo nner es ee 


sae oe EY 


9) 43981962 11) 57614230 12) 27980373 


See Re Te ener cere 


ar 














If. * When Ciphers are annexed to the Divisor ; cut off those 
ciphers from it, and cut off the same number of figures from 
the right-hand of the dividend; then divide with the remain- 
ing figures, as usual. And if there be any thing remaining 
after this division, place the figures cut off from the dividend 
to the right of it, and the whole will be the true remainder ; 
otherwise, the figures cut off only will be the remainder. 





. EXAMPLES. 
1. Divide 3'704196 by 20, 2. Divide 31086901 by 7100. 
2,0) 370419,6 71,00) 310869,01 (43782104, 
ea ee ee * 284 
Quot. 185209 18 gh 
268 
213 
: 556 
bh: t 497 
599 
568 
3i 
3. Divide 





* This method is only to avoid a needless repetition. of ciphers which would 
happen in the common way, And the truth of the principle on which it is 


founded 
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3. Divide 7380964 by 23000. Ans, 3202 


$3 
4. Divide 2304109 by 5800. Ans. 397 13 


$i. 
oo: 

III. When the Divisor is the exact Product of two or more 
of the small Numbers not greater than 12: * Divide by each 
of those numbers separately, instead of the whole divisor at 
once, | : 

N. R. There are commonly several remainders in work- 
ing by this rule, one to each division ; and to find the true 
or whole remainder, the same as if the division had been per- 
formed all at once, proceed as follows : Multiply the last re- 
mainder by the preceding divisor, or last but one, and to the 
product add the preceding remainder ; multiply this sum by 
the next preceding divisor, and to the product add the next 
preceding remainder ; and so on, till you have gone backward 
through ali the divisors and remainders to the first. As in the 
example following : 











EXAMPLES. 
1. Divide 31046835 by 56, or 7 times 8. 

7) 31046835 6 the last rem. 

eee mult. 7 preced. divisor. 
8) 4435262—1 first rem. ~ 

PES AUN 42 

554407 —6 second rem. add 1 the Ist rem. 

Ans. 55440742 43 whole rem. 
2, Divide 7014596 by 72. ~ Ans, 974248. 
3. Divide 5130652 by 132. Ans. 38868 ,7§. 
4. Divide 83016572 by 240. Ans. 345902,22. 








founded is evident: for cutting off the same number of ciphers, or figures, from 
each, is the same as dividing each of them by 10, or 100, or 1000, &c. accord- 
ing to the number of ciphers cut off; and it is evident, that as often as the whole 
divisor is contained in the whole dividend, so often must any part of the former 
be contained in a like part of the latter. 

* This follows from the second contraction in Multiplication, being only the 
converse of it; for the half of the third part of any thing, is evidently the same as 
the sixth part of the whole; and so of any other numbers.—The reason of the 
method of finding the whole remainder from the several particular ones, will 
best appear from the nature of Vulgar fractions. Thus in the first example 


above, the first remainder being 1, when the divisor is 7, makes > this must be 
added to the second remainder, 6, making 6+ to the divisor 8,or to be divided by 
But 6F= 6x 741 


‘ “aS ; and this divided by 8, gives_ 43 _ 4 


—_— 
—_—_ = 


7K8 56. 
TV. Common 


REDUCTION. 23 


1V. Common Division may be performed more concisely, 
by omitting the several products, and setting down only the 
remainders ; namely, multiply the divisor by the quotient 
. figures as before, and, without setting down the product, sub- 
tract each figure of it from the dividend, as it is produced ; 
always remembering to carry as many to the next figure as. 


were borrowed before. 
EXAMPLES. 


1. Divide 3104679 by 833. 
833) 3104679 (372743, 
6056 


2, Divide 79165238 by 238. Ans. 332627,12,. 
3. Divide 29137062 by 5317. Ans. 5479 


5 
4. Divide 62015735 by 7803. - Ans. 7947328 


3 
219 
317° 
294 
803° 


——e— 
OF REDUCTION. 


Repucrion is the changing of numbers from one name 
or denomination to another, without altering their value.— 
This is chiefly concerned in reducing money, weights, and 
measures. , 

When the numbers are to be reduced from a higher name 
to a lower, it is called Reduction Descending ; but when, 
céentrarywise, from a lower name to a higher, it is Reduction 
Ascending. 

Before proceeding to the rules and questions of Reduction, 
it will be proper to set down the usual Tables of money, 
weights, and measures, which are as follow : 


. Of MONEY, WEIGHTS, AND MEASURES. 
_.. TABLES OF MONEY.* 


2 Farthings = 1 Halfpenny 4 grs d 

4 Farthings = 1 Penny d 4= 1 $ 

12 Pence =1 Shilling s 48= 12=1 £ 

20 Shillings = 1 Pound £)| 960=240=20=1 
PENCE 








* £ denotes pounds, s shillings, and d denotes pence. 
denotes 1 farthing, or one quarter of any thing. 
denotes a halfpenny, or the half of any thing. 

_ denotes 3 farthings, or three qnarters of any thing. 


Bice bop~ ej 
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PENCE TABLE. SHILLINGS TABLE. 
d s od $ a 
20°) isk 8 1. MB Go Re 
30 — 2 6 2.-— 24 
40: —. 3,.4 3 — 36. 
50 — 4 2 4 — 48 
60 — 5 0 5 —— 60 
70 — 510 6. — 72 
80 — 6 8 7 — 84 
90 —, 7 6 8 — 96 
100 — 8 4 9 — 108 
110.9 @ 10 — 120 
120 — 10 0 11 — 132 
FEDERAL MONEY. 
10 Mills (m) = 1 Cent Standard Weight. dwt gr 
10 Cents = 1 Dime d| The Cent weighs 6 23 Copper 
10 Dimes = 1 Dollar D | Dollar 17 12 Silver 


10 Dollars == 1 Eagle E { Eagle 11 42 Gold 

The standard for Federal Money of Gold and Silver is’ 11 
parts fine, and 1 part alloy. — . 

A Dollar is equal to 4s and 8d in South Carolina, to 6s in 
the New-England States and Virginia, to 7s and 6d in New- 
Jersey, Pennsylvania, Delaware, and Maryland, and to 8s in 
New-York, and North-Carolina. sa 

| TROY 








The full weight and value ofthe English gold and silver coin, is as here be- 
ow : 








Gop. Value. Weight. SILVER. Value. Weight. 
Los dad} dwt gr s d dwt gr 

A Guinea I-10 5 94 | A Crown 5 0 19 82 
Halfguinea 010 6 | 216% |! HalfCrown 2 6 9 163 
Seven ShillingsO 7 0 | 1 19% || Shilling ’ 1 0 32)’ : 
Quarter-guincad 5 3 1 84 || Sixpence 0 6 1 224 





The usual value of gold is nearly 4/ an ounce, or 2d.a grain; and that of sil- 
ver isnearly 5s anounce. Also the value of any quantity of gold, is to the 
value of the same weight of standard silver, nearly as 15 to 1, or more nearly as 
15 andl-14thtol.. . | "ae 

Pure gold, free from mixture with other metals, usually called fine goldis of 
so pure a nature, that it will endure the fire without wasting, thoughit be kept 

: iitinually 


TABLES OF WEIGHTS. BS 


TROY WEIGHT.* | 


Grains ~ - marked gr| gr dwt » 
24 Grains make 1 Pennyweight dwt 24== 1+ oz 
20 Pennyweightsi Ounce oz 480= 20= 1 lb 
12 Ounces — 1 Pound lb} 5760=240=12=1 


By this weight are weighed Gold, Silver, and Jewels. 


APOTHECARIES’ WEIGHT. 


Grains - - marked gr 
20 Grains make 1 Scruple se or 5 
3 Scruples- -1 Dram dror3 
8 Drams - -1 Ounce ozor % 
12 Ounces - -1 Pound lbor fh 


~ 


gr Sc 

20 = 1 dr 

60. = >. 3-= «1 02 

480 = 24> 8=> 1 lb 
5760 = 288 = 96 = 12 = 1 


This is the same as Troy weight, only having some differ- 
ent divisions. Apothecaries make use of this weight in com- 
pounding their Medicines ; but they buy and sell their Drugs 
by Avoirdupois weight | 

AVOIR- 


\ 


continually melted. Butsilver, not having the purity of gold, will not endure 
the fire like it; yet fine silver will waste but.a very little by being in the fire any 
moderate time ; whereas copper, tin, lead, &c. will not only waste, but may be 
calcined, or burnt to a powder. | 


Both gold and silver, in their purity, are so very soft and flexible (like new 
lead, &c), that they are not so useful, either in coin or otherwise (except to beat 
into leaf gold or silver), as when they are allayed, or mixed and hardened with 
copper or brass. And though most nations differ, more or less, in the quantity 
of such allay, as well as in the same place at different times, yet in England the 
standard for gold and silver coin has been for a long time ag follows—viz. That 
22 parts of fine gold, and 2 parts of copper, being melted together, shall be es- 
teemed the true standard for gold coin: And that 11 ounces and 2 pennyweights 
of fine silver, and 18 pennyweights of copper, being melted together, is estemed 
the true standard for silver coin, called Sterling silver. 


* The original of all weightsused in England, was a grain or corn of wheat, 
gathered out of the middle of the ear, and, being well dried, 32 of them were to 
make one pennyweight, 20 pennyweights one ounce, and 12 ounces one Boe 

ng 


Vor. I. 5 
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AVOIRDUPOIS WEIGHT. 


Drms - -. -, - marked dr 
16 Drms make 1 Ounce -~  - - 02 
16 Ounces - 1 Pound - - =) 1b 
28 Pounds -~° 1 Quarter - - - gr 
_ 4 Quarters - 1 Hundred weight - cwt 
20 Hundred Weight1 Ton = - - - ton 
dr oz Se. 
16 = 1 lb 
256 = 6= 1. @ 
7168 = 448 = 28> 11 cwt 
os672 = 1792. = 112 = eee ton 


573440 = 35840 2240 = 80= 20— 1 


By this weight are weighed all things of a coarse or drossy 
nature, as Corn, Bread, Butter, Cheese, Flesh, Grocery 
Wares, and some Liquids ; also all Metals, except Silver and 
Gold. 


oz dwt gr - 
Note, that 1/6 Avoirdupois —14 11 15} Troy. 
10200 ho <i hne 0. te ee 
ldr - wus oe OC Se ee 


Hence it appears that the pound Avoirdupois contains 69992 
grains, and the pound Troy 5760; the former of which aug- 
mented by half a grain becomes 7000, and its ratio to the latter 
is therefore very nearly as 700 to 576, that is, as 175 to 144; 
consequently 144 pounds Avoirdupois are very nearly equal 
to 175 pounds ‘Troy: and hence we infer that the ounce — 
_ Avoirdupois is to the ounce Troy as 175 to 192. 


LONG MEASURE, 


3 Barley-corns make 1 Inch = - - In. 
12 Inches” - - 1 Foot. - SY 4 
3 Feet - - 1 Yard - . ds 
6 Feet »>- - 1 Fathom - - Eth > 
5 Yards andahalf 1 Pole or Rod - Pl 
40 Poles - 1 Furlong - - Fur 
8 Furlongs - -- 1 Mile” - - Mile 
3 Miles - = 1 League - ~ Lea ae 
691 Miles nearly - 1 Degree - - Deg.or °, 





But in latter times, it was thought sufficient to divide the same pennyweight into a 
24 equal parts, still ealled grains, being the least weight now in common use; — 
and from thence the rest are computed, as in the Tables above. 


NE - 
Te ¥ 


; TABLES OF MEASURES. 27 
In Ft 
12@=— 1 Yd 
36 = en 1 Pl 
198 = 1614 — 54 = 1 Fur 
7920 — 660 =. 220 = 40= 1 Mile 
63360 = 5280 1760 = 320= 8=> 1 
CLOTH MEASURE. 
2 Inches and a quarter make 1 Nail - - Nl 
4 Nails - - - 1 Quarter of a Yard Qr 
3 Quarters - ° - 1 Ell Flemish - EF 
4 Quarters - - ° 1 Yard - Yd 
5 Quarters - 1 Ell English” - EE 
4 Quarters 12 fich . 1 Ell Scotch - ES 
SQUARE MEASURE. 
144 Square Inches make 1 Sq Foot - Ft 
9 Square Feet - 1 Sq Yard -. Yd 
307 Square Yards. - 1 Sq Pole - Pole 
| 40° Square Poles” - 1 Reod - fd 
4 Roods - - 1 Acre - -. Jer 
Sq Inch = Sq Ft | 
144 — a ag re 
1296 — I°= 1 Sq Pi 
30904 <> S27 * 30m) 1° Ra 
1568160 — 10890 = 1210 = 40= 1 Acr 
6272640 == 43560 = 4840 —= 160— 4= 1 


By this measure, Land, and Husbandmen and Gardeners’ 
work are measured; also Artificers’ work, such as Board, 
Glass, Pavements, Plastering, Wainscoting Tiling, Flooring, 


and every dimension of length and breadth only. 


- When three dimensions are concerned, namely, length, 
breadth, and depth or thickness, it is called cubic or solid 
measure, which is used tomeasure Timber, Stone, &c. 


The cubic. or solid Foot, which is 12 inches in length and 
breadth and thickness, contains 1728 cubic or solid inches, 
and 27 solid feet make one solid yard. 


DRY 
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DRY, OR CORN MEASURE. 


2 Pints make 1 
2 Quarts - 1 
2 Pottles - 1 
2 Gallons - 1 
4 Pecks --4 

1 

1 


8 Bushels - 

5 Quarters - 

2 Weys - J 
Pts Gal 
$= l 
16= o. = 
G4 ge.) 38 oe 

512 = 64 => 

2560 ‘= 320 = 

56120 = 640 = 


Quart - -.. Qt 
Pottle - = Pot 
| Gallon - - Gal. 

Peck - . Pec 
Bushel - - Bu 
Quarter - Qr 
Wey, Load, or Ton Wey 
Last. - - - Last 
Pec 

1 Bu 

4= I CPs, 

32: = 8 = 1 Wey | 
160 = 40 = 5=1 Last 
320 = 80 = 10 = 2=1 


By this are measured all dry wares, as, Corn, Seeds, Roots, 
Fruit, Salt, Coals, Sand, Oysters, &c. 

The standard Gallon dry-measure contains 2684 cubic or 
solid inches, and the Corn or Winchester bushel 21502 cubic 
inches ; for the dimensions of the Winchester bushel, ‘by the 
Statute, are & inches deep, and 184 inches wide orin diameter, 
but the Coal bushel must be 191 inches in diameter ; and 36 
bushels, heaped up, make a London chaldron of coals, the 
weight of which is 3156]lb Avoirdupois. 


ALE AND BEER MEASURE. 
2 Pints make 


4 Quarts 
36 Gallons 


1 Barrel and a half 


2 Barrels 
_ 2 Hogsheads 
2 Butts 
Pts Qt 
2= 1 
8= 4 
288 = 144 
432 = 216 
864 = 432 


Ho we ll 


108 


1 Quart - Qt. 
1 Gallon - Gal 
1 Barrel - Bar 
1 Hogshead - Ahd 
1 Puncheon - Pun 
1 Butt - Butt 

‘1 Tun “ Tun 
Bar 

eet KE Hhd 

= jfi= 1 Butt. 

=i Bom: Qo 


Nete, The Ale Gallon contains 282 cubic or solid inches: 


WINE 
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WINE MEASURE. 


2 Pints make ~ - 1 Quart - Qt 
4 Quarts” - - - 1 Gallon - Gal 
42 Gallons - - - 1) 'Tierce - Tier 
63 Gallons or 13 Tierces 1 Hogshead - Hhd 
2 Tierces - - - 1 Puncheon - Pun 
2 Hogsheads - - 1 Pipe or Butt Pr 
2 Pipes or 4 Hhds - 1Tun - - Tun 
Pts Qt 
2 = 1 Gal 
8 = 4= 1 Tier 
$a6 => 168:= 42 =.1 Ahd 
504 = 252 = 63 = 11= 1 Pun 
672 = 336 = . 8 = 2> 11= 1 Piss 
1008. = 504 = 126 = 3=2=1H=1 Tm 
2016 = 1008 = 262 = 6>-4=>-3>2=1 


‘ 


Note, By this are measured .all Wines, Spirits, Strong-wa- 

ters, Cider, Mead, Perry, Vinegar, Oil, Honey, &c. 

_ The Wine Gallon contains 231 cubic or solid inches. And 
it is remarkable, that the Wine and Ale Gallons have the same 
- proportion to each other, as the Troy and Avoirdupois Pounds 
have ; that is, as one Pound Troy is to one Pound Avoirdu- 
pois, so is one Wine Gallon to one Ale Gallon. 


OF. TIME, 
60 Seconds or 60” make - 1 Minute - Mor’ 
60 Minutes - - 1 Hour - Hr 
24 Hours - - ©- = 1 Day - Day 
7 Days - - - - 1 Week - Wk 
4 Weeks - - - - 1 Month - WMo 


13 Months 1 Day 6 Hours, 


or 365 Days 6 Hours Rolain soa a 


Sc> Min 
60 = 1 Hr 
3600 = 60 = 1 Day 
Ree  144Q0°s 1 O40 S= I Wk 
604800 =. 10080 = 168 = w. eo) Mo 
2419200 =. 40320°-= 672 = 28 = n= = 9 | 
31557600 = 525960 = 8766 = 3651= 1 Year 
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Wk Da Hr Mo Da Hr 
Or 52 1 6=13 1 6= 1. Julian Year 
Da Hr M Sec Sh i 
But 365 5 48 48=1Solar Year, 


RULES FOR REDUCTION. 


I. When the Nawibers are to be reduced from a Higher Denomi- 
nation to a Lower: 


Mu.tipty the number in the highest denomination by as 

ou as of the next lower make an integer, or 1, in that high- 

; to this product add the number, if any, which was in this 
eee denomination before, and set down the amount. 

Reduce this amount in like manner, by multiplying it by as 
many as of the next lower, make an integer of this, taking in 
the odd parts of this lower, as before. And so proceed through 
all the denominations to the lowest ; soe shall the number last 
found be the value of all the numbers which were in the mab 


er denominations, taken together. * 
. EXAMPLE. 


i. In 12341 15s 7d, how many farthings ? 


l ee! 

12934 15.7 
20 

24695 Shillings 
12 





296347 Pence. 
4 


Answer 1185388 Farthings. 





“FS ma 





se 


* The reason of this'rule is very evident ; for pounds are brought into shillings 
by multiplying them by 20; shillings into pence, by multiplying them by 12; 
and pence into farthings, by multiplying by 4; and the reverse of this rule by 
Division.—And the same, it is evident, will be true in the reduction of numbers 


sonsisting of any denominations whatever. 
Ii. When 


a4 
s 
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II. When the Numbers are to be reduced from a Lower Deno- 
mination to a Higher : : 


Divine the given number by as many as of that denomina- 
tion make 1 of the next higher, and set down what remains, 
as well as the quotient. 

Diyide the quotient by as many as of this denomination 
make 1 of the next higher ; setting down the new quotient, 
and remainder, as before. 

Proceed in the same manner through all the denomina- 
tions, to the highest ; and the quotient last found, together 


with the several remainders, if any, will be of the same value 


as the first number proposed. 


. EXAMPLES. 
2. Reduce 1185388 farthings into pounds, shillings, and 
pence. . | 
4)1185388 


12) 296347 d 


2,0) 2469,5 s—7d 


Seer, Cee 


Aiioes 12341 15s 7d 





. Reduce 241 to farthings. Ans. 23040. 
. Reduce 337587 farthings to pounds, &c. 

Ans. 3511 13s 03. 

. How many farthings are in 36 guineas? = Ans. 36288. 

. In 36288 farthings how many guineas ? Ans. 36. 

. In 591b 13dwts 5gr how many grains ? Ans. 340157. 
- In 8012131 grains how many pounds, &c. ? 

Ans. 1390 Ib 11 0z 18 dwt 19 ¢r. 

- In 35 ton 17 cwt 1 gr 23 lb’7 oz 13 dr how many drams ? 

Ans. 20571005. 

10. How many barley-corns will reach round the earth, 

Aypbosing it, according to the best calculations, to be 24877 

miles? Ans. 4728620160. 

11. How many deconds are ina solar year, or 365 days 

5 hrs 48 min 48 sec ? Ans. 31556928. 

12. Inalunar month, or 29 ds 12 hrs 44 min 3 sec, how 

many seconds? Ans. 2551443. 
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COMPOUND ADDITION. 


Comrounp Appirion shows how to add or collect several — 
numbers of different denominations into one sum. 

Rure.—Place the numbers so, that those of the same de- 
nomination may stand directly under each other, and draw a 
line below them. Add up the figures in the lowest denomi- 
nation, and find, by Reduction, how many units, or ones, of 
the next higher denomination are contained in their sum.— 
Set down the remainder below its proper column, and carry 
those units or ones_to the next denomination, which add up 
in the same manner as before. —Proceed thus through all the 
denominations, to the highest, whose sum, together with the 
several remainders, will give the answer sought. 

The method of proof is the same as in Simple Addition. 


EXAMPLES OF MONEY. 





1 9 A 4 
Cs SAS Ce ae eae Ls ad eS eae 
MD es Baers. 14°57." 6 15 17 10 53 14 8 
3.5.10}, 8 19° @2. B 14" 62 ow ieee 
618 °9. “8 BIL). 2806° 28 sea Oe 
0O.%2 53 91°12 9 14 9 AL 7 & 0 
£0 85. 746 8h Ob 8 eee eee 
17.156. 42 <0. 4.3 2062) Galena aB ae 
39 15. 93 : 
32 2 63 
39 15 93 
5. 6 7. 8. 
Fg Pg eG sgt RAN Pe a ak be sid 
14 0, 7 37 15 8 6163 21 472 15 8 
Bt. 3 1412 Oe 7 16 8 
SGD 42 49 17°14°°9 299 13 102 27 12 62 : 
417 8 23 10 92 12) 16-2 370 16 24 
tee wot Bee CO BO QO 7. 65} 13027) a 

6) G7 14 0) «BE Gar 18) Oe OB go MiEE 
91 010} -54 2 7} 5 0102 30 0-412. 


| 
| 


| 
| 


| 
| 


| 
| 
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Exam. 9. A nobleman going out of town, is informed by 
his steward that his butcher’s bill comes to 197/ 13s 7d; his 
baker’s to 591 5s 22d; his brewer’s to 851; his wine- mer- 
chant’s to 103/ 133; to his corn-chandler is due il 3d ; 
his tallow-chandler and cheesemonger, 27] 15s 111d; Tee 
to his tailor 55] 3s 52d; also for rent, servants’ wages, and 
other charges, 127/ 3s: Now, supposing he would take 100/ 
with him to defray his charges on the road, for what sum 
must he send to his banker ? Ans. 8301. 14s. 61d. 


10. The strength of a regiment of foot, of 10 companies, 
and the amount of their subsistence*, for a menth of 30 days, 
according to the annexed Table, are required ? 


jNumb., «Rank. | Subsistence for a Month. | Raak | Subsistence for a Month. 




















Rice’. a 

1 | Colonel 93 O30 
1 | Lieutenant Colonel 19 10 0 
1 | Major pea & Peat toe F 
7 | Captains — 78 15 0 
1 | Lieutenants 67 16° 0 
9 | Ensigns 40 10 0 
1 | Chaplain =. 710 0 
1 | Adjatant 410 0 
1-. | Quarter-Master Wee: ewe 
1 | Surgeon 410 ® 
1 | Surgeon’s Mate 410 0 
Serjeants 45 0 0 
Corporals Pe ae OPO 
Drummers } 260 O98 
Fifers Bt'O270 
Private Men 292 10 oe 


he Totals, 656 10 





* Siibiisténce Money, is the money paid to the soldiers weekly, which is short 
of their full pay, because their clothes, accoutrements, &c. are to be accounted, 
for. Itis likewise the money advanced to officers till their accounts are made 
up, which is commonly once a year, when they are paid their arrears. The 
following Table shows the full pay and subsistence of each rank on the English 
establishment. SB 
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EXAMPLES OF WEIGHTS, MEASURES, &c. 
TROY WEIGHT. a pegstrit heel WEIGHT. 
2 4, 


Ib oz dr sc. oO 


Ib oz dwt oz dwt gr z dr sc gr 
17 3 15 sy a Pe re Wind 3.651 19 
1.9.4 2 6. 3 13.7 3 0 (is VON A 
010 7 8 12 12 RAO i GS EIB tg ieee 
9." 67.0 Ich: 8 aes Oe Rp Fa ey 
176 2.17 5 9 0 36,30. 8 0 4.3) 2°58 
23.11 12 se .0 19 68 Gy 2 86. 4 e114 








ew = ES 


LONG MEASURE. 
7 3. 


AVOIRDUPOIS WEIGHT. 
6 








Ib oz dr cwt qr lb mis fur pls yds feetinc 
17 10 13 16 2 15 29 3 14 (127 1 5 
514 8 6 3 24 19 6 29 17.2) 9 
12° 9 18 9 114 7 O 24 10 0 10 
27 1°46 hag Ua i 4 9 1 37 54 111 
0 4 0 10° 2.6 Bane ager) 6 2.7 
6 14 10 3.0 3 4 5 9 230 5 


(CRY GES OS EE 





(REST eee SSS SS STE 


CLOTH MEASURE. LAND MEASURE. 
1 12 


° 


ae qr ‘nls elen qrs als ac ro p ac ro p 
3 1 270 1 O 225 3 37 19 0 16 

vs Lae 57 3 LOY E25 270 3 39 
fans a 161.1 +32 7 218 6 3 13 
217.0 3 0 3 2 4:5 24°9 23 0 34 
9 1.0 40-4 /.c0 42 119 7 2 16 
55 3 1 4 4 1 7 0 6 75 O 23 





14 
hds gal pts 
15 61 6& 
17 14 13 
29°23): -% 
315 1 
16 8 0 


Mi 4 86.6 





ALE AND BEER MEASURE. 
15. 


hds gal pts 
17 37 3 
9 10 15 
3) 6 2 
5 14 0 
129 6 
842 4 


16. 
hes gat pis 
29 43 5 
AZAD! 7 
14 16 6 
6 8 1 
57 13 4 
5 6 0 


ES OD 


ree 8 eS 
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COMPOUND SUBTRACTION. 


Comrounp Sustraction shows how to find the difference 
between any two numbers of different denominations. - To 
perform which, observe the following Rule : ) 

* Prace the less number below the greater, so that the 
parts of the same denomination may stand directly under 
each other; and draw a line below them—Begin at the 
right-hand, and subtract each number or part in the lower 
line, from the one just above it, and. set the remainder 
straight below it -—But if any number in the lower line be 
greater than that above it, add as many to the upper number 
as make 1 of the next higher denomination ; then take the 
lower number from the upper one thus increased, and set 
down the remainder. Carry the unit borrowed to the next 
number in the lower line ; after which subtract this number 
from the one above it, as before ; and so proceed till the whole 
is finished. Then the several remainders, taken together, 
will be the whole difference sought. | oe 

The method of proof is the same as in Simple Subtraction. 


EXAMPLES OF MONEY. . 


}. 2 5 Fe a 

heath Mince | Cs a Ls) id l gd 
From 79 17. 82 103 3 23 811011. 254 12° 0 
Take 35 12.4) 71.12 53 29 13 '32 © 37-9 43 


eee 








Rem. 44 5 43 31 10 83 


Sd 





Proof. 79 17 82 103 3 2 





Es 
2 

















5. What is the difference between 731 53d and 191 13s 10d? 
Ans. 531 6s 7d. 





* The reason of this Rule will easily appear from what has been said in Sim- | 


‘ple Subtraction; for the borrowing depends on the same principle, and is only — 


different as the numbers to be subtracted are of different enominations. 


e's 
~ 


suppose these things delivered to them ? 
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Ex. 6. A lends to B 1001, how much is B in debt after A 


has taken goods of him to the amount of 731 12s 43d ? 


Ans. 261 7s Zid, 

7. Suppose that my rent for half a year is 20/ 12s, and that 

1 have laid out for the land-tax 149 6d, and for several repairs 
ll 3s 31d, what have. Ito pay of my half-year’s rent ? 

Ans. 187 14s 23d, 

8. A trader a owes to A 351 7s 6d, to B 911 13s id. 

to C 581 71d, to D 871 5s, and to E 1112 3s 53d. When this 

happened, “he had by him in cash 2%/ 7s 5d, in wares 531 11s 

102d, in household furniture 63/ 17s 72d, and in recoverable 

book- debts 251 7s 5d. What will his creditors lose by him, 

Ans. 2121 5s 31d. 


EXAMPLES OF WEIGHTS, MEASURES, &. 


TROY WEIGHT. APOTHECARIES’. WEIGHT. 




















1. ve F 3. 
lb.oz dwt gr Ib oz dwt gr Ib oz dr scr gr 
From 9 2 12 10 We OA Td AS Bg oe ee 
Take 5 4 6 17 3 7 16 412 29 °° 53 A TS 
Rem. 
Proof 
-AVOIRDUPOIS WEIGHT. LONG MEASURE. 
; 4... 5. 6. 4; 
~e¢ qrs Ib Ib oz dr m fu pl yd ft ip 
., From 5 0 17 a Bg 14. 3:17 96.04 
Dae poi0. 17 188 FG TE, 27 2D 
Rem. | : 
Proof » 
CLOTH sooo LAND MEASURE. | 
bye 458 9. 10. 11. 
yds qr nl yd qr nl ac ro pac rop 
From 17 2 1 JESS See AT ats Or a Me BRE LAG 
Take. 9 0 2k ale Oe a 166820 SOB sen 3. 29 
fare Peat 2ti ws . 
Proof. wat) i , Kay! 
, } Pen hare ts gee WINE 
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WINE MEASURE. ALE AND BEER MEASURE. 

12. 13. A ile 15. 

t hd gal hd gal pt hd gal pt hd gal pt 

From 17. 2 23 5 @ 4 14 29 3 71:16 8 








Take 9 136 212 6 9S Pe open 
Rem. 
Proof 

DRY MEASURE. TIME. 

16. 17. 18. 19. 


la qr bu bu gal pt mo we da ds hrs min 
From 9 4 7 iS F224 Y fi Se eae 2 114 17 26 
Take 6 3 5 ee ts tar 17, S38 72 10 37 


Rem. 


Proof 





20. The line of defence in a certain polygon being 236 
yards, and that part of it which is terminated by the curtain 
and shoulder being 146 yards 1 foot 4 inches ; what then was 
the length of the face of the bastion? Ans. 89 yds 1 ft 8 in. 


COMPOUND MULTIPLICATION. 


Comrouxn Muttreiication shows how to find the amount 
of any given number of different denominations repeated a 
certain proposed number of times ; which is performed by 
the following rule. 


Ser the multiplier under the lowest number of the 
multiplicand, and draw a line below it.—Multiply the num- 
ber in the lowest denomination by the multiplier, and find 
how many units of the next higher denomination are con- 
tained in the product, setting down what remains.—In like 
manner, multiply the number in the next denomination, and 
to the product carry or add the units, before found, and find 
hew many units of the next higher denominatien are in this 

amount, 
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amount, which carry in like manner to the next product, set- 
ting down the overplus.—Proceed thus to the highest. deno- 
mination proposed: so shall the last product, with the seve- 
ral remainders, taken as one compound number, be the whole 
amount required.—The method of Proof, and the reason of 
the Rule, are the same as in Simple Multiplication. 


EXAMPLES OF MONEY. 


1. To find the amount of &lb of Tea, at 5s 81d per lb. 


s d 
5 8h 





£2 5 8&8 Answer. 


__ 6. 10 cwt of Cheese, at 21 17s 10d percwt. Ans. 28 1 
_Z, 12cwt of Sugar, at 317s 4d per cwt. Ans. 40 


NE Who 

g. Alb of Tea, at '7s 8d per lb. Ans. 110 8 

3. 6lb of Butter, at 93d pes Ib. Ans. 0 4 9 
4. 7b of Tobacco, at 1s 8d per lb. Ans. 0 11 112 

5. 9 Stone of Beef, at 2s 7id per st. Ans. 1 1 0 

8 4 

$ 0 


CONTRACTIONS. 


I. If the multiplier exceed 12, multiply successively by 
its component parts, instead of the whole number at once. 


EXAMPLES. 


1. 15 cwt of Cheese, at 17s 6d per cwt. 
3 be. @ 
017 6 
3 


ae YA») 
3 





13. 2 6 Answer. 


$ 

2. 20 cwt of Hops, at 41 7s 2d per cwt. Ans. 87 3 

' 3. 24tons of Hay, at 317s 6d perton. Ans. 81 0 
4. 45 ells of Cloth, at 1s 6d per ell. Ans, 3 7 
E 
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2000008 


iy bepea'e 
Ex, 5. 63 gallons of Oil, at 2s 3d per gall. Ans. 7 1 
6. 70 barrels of Ale, at 1/ 4s per barrel Ans. 84 0O 
7. 84 quarters of Oats, at 1/ 12s 8d per qr.Ans, 137. 4 
8. 96 quarters of Barley,at 1] 3s 4d per qr.Ans. 112 0 

9. 120 days’ Wages, at 5s 9d per day. Ans. 34 10. 
10. 144 reams of Paper, at 133 4d perream.Ans. 96 0 


If, If the multiplier cannot be exactly produced by the 
multiplication of simple numbers, take the nearest number to it, 
either greater or less, which can be so produced, and multiply 
by its parts, as before.—Then multiply the given multipli- 
cand by the difference between this assumed number and the 
multiplier, and add the product to that before found, when the 
assumed number is less than the multiplier, but subtract the 
same when it is greater. 


EXAMPLES. 


-1. 26 yards of Cloth, at 3s 02d per yard. 
ie ge 


0 3 03 
5 

015 33 
5 

316 632 

3 03 


a Eee SS CED 


£3 19 721 Answer. 





wee Tage | 
2. 29 quarters of Corn, at 21 533d per qr.Ans. 65 12 102 
3. 53 loads of Hay, at 3/.15s 2d per load. Ans. 199 3 10 
4. 79 bushels of Wheat,at 11s 53d per bus.Ans. 45 6 102 
5. 97 casks of Beer, at 12s 2d percask. Ans. 59 O 2 
6. 114stone of Meat, at 15s 33d perstone.Ans. 87 5 ‘7 


EXAMPLES OF WEIGHTS AND MEASURES. 
1 9 3. 








Ib oz dwt gr Ib oz dr sc gr cwt qr Ib oz 
2B Tee <Q gaa hens weak Baie | E 29- 2 16494 
Bh, 8 ig d2- 





~ 
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es 5. | 6. 
mls fu pls yds yds = qrs na- ac ro. po 
geo eo «6 12603 Bitar 28 3 27 

2 AES! 9 

Oy te a | 8. 9 
tuns hhd gal pts we qr bu pe mo we da ho min 
2072. 26.2 C4 Re GOS 172 3s, 618 49 
3 6 10 





—e) 

















COMPOUND DIVISION. 


€ 


Comrounp Diviston teaches how to divide a number of 
several denominations by any given number, or into any num- 
ber of equal parts; asfollows: = - 

Pace the divisor on the left of the dividend, as in Simple 
Division.—Begin at the left-hand, and divide the number of 
the highest denomination by the divisor, setting down the 
quotient in its proper place.—If there be any remainder after 
this division, reduce it to the next lower denomination, which 

add to the number, if any, belonging to that denomination, and 
divide the sum by the divisor.— Set down again this quotient, 
reduce its remainder to the next lower denomination again, 
and so on through all the denominations to the last. 


EXAMPLES OF MONEY. 


1, Divide 2371 8s 6d by 2 
oe bio pee Gk 
2) 237 8 6 


£118 14 3 the Quotient. 
| 2, Divide 








Vou; 1: 7 
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Lee che 
. Divide 432 12 13 by 3 
Divide 507 3 5 by 4 
Divide 632 7 61 by 5. 
Divide 69014 31 by 6. 
7 
8 
9 


Go 49 


Divide 705 10 2 

. Divide 760 56 6 by 
Divide 761 5 7 ° 
. Divide. 829 17 10 by 10. 
. Divide 937 8 82 by 11. 
. Divide 1145 11 4} by 12. 


HK OoOMI TTS 


fob ek 


“CONTRACTIONS. 


_6 s a 
Ans. 144 4 O4 
Ans. 126 15 10} 
Ans. 126 9 6 
Ans. 115 2 4 
Ans. 100 15 8 
Ans. 95 0 8 
‘Ans. 84 11 8 
Ans. 82 19 9 
Ans. 85 4 5 

9 3} 


Ans. 95 


I. If the divisor exceed 12, find what simple numbers, 
multiplied together, will produce it, and divide by them sepa- 


rately, as in Simple Division, as below. 


EXAMPLES. 


1. What is Cheese per cwt, if 16 cwt cost 251 14s 8d? 
l s ad 


4) 25 14-8 





4) 6 8 8 











£1 12 2 the Answer. 





2, If 20 cwt of Tobacco come to 
1501 6s 8d, what is that per cwt ? 

3. Divide 981 8s by 36 

4. Divide 711 13s 10d by 56. 

5. Divide 441 4s by 96. 





ks a@ 
Ans. 7 10 4 


Ans. 2 14 8 
Ans. 15 7} 
Ans. 0 9 Qi 


6. At 311 10s per cwt, how much perlb? Ans. 0 5 72 


II. If the divisor cannot be produced by the multiplication 
of small numbers, divide by the whole divisor at once, uae 


the manner of Long Division, as follows. 





COMPQUND DIVISION. 43 


EXAMPLES. 


1.. Divide 591 6s 33d by 19. 
lLosd ST age ane 

19) 59 6 33 (3 2 53 Ans. 
yee 








2 
20 
46(2 
38 
8 
12 
99(5 
95 
4 
4 
19(1 
Pare Cay a isd 
2. Divide 39.14 5} by 57. ° Ans. © 13 113 
3. Divide 125 4 9 by 43. — Ans.2 18 3 
' 4, Divide 542 7 10 by 97. Ans. 5 11 10 
019 53 


5. Divide 123 11. 23 by 127. Ans. 


EXAMPLES OF WEIGHTS AND MEASURES. 


i, Divide 17 lb 9 oz 0 dwts 2 gr by 7. 
| Ans. 2 lb 6 oz 8 dwts 14 gr. 
2. Divide 17 lb 5 oz 2 dr 1 scr 4 gr by 12. 

Pc _. Ans. 1 lb 5 oz 3 dr 1 scr 12 gr. 
3. Divide 178 cwt 3 qrs 14 lb by 53. Ans. 3 cwt 1 qr 14 lb. 
4. Divide 144 mi 4 fur 2 po 1 yd 2 ft 0 in by 39. 

gies | Ans. 3 mi 5 fur 26 po 0 yds 2 ft 8 in. 

5. Divide 534 yds 2 qrs 2naby 47. Ans. Il yds 1 qr 2 na. 
§. Divide 71 ac 1 ro. 33 po by 51. —_ Ans. 1 ac 2 ro 3 po, 
7. Divide 7 tu 0 hhds 47 gal 7 piby 65. Ans. 27 gal 7 pi. 
8. Divide 387 la 9 gr by 72. Ans. 5 la 3 qrs 7 bu. 
9. Divide 206 mo 4 da by 26. Ans. 7 mo 3 we 5 ds. 


THE 
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THE GOLDEN RULE, OR RULE OF THREE. — 


Tue Ruie or Turee teaches how to finda fourth pro- } 
portional to three numbers given: for which reason it 1s 
sonetimes called the Rule of proportion, Itis called the 
Rule of Three, because three terms or numbers are given, to 
find a fourth. And because of its great and extensive use- 
fulness, it is often called the Golden Rule. This Rule is 
usually considered as of two kinds, namely, Direct, and 
Inverse. — | 

The Rule of Three Direct is that in which more requires 
more, or less requires less. As in this; if 3 men dig 21 yards 
of trench in a certain time, how much will 6 men dig in the 
same time ? Here more requires more, that is, 6 men, which | 
are more than 3 men, will also perform more work in the 
same time. Or when it is thus: if 6 men dig 42 yards, how 
much will 3 men dig in the same time ? Here then less re- 
quires less, or 3 men will perform proportionably less work 
than 6 men, in the same time. In both these cases then, the 
Rule, or the Proportion, is Direct; and the stating must be 


. thus, As 3: 21+: 6: 42, 
or thus, As 6: 42::3: 21. 


But the Rule of Three Inverse, is when more requires less, 
or less requires more. As in this: if 3 men dig a certain 
quantity of trench in 14 hours, in how many hours will 6 
men dig the like quantity ? Here it is evident that 6 men, 
being more than 3, will perform an equal quantity of work in 
less time or fewer hours. Or thus: if 6 men perform a 
certain quantity of work in 7 hours, in how many hours will 
3 men perform the same? Here less requires more, for 3 
men will take more hours than 6 to perform the same work. 
In both these cases then the Rule, or the Proportion, is In- 
verse ; and the stating must be : 


thus, As6:14::3: 7, 
or thus, As3: 7::6: 14. 


And in all these statings, the fourth term is found, by mul- 
tiplying the 2d and 3d terms together, and dividing the product 
by the Ist term. 

Of the three given numbers; two of them contain the 
supposition, and the third a demand. And for stating and 
working questions of these kinds observe the following ge- 
neral Rule : . 


STATE 
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irate the question, by setting down in a straight line the 
three given numbers, in the following manner. viz. so that 
the 2d term be that number of supposition, which is of the 
same kind that the answer or fourth term is to be ;. making the 
other number of supposition the Ist term, and the demanding 
number the 3d term, when the question is in direct propor- 
tion ; but contrariwise, the other number of suppositioa the 
3d term, and the demanding number the Ist term, when the 
question has inverse proportion. 

Then, in both cases, multiply the 2d and 3d terms together, 
and divide the product by the Ist, which willgive the answer, 
or 4th term sought, viz. of the same denomination as the se- 
cond term. 

Note, If the first and third terms consist of different deno- 
Minations, reduce them both to the same: andif the second 
term be a compound number, it is mostly convenient to re- 
duce it to the lowest denomination mentioned.—If, after di- 
vision, there be any remainder, reduce it to the next lower 
denomination, and divide by the same divisor as before, and 
the quotient will be of this last denomination. Proceed in 
the same manner with all the remainders, till they be reduced 
to the lowest denomination which the second admits of, and 
_the several quotients taken together will be the answer re- 
quired. 

Note also, The reason for the foregoing Rules will appear, 
when we come to treat of the nature of proportions.—Some- 
times two or more statings are necessary, which may always 
be known from the nature of the question. 


ghee EXAMPLES. 


1 If 8 yards of Cloth cost 11 4s, what will 96 yards cost ? 
yds! s yds Is 
As8:14::96: 14 8 the Answer 
20 
24 
96° ; 
144 
ops B16 


8) 2304 
2,0) 28,88 


—S eee 


£14 8 Answer. Ex, 2 
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Ex. 2. An engineer having raised 100 yards of a certain 
work in 24 days with 5 men; how many men must he employ 
to finish a like quantity of work in 15 days? 


ds men ds men 
As 15: 5::24:8 Ans. 


5 
15) 120 (8 Answer. 
120 | 
3. What will 72 yards of cloth cost, atthe rate of 9 yards _ 
for 5! 12s? Ans. 44/ 163. 
4. A person’s annual income being 146] ; how much is that 
per day ? ee oe 


5. If 3 paces or common steps of a certain person be equal 
to 2 yards, how many yards will 160 of his paces make ? 
Ans. 106 yds 2 ft. 
6. What length must be cut off a board, that is 9 inches: 
broad, to make a square foot, or as. much as 12 inches in~ 
length and 12 in breadth contains ? _ Ans. 16 inches. 
7. If 750 men require 22500 rations of bread for a month ; 
how many rations will a garrison of 1200 men require ? 
Ans. 36000. 
8. If 7 cwt 1 qr of sugar cost 26] 10s 4d; what willbe the 
price of 4 cwt 2 qrs? _ Ans, 1591 2s. 
9. The clothing of a regiment of foot of 750 men amount- 
ing to 28311 5s; what will the clothing of a body of 3600 
men amount to ? Ans. 132121 10s. 
10. How many yards of matting, that is 3 ft broad, will 
cover a floor that is 27 feet long and 20 feet broad ? gt 
Ans. 60 yards. 
11. What is the value of 6 bushels-of coals, at the rate of 
11 14s 6d the chaldron ? | Ans. 5s 8d. 
12. If 6352 stones of 3 feet long complete a certain quan- 
tity of walling ; how many stones of 2 feet long will raise a 
like quantity ? Ans. 9528. 
13. What must be given for a piece of*silver weighing 
73 lb 5 oz 15 dwts, at the rate of 5s 9d per ounce ? 
Ans. 2531 10s 03d. 
14. A garrison of 536 men having provision for 12 months ; 
how long will those provisions last, if the garrison be increas- 


ed to 1124 men? . Ans. 174 days and ;84,. 
15. What will be the tax upon 763/ 15s, at the rate of 3s 


6d per pound sterling ? pK 3 Ans. 1331 13s 13d. 
Mae 
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_ 16. A certain work being raised in 12 days, by working 4 
hours each day ; how long would it have been in raising by 


working 6 hours per day? _ Ans. 8 days. 
17. What quantity of corn can I buy for 90 guineas, at the 
rate of 6s the bushel? _ Ans. 39 grs 3 bu. 


18. A person, failing in trade, owes in all 9771; at which 
time he has, in money, goods, and recoverable debts, 4201 6s 
31d; now supposing these things delivered to his creditors, 
how much will they get per pound ? Ans. 8s 7d. 

19. A plain of a certain extent having supplied a body of 
3000 horse with forage for 18 days; then how many days 
wear the same plain have supplied a body of 2000 horse ? 
| Ans. 27 days. 

20. Suppose a itlenan! s income is 600 guineas a year, 
and that he spends 25s 6d per day, one day with another ; 
how much will he have saved at the year’s end ? 

Ans. 164] 12s 6d, 

21. What cost 30 pieces of lead, each weighing 1 cwt 12Ib, 
at the rate of 16s 4d the cwt ? Ans. 271 2s 6d. 

22. The governor of a besieged place having provision for 
54 days, at the rate of 1}1b of bread; but being desirous to 
prolong the siege to 80 “days, in expectation of succour, in 


that case what must the ration of bread be ? Ans. 1,5 Ib. 
23. At half a guinea per week, how long can I be boarded 
for 20 pounds ? Ans. 38,12, wks. 


24. How much will 75 chaldrons 7 bushels of coals come 
to, at the rate of 1/ 13s 6d per chaldron ? 
. Ans. 125] 19s 0! d. 
25. If the penny loaf weigh 8 ounces when the bushel of 
wheat costs 7s 3d, what ought the penny loaf to weigh when 
the wheat is at 8s 4d ? Ans. 6 oz 15,35. dr. 
26. How much a year will 173 acres 2 roods 14 poles of 
land give, at the rate of 11 7s 8d per acre? 
Ans. 2401 2s 735d. 
27. To how much amounts 73 pieces of lead, each weigh- 
ing 1 cwt 3 qrs 7 lb, at 10/ 4s per fother of 191 cwt ? 
Ans. 691 4s 2d 138 
28. How many yards of stuff, of 3qrs wide, will teen a 
cloak that is 1¢ yards in length and 33 yards wide ? 
Ans. 8 yds 0 qrs 23 al. 
29, ‘If 5 yards of cloth cost 14s 2d, what must be given 2 for 
9 pieces, ce each 21 Aisles 1 quarter ? i 
Ans, 271 1s 103d. 
30. If a ‘gentleman’ s estate be worth 2107/ 12s a year; 
what may he spend per day, to save 5001 in the year ? 
Ans, 41 8s 14°d. 


365 


31. Wanting 
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31. Wanting just an acre of land cut off from a piece which 
is 131 poles in breadth, what length must the piece be ? 

Ans. 1] po. 4 yds. 2 ft, ow in. 

32, At 7s 91d per yard, what is the value of a piece of 
cloth containing 53 ells English 1 qu. Ans. 251 18s 13d. 
33. If the carriage of 5 cwt 14 lb for 96 miles be 1112s 6d 5 
how far may | have 3 cwt 1 qr carried for the same money ? 
Ans. 151 m 3 fur 3)5"pol. 

34, Bought a silver tankard, weighing 1 tb 7 oz 14 dwts ; 


what did it cost me at fs 4d he ounce? . ~ Ans, 614s 91d. 
35. What is the half year’s rent of 647 acres of land, at 
15s 6d the acre? Ans. 2111.19s 3d. 


36. A wall that is to be built to the height of 36 feet, was 
raised 9 feet high by 16 men in 6 days ; then how many men 
must. be employed to finish the wall in 4 days, at the same 
rate of working ? Ans 72 men. 

37. What will be the charge of keeping 20 horses for a 
year, at the rate of 142d per day for each horse ? 3 

Ans. 4411 Os 10d. 

38. If 18 ells of stuff that is 2 yard wide, cost 39s 6d ; what | 

will 50 ells, of the same goodness, cost, being yard wide bk 
Ans. ‘71 6s 330d. 

39. How many yards of paper that is 30 inches wide, ‘will 
hang a room that is 20 yards in circuit and 9 feet high. 

. Ans. 72 yards. 

40 If a gentleman’s estate be worth 3847 16s a year, and 
the land-tax be assessed at 2s 91d per pound, what is his net 
annual income ? Ans. 331/ 1s 91d. 

41: The circumference of the earth is about 24877 miles ; 
at what rate per hour is a person at the middle of its surface 
carried round, one whole rotation being made in 23 hours 56 
minutes ? | Ans. 1039124 miles. 

42. Ifa person drink 20 bottles of wine per month, when 
it costs 8s a gallon; how many bottles per month may he 
drink, without increasing the expence, when wine costs 10s 
the gallon ? ee Ans. 16 bottles. 

43 What cost 43 ty 5 bushels of corn, at 1/ 8s 6d the 
quarter. Ans. 62/ 3s 33d. 

44. How many yards of canvas that is ell wide will line 50 
yards of say that is 3 quarters wide ? Ans. 30 yds. 


45. If an ounce of gold cost 4 guineas, what i is the value of 


a grain ? Ans. 2,,d. 
46. If 3 cwt of tea cost 40/ 12s; at how much a pound 
must it be retailed, to gain 101 by the whole? = Ans. 334,58. 


COMPOUND 
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COMPOUND PROPORTION. 


Comrounp Proportion shows how to resolve such ques- 
tions as require two or more statings by Simple Froportion ; 
and these may be either Direct or Inverse. 

In these questions, there is always given an odd number of 
terms, either five or seven, or nine, &c. These are distin- 
guished into terms of supposition, and terms of demand, 
there being always one term more of the former than of the 
latter, which is of the same kind with the answer sought. 
The method is thus : 

Ser down in the middle place that term of supposition 
which is of the same kind with the answer sought.—Take 
one of the other terms of supposition, and one of the de- 
manding terms which is of the same kind with it; then place 
one of them for a first term, and the other for a third, accord- 
ing to the directions given in the Rule of Three.—Do the 
same with another term of supposition, and its corresponding 
demanding term; and so on if there be more terms of each 
kind ; setting the numbers under each other which fall all on 
the left-hand side of the middle term, and the same for the 
others on the right-hand side.—Then, to work 

By several Operations.—Take the two upper terms and 
the middle term, in the same order as they stand, for the first 
Rule-of-Three question to be worked, whence will be found 
afourth term. Then take this fourth number, so found. for 
the middle term-of a second Rule-of-Three question, and the 
next two under terms in the general stating, in the same 
order as they stand, finding a fourth term for them. And so 
on, as far as there are any numbers in the general stating, 
making always the fourth number, resulting from each simple 
stating, to be the second term in the next following one. 
So shall the last resulting number be the answer to the 
question. 

By one Operation.—Multiply together all the terms stand- 
ing under each other, on the left-hand side of the middle 
term; and, in like manner, multiply together all those on the 
right-hand side of it. Then multiply the middle term by 
the latter product, and divide the result by the former pro- 
duct ; so shall the quotient be the answer sought. 


Vou. I. 8 EXAMPLES, 


&0 ARITHMETIC. 
EXAMPLES. 


1. How many men can complete a trench of 135 yards 
long in 8 days, when 16 men can dig 54 yards in 6 days? 


General Stating. 


yds 54:16:: 135 yds 


days 8 6 days 
432 ~ 810 
—— 16 
4860 
81 men 





432) 12960 (30 Ans. by one operation, 
1296 





0 


= 


The same by | Operations. 


ist. 2d. 
As 54: 16: duleae 40 As 8: yes ; 6 : 30 
“810 8) 240 ryt Ans, 


| otf 


54) 2160 (40 
216. 


0 


a 





2. If 1007 in one year gain 5/ interest, what will be the 
interest of '750/ for 7 years ? Ans. 262I 10s, 

3. If a family of 8 persons expend 200/ in 9 months ; how 
much will serve a family of 18 people 12 months ? 


Ans. 3001, | 
4. If 27s be the wages of 4 men for 7 days ; what will be 
the wages of 14 men for 10 days ? Ans. 61 15s, 


5. Ifa footman travel 130 miles in 3 days, when the days 
are 12 hours long ; in how many days, of 10 hours each, may 


he travel 360 miles ? Ans, 983 3 days. 
"EX. 6. 


VULGAR FRACTIONS. 5] 


Ex. 6. If 120 bushels of corn can serve 14 horses 56 days ; 
how many days will 94 bushels serve 6 horses ? 
Ans. 10215 days. 
7. If 3000 lb. of beef serve 340 men 15 days ; how many 
Ibs will serve 120 men for 25 days? Ans. 1764 lb 1118 oz. 
8. Ifa barrel of beer be sutficient to last a family of 8 per- 
sons 12 days; how many barrels will be drank by 16 persons 
in the space of a year? . Ans. 605 barrels. 
9. If 180 men, in 6 days of 10 hours each, can dig a trench 
200 yards long, 3 wide, and 2 deep ; in how many days, of 8 
hours long, will 100 men dig a trench of 360 yards long, 4 


wide, and 3 deep ? Ans. 15 days. 4°, « 


Dap? 


ran ft} 
f Seg Atinbae f Me gig 
f 
P 


OF VULGAR FRACTIONS. 


A Fraction, or broken number, is an expression of a., 
part, or some parts, of something considered as a whole. 

It is denoted by two numbers, placed one below the other, 
with a line between them: 

3 numerator . 

Thus, — which is named 3-fourths. 

4 denominator 

The denominator, or number placed below the line, shows 
how many equal parts the whole quantity is divided into; 
and it represents the Divisor in Division.—And the Numera- 
tor, or number set above the line, shows how many of these 
parts are expressed by the Fraction; being the remainder 
after division.—Also, both these numbers are, in general, 
named the Terms of the Fraction. 

_ Fractions are either Proper, Improper, Simple, Compound, 
or Mixed. . 

A Proper Fraction, is when the numerator is less than the 
denominator ; as, 1, or 2, or 3, &c. 

An Improper Fraction, is when the numerator is equal to, 
er exceeds, the denominator ; as, 3, or 3, or 7, &c. 

A Simple Fraction, is a single expression, denoting any 
number of parts of the integer ; as, 2, or 3. 

A Compound Fraction, is the fraction of a fraction, or 
several fractions connected with the word of between them ; 
as, 4 of 2, or 2 of 4 of 3, &c. 

A Mixed Number, is composed of a whole number anda 
fraction together ; as, 31, or 124, &c. : 
A whole 
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A whole or integer number may be expressed like a frac- 
tion, by writing 1 below it, as a denominator ; so 3 is 3, or 
4is 4, &. 

A fraction denotes division; and its value is equal to the 
quotient obtained by dividing the numerator by the deno- 
minator ; so 12 is equal to 3, and #9 is equal to 4. 

Hence then, if the numerator be less than the denominator, 
the value of the fraction is less than 1. But if the numerator 
be the same as the denominator, the fraction is just equal to 1. 
And if the numerator be greater than the denominator, the 
the fraction is greater than 1. 


REDUCTION OF VULGAR FRACTIONS. 


Repocrion of Vulgar Fractions, is the bringing them out 
of one form or denomination into another ; commonly to pre- 
pare them for the operations of Addition, Subtraction, &c. of 
which there are several cases. 


PROBLEM. 


To find the Greatest Common Measure of Two or more 
Numbers. 


Tue Common Measure of two or more numbers, is that 
number which will divide them both without remainder ; so, 
3 is a common measure of 18 and 24; the quotient of the 
former being 6, and of the latter 8. And the greatest number 
that will do this, is the greatest common measure ; so 6 is the 
greatest common measure of 18 and 24; the quotient of 
the former being S, and of the latter 4, which will not both 
divide further. 

RULE. 


Ir there be two numbers only ; divide the greater by the 
less ; then divide the divisor by the remainder ; and so on, 
dividing always the last divisor by the last remainder, till no- 
thing remains ; so shall the last divisor of all be the greatest 
common measure sought. 

When there are more than two numbers, find the greatest 
common measure of two of them, as before ; then do the same 
for that common measure and another of the numbers ; and so 

on, 
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en, through all the numbers; so will the greatest common 
measure last found be the answer. 


EXAMPLES. 


1. To find the greatest common measure of 1908, 936, 
and 630. 
936) 1908 (2 So that 36 is the greatest common 
1872 measure of 1908 and 936. 


36) 936 (26 Hence 36) 630 (17 
72 36 


ee 
Soo wes 


216 270 
216 252 
18) 36 (2 
36 


Hence then 18 is the answer required. 
2. What is the greatest common measure of 246 and 372 ? 


Ans. 6. 
3. What is the greatest common measure of 324, 612, and 
1032 ? Ans. 12. 


CASE. I. 


To Abbreviate or Reduce Fractions to their Lowest Terms. 


*Drivive the terms of the given fraction by any number 
that will divide them without aremainder ; then divide these 
quotients 





* That dividing both the terms of the fraction by the same number, whatev- 
er it be, will give another fraction equal to the former, is evident. And when 
these divisions are performed as often as can be done, or when the common di- 
visor is the greatest possible, the terms of the resulting fraction must be the 
least possible. 


Note 1. Any number ending with an even number, or a cipher, is divisible, or 
can be divided, by 2. 


2. Any number ending with 5, or 0, is divisible by 5. slg? 
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quotients again in the same manner ; and go on, till it appears 
that there is no number greater than 1 which will divide 
them ; then the fraction will be in its lowest terms. 

Or, divide both the terms of the Fraction by their greatest 
common measure at once, and the quotients will be the terme 
of the fraction required, of the same vaMe as at first. 


EXAMPLES: 


1. gt ; 
218 =: 72 —= 36 =..1g _ § = 3, the answer. 
A r thus : 
216) 288 (1 Therefore 72 is the greatest common 

216 measure ; and 72) 218 =="3 the 

ss Answer, the same as before. 
72) 216:(3 
216 


9, Reduce 





_ 3. If the right hand place of any number be 0, the whole is divisible by 10; 
if there be two ciphers, it is divisible by 100; if three ciphers by 1000: and so 
6n ; which is only cutting off those ciphers. : 


_ 4: If the two right hand figures of any number be divisible by 4, the whole is 
divisible by 4. Andif the three right hand figures be divisible by 8, the whole 
is divisible by 8. And so on. 


5. If the sum of the digits in any number be divisible by 3, or by 9, the 
whole is divisible by 3, or by 9. wr 


6: If the right hand digit be even, and the sum of all the digits be divisible by 
6, then the whole is divisible by 6. 


4 A imumber is divisible by 11, when the sum of the Ist, 3d, 5th, &c. or all 
the odd places, is equal to the sum of the 2d, 4th, 6th, &c. or of all the even pla- 
ces of digits. 


8. If a number cannot be divided by some quantity less than the square root of 
the same, that number is a prime, or cannot be divided by any number what- 
ever. > 

§. All prime numbers, except 2 and 5, have either 1, 3, 7, or 9, in the place of 
units ; and all other numbers are composite or can be divided. 


10. When 
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2, Reduce 125 to its lowest terms, Ans. 2, 
3. Reduce 138 to its lowest terms. Ans. 2, 
4. Reduce £24 toitslowest terms. Ans, 2, 


CASE If, 


To Reduce a Mixed Number to tts Equivalent Improper 
Fraction, — 


*Muxutipzy the integer or whole number by the denom- 
inator of the fraction, and to the product add the numerator ; 
then set that sum above the denominator for the fraction 
required, 


EXAMPLES, . 


i, Reduce 232 to a fraction. 


23 
5 
16. Or, 
¢.4 (Q3X5)+2 117 
117 Bi thats 5 
6 
2, Reduce 122 to a fraction. Ans, 445 
3, Reduce 14,7, to a fraction, ' Ans. 47 
4, Reduce 1833, to a fraction. | Ans, 2245 





10. When numbers, with the sign of addition or subtraction between them, 
are to be divided by any number, then each of those numbers must be. divided 
; 10-+-8—4 
by it. Thus— ort ee 


ii. But if the numbers have the sign of multiplication between them, only 
one of them must be divided. ‘Thus, 
10 X8x3 wWx4 x3 100 x%4X1 10x 2xXi 20 








me ee eee a 


8x2 6X1 2X1 1x] 4 
_* This is no more than first multiplying a quantity by some number, and then 
_ dividing the result back again by the same ; which it is evident does not alter the 
value ; for any fraction represents a division of the numerator by the denomi- 


netor, 
yf " CASE 
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CASE III. 


To Reduce an Improper Fraction to ats Equivalent Whole or 
Mixed Number. 


*Diviwe the numerator by the denominator, and the que- 
tient will be the whole or mixed number sought. 


EXAMPLES. 


1. Reduce '2 to its equivalent number. 
Here '2 or 12 + 3=— 4, the Answer. 

2. Reduce 1 to its equivalent number. 
Here 15 or 15 + 7= 2} the Answer. 

3. Reduce 74° to its equivalent number. 
Thus 17) 749 (44, 


68 
69 So that 74.9 = 44,1, the Answer. 
68 
1 
4. Reduce A to its equivalent number. Ans. 8. 
5. Reduce !382 to its equivalent number. Ans. 5432. 
6. Reduce 2 A i 8 to its equivalent number. Ans. 171 7 


CASE. IV. 


To Reduce a Whole number to an Equivalent Fraction, having 
a Given denominator. 


{ Muttreiy the whole number by the given denominator ; 
then set the product over the said denominator, and it will 
form the fraction required. 





* This rule is evidently the reverse of the former ; and the reason of it is ma- 
nifest from the nature of Common Division. 


+ Multiplication and Division here equally used, the result must be the 
game as the quantity first propose 


EXAMPLES. 


REDUCTION OF VULGAR FRACTIONS, 57 


EXAMPLES. 


1. Reduce 9 to a fraction whose denominator shall be 7, 
Here 9 X 7= 63: then § is the Answer ; 
For 63 = 63 + 7 = 9, the Proof. 
2. Reduce 12 to a fraction whose denominator shall be 13. 
; ne Ans. 138, 
3. Reduce 27 toa fraction whose denominator shall be 11. 
Ans. 327. 


CASE V. 


To Reduce a Compound Fraction to an Equivalent Simple One. 


* Muttipty all the numerators together for a numerator, 
and all the denominators together for a denominator, and they 
will form the simple fraction sought. 

When part of the compound fraction is a whole or mixed 
number, it must first be reduced to a fraction by one of the 
former cases. | 

And, when it can be done, any two terms of the fraction 
may be divided by the same number, and the quotients used 
instead of them. Or, when there are terms that are common, 
they may be omitted, or cancelled. 





EXAMPLES, 
1. Reduce 1 of 2 of 2 to a simple fraction. 
1X2X3 6 1 
Here —=—=-, the Answer 
2X3XK4 24 4 
1X2XH 1 
Or, ———— = -, by cancelling the 2’s and 3’s, 
2X&X4 °° 4 


2. Reduce 2 of 2 of 12 to a simple fraction. 
2X3xX10 60 12 4 

Here —~—-——__=>-__ = =, the Answer. 
3X5X11 165 33 11 








* The trath of this Rule may be shown as follows: Let the compound fraction 
be $ of 3. Now 2 of is 33, which is 37 consequently 2 of $ will be fy % 
2 or 27 ;, that is the numerators are multiplied together, and also the denomina- 
tors, as in the Rule. When the compound fraction consists of more than two 

: single ones; having first reduced two of Son as above, then the resulting fraction 
and a third willbe the same as a compound fraction of two parts ; and so on to 


the last of all. ; 
2. Reduce 
Vor J. fe) 


ARITHMETIC. 


crt 
2 


2X BXXB 4 | 
Or, ——--—-— = —, the same as before, by cancelling 
BX BX 11 | 
the 3’s, and dividing by 5’s. . 
3. Reduce 2 of 4 to a simple fraction. ~ Ans. 14. 
4. Reduce 2 of g ef § to a simple fraction: Ans.02. 
5. Reduce 2 of Hs of 3} to a simple fraction. Ans. 7. 
6. Reduce 2 of & 5 of Z ‘of 4toa simple fraction. Ans. 4. 
7. Reduce 2 and 2 of & to a fraction. Ans. 7. 


CASE VI. 


To Reduce Fractions of Different Denominators, to Equivalent 
Fractions having a Common Denominator. 


* Muutiery each numerator by all the denominators except 
its own, for the new numerators : and multiply all the deno- 
minators together for a common denominator. 

Note, It is evident that in this and several other operations, 
when any of the proposed quantities are integers, or mixed 
numbers, or compound fractions, they must first be reduced, 
by their proper Rules, to the form of simple fractions. 


EXAMPLES. 

1. Reduce 4, 2, and ®, to a common denominator. 
1X 3 X 4 =12 the new numerator for 4 
2X2xX 4=16 ditto Fl 
3X2X3=18 | ditto aOR 


| 2X 3 X 4 =24 the common denominator. 

Therefore the equivalent fractions are $2, 34, and 12. 

Or the whole operation of multiplying may be best per- 
formed mentally, only setting down the resis and given frac- 
tions thus: 3, 2, 3, = 32, 34,12 = tp i> 2s by abbrevia- 
tion. 

2. Reduce 2 and § to fractions of a common denominator. 

Ans. 38, $2. 

3. Reduce 2, 2, and 3, toa common denominator. 

Ans. $3909 6b: 
iB. Reduce §,23 and 4, to a common denominator, 
Ans. $0.35) wee 

Note 1. When the denominators of two given fractions 
have acommon measure, let them be. divided by it; then © 


ofen 





* This is evidently no more than multiplying each numerator and its denomi- 
nator by the same quantity, and consequently the value of the fraction is not al- 


. tered. 
3. Reduce 
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multiply the terms of each given fraction by the quotient 
arising from the other’s denominator. 
Ex. and A, = 21, and-2,%, by multiplying the former 
5 7 t by 7, and the latter by 5. 
2. When the less denominator of two fractions exactly 
divides the greater, multiply the terms of that which has the 
less denominator by the quotient. , 
Ex. 2 and 4; = 5 and 4, by mult. the former by 2. 
2 


3. When more than two fractions are proposed, it is some- 
times convenient, first to reduce two of them to a common 
denominator ; then these and a third ; and so on till they be 
all reduced to their least common denominator. 

x. 2 and 2 and 7=2 and § and 1=18 and 33 and 21. 


24 
CASE VIE. 
To find the value of a Fraction in parts of the Integer. 


Mutriety the integer by the numerator, and divide the 
product by the denominator, by Compound Maltiplication and 
Division, if the integer be a compound quantity. 

Or, if it be a single integer, multiply the numerator by the 
parts in the next inferior denomination, and divide the pro- 
duct by the denominator. ‘Then, if any thing remains, mul- 
tiply it by the parts in the next inferior denomination, and 
divide by the denominator as before ; and so on as far as ne- 
cessary ; so shall the quotients, placed in order, be the value 
of the fraction required.* 





* The numerator of a fraction being considered as a remainder, in Division, 
and the denominator as the divisor, this rule is of the same nature as Compound 
Division, or the valuation of remainders in the Rule of Three, before explained. 

Note, by the Editor.—¥ ractions may be reduced to their least common deno: 
minator as follows. . 

Let 24, 27, 30, 32, 36, 40, 45, 48 be the denominators: reduce each denomina. 

tor into the product of the powers of its prime factors, and the. given numbers 


become 2° %3, 3°, 2%3 &5, 2°, 27% 3°; 275, 37 KS, 24°X3: now take 
the highest power of each prime factor and we have 2°, 3°, 5; the product of 


which 2° x3? 5 = 32 & 27 & 5= 4320, is the least common denominator re- 
quired. Again, let 2, 3, 4, 5, 6, 7, 8,9, 10 be the denominators. In this case 


the powers of the primes in each number are 2, 3, 92 5. 3x3, 7,23 37 2x5; 
nd the highest powers of the primes are 2°, 37, 5, 7, of which the product is 


23%37 X5%7— 8X 9%5X7= 63 KX 40= 2520, which is the least common 
denominator. 

This method is advantageous when the prime factors are easily discovered, in 
other cases we may proceed in the following manner. Find the greatest com- 
mon divisor of the first and second given numbers; divide the product of the 
first and second given numbers by this greatest common divisor, and call the 
quotient c: in like manner: divide the product of c and the third given number 
by their greatest common divisor, and. call the quotient »: proceed in like man- 
ner with p and the fourth given number, and the last number thus-found will + 

the 


- 


3 
_ to be 6, and therefore p =e 1080. Asin the greatest common divi- 

sor of 1080 and 32 is 8, therefore z = = 4320. Farther, the greatest 
common divisor of 4320 and 36 is 36, whence ¥ = a = 4320. In like 
manner 6 7 = 4320, and repens == 4320, and lastly Ki 
Sete = 4320 == the least common multiple of the given numbers. 

Ex. 2. Let 2, 3, 4, 5,6, 7,8, 9, 10 bie the owas numbers. Here c= 2x3 | 
26, nA 12, pag, pa XP, oa 990, xe 
=840, ne 2520, and lastly i ae =the least common 


80 ARITHMETIC. 
EXAMPLES. 


i. What is the 4 of 216s? |2. What is iho welue of 2 of 11? 
By the former part of the Rule|By the 2d part of the Rule, 





Ql 6s | 
4 bs | 
Paine: 3) 40 (13s 4d Ans. 
Ans. Il 16s 9d 22. ——— 
Tv tal aE al 1 
12 
3) 12 (4d 
3. Find the value of 2 of a pound sterling. Ans. 7s 6d, 
4. What is the value of 2 of a guinea ? Ans. 4s 8d 
5. What is the value of 3 of a half crown? Ans. 1s 103d. 
6. What is the value of2 of ds 10d? Ans. Is 111d. 
7. What is the value of 4 lb troy ? Ans. 9 oz 12 dwts. 
8. What is the value of 7; Of a cwt? Ans. 1 qr 7 lb. 





the least common multiple of the given numbers; that is, the least common de- 
nominator of the given fractions. 

Ex. 1. Let 24, 27, 30, 32, 36, 40, 45, 48 be the given numbers. The great- 
est common divisor of 24 and 27 is found by the common rule to be 3, then 
2427 





=2i16==c. Again, the greatest common divisor of 216 and 80 is found 











multiple required. 
This general rule may be expressed as follows. 


Divide the first by the greatest common measure of the first and second, pnd 


multiply the quotient by the second, and call the product c: divide ¢ by the 


greatest common measure of c and the third given number, and multiply the, 


quotient by the third, call this product p: in like manner proceed with p and the 
fourth given number, and the last product will be the least common multiple re- 


quired. 
9. What 
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9. What is the value of 2 ofanacre? = Ans, 3 ro. 20 po. 
10. What is the value of 4,0faday? Ans. 7 hrs 12 min. 


d 


CASE VIII. 


To Reduce a Fraction from one Denomination to ancther. 


* Consmer how many of the less denomination make one 
of the greater ; then multiply the numerator by that number, 
if the reduction be to a less name, but multiply the denomi- 
nator, éf to a greater. 


EXAMPLES. 


1. Reduce 2 of a pound to the fraction of a penny. 
‘1 § X49 K P= 49°" 8¢, the Answer. 

2. Reduce $ of a penny to the fraction of a pound. 
&X ge X dy = ahs the answer. 


3. Reduce a) to the fraction of a penny. Ans. 32d, 
4. Reduce 2q to the fraction of a pound Ans. sz57 
5. Reduce 2 cwt to the fraction of a Ib. Ans. 3. 
6. Reduce 2 dwt to the fraction of a lb troy. Ans. ;1,. 
7. Reduce 2 crown to the fraction of a guinea Ans. 5;. 
8. Reduce £ half-crown to the fract. of a shilling. Ans. 22. 
9. Reduce 2s 6d to the fraction of a £. Ans, ?. 


10. Reduce 17s 7d 329 to the fraction of a £. 
tp 


ADDITION OF VULGAR FRACTIONS. 


Ir the fractions have a common denominator ; add all the 
numerators together, then place the sum over the common 
denominator, and that will be the sum of the fractions re- 


quired. 
} if the proposed fractions have not a common denomina-~ 


tor, they must be reduced to one. Also compound fractions 


a 


* This is the same as the Rule of Reduction in whole numbers from one deno- 
mination to another. 

+ Before fractions are reduced to 2 common denominator, they are quite dissi- 
milar, as. much as shillings and pence are, and therefore cannot be incorporated 
with one another, any more than these’can. But when they are reduced to a 
common denominator, and made parts of the same thing, their sum, or difference, 
may then be as properly expressed by the sum or difference of the numerators, as 
the sum or difference of any two quantities whatever, by the sum or difference of! 
their individuals. Whence the reason of the Rule is manifest, both for Addition 
and Subtraction. ; 

When 


By ARITHMETIC, 


must be reduced to simple ones, and fractions of different 
denominations to those of the same denomination. Then add 
the numerators as before. As to mixed numbers, they may 
either be reduced to improper fractions, and so added with 
the others; or else the fractional parts only added, and the 
integers united afterwards. 


EXAMPLES. 
1. To add 2 and 4 together. 
Here 2-+-4 = 7 => 12, the Answer. 

2. To add 2 and § together 

3-5 =18 +25 = 43 = 1 13, the Answer. 
3. To add 4 and 7 and + of together. 

g++ hofs=st thet Y + ERY = Sj. 
4, To add 3 and $ together. Ans. 13. 
5. 'To add 2 and 4 together. Ans. 132. 
6. Add 2 and ,3; together. Bi Ans. 5%. 
7. What is the sum of 2 and 3 and 3? Ans. 1123. 
8. What is the sum of § and 3 and 2} ? Ans. 332. 
9. What is the sum of 2 and 4 of } and. 9,3? Ans. 10,4. 

10. What is the sum of 2 of a pound and 4 of a shilling ? 


Ans. 125s or 13s 10d 2249. - 

13. What is the sum of 3 of a shilling and ,4, of a penny ? 
Ans. '12d or 7d 1329. 
12. What is the sum of } of a pound, and 2 of a shilling, 
and 5, of penny ? Ans. 3132s or 3s ld 1129. 


ee 


SUBTRACTION OF VULGAR #RACTIONS. 


Prerare the fractions the same as for Addition, when ne- 
cessary ; then subtract the one numerator from the other, and 
set the remainder over the common denominator, for the dif- 
ference of the fractions sought. 


EXAMPLES. 


1. To find the difference between 2 and }. 
Here §—} = 4 =2, the Answer. 
2. To tind the difference between 2 and 3. 


Belt) Nh ie Oper) 20 
3—5 = 27—20 = 1, the Answer. 





nd 


ee 


When several fractions are to be collected, it is commonly best first to add two 
of them together that most easily reduce to a common denominator; then add * 
their sum ard a third, and so on. 

| 3. What — 
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3. What is the difference between 3, and ;4 ? Ans, 2. 
4. What is the difference between ,3, and 4,? Ans. %. 
5. What is the difference between , and ;4? Ans. 2. 
6. What is the diff. between 52 and 2 of 41? Ans. 4351. 


2 of a shilling 2 Ans. 181s or 10s 7d 14g. 

8. What is the difference between 2 of 51 of a pound, and 

2 of a shilling ? Ans. 29371 or 1/ 8s 11,3-d. 
—— ey 


MULTIPLICATION OF VULGAR FRACTIONS. 


* Repuce mixed numbers, if there be any, to equivalent 
fractions ; then multiply all the numerators together for a nu- 
merator, and all the denominators together for a denominator, 
which will give the product required. 


EXAMPLES. 


1. Required the product of 2 and 2. 
Here 2X2 = 4 = j, the Answer. 
Or2xX f= X4$=} 


2. Required the continual product of 2, 31, 5, and 2 of 
Peis FF #£ 3 13X8 39 | 


Here — X— X— X— X—=-————*=— = 47 Ans. 

: eee a MARKS 8 

_ 3. Required the product of % and &. Ans. .. 
4. Required the product of ;4; and 4. Ans. ji. 
5. Required the product of , 4, and }4. Ans. 3%. 








# ‘Multiplication of any thing by a fraction, implies the taking some part or 
parts of the thing: it may therefore be truly expressed by a compound fraction ; 
which is resolved by multiplying together the numerators and denominators. 

Note, A Fraction is best multiplied by an integer, by dividing the denomina- 
tor by it; butif st will net exactly divide, then multiply the numerator by it. 


6. Required 
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6 
7. Required the product of 7, 2, and 4 4. Ans, 2 2 
8. Required the product of £, and 2 of §. Ans. 1 
9. Required the product of 6, and 2 of 5. Ans. 2 
10. Required the product of 2 of 2, and $ of 32. Ans. 2 
3 

2 


pm 09 
“ih ke Oxesi 


11. Required the product of 32 and 414. Ans. 141: 
12, Required the product of 5,2, 2 of 3,and 4}. Ans, 2 


> 


1% 


DIVISION OF VULGAR FRACTIONS. 


* Prepare the fractions as before.in multiplication ; then 
divide the numerator by the numerator, and the denominator 
by the denominator, if they will exactly divide: but if not, 
then invert the terms of the divisor, and multiply the dividend 
by it, as in multiplication. 


EXAMPLES. 


1. Divide 22 by &. 3 
Here 23 — 5 = % = 12, by the first method. 
2, Divide 2 by 2. 


Here $+ = EX YSEXES Y= 4y. 
3. It is required to divide 44 by 4. Ans. 4. 
4. It is required to divide ;% by 3. Ans 4. 
5. It is required to divide '} by Z. Ans, 11: 
6. It is required to divide = by 1°. Ans. 54. 
7. It is required to divide 12 by 3. Ans. 4. 
8. It is required to divide 7 by 2. Ans. 1°, 








* Division being the reverse of Multiplication, the reason of the Rule is eyi- 

dent. 
Note, A fraction is best divided by an integer, by dividing the numerator by 
it; but if it will not exactly divide, then multiply the denominator by it. . 
9, ae 
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: 9. Tt is required to divide ,%. by 3, , Ans. 5%. 

40. It is required to divide 3 ‘by $ eo Ang. ae 

11. It is required to divide 72 by. 93. Ans, 33, 

12, It is required to hak ee 2 of 1 1 by § of ye Ans. ;3;- 
iE 


RULE OF THREE IN VULGAR FRACTIONS. 


Mice the necessary preparations as before directed ; then 
multiply continually together, the second and the third terms, 
and the first with its parts inverted as in Division, for the 
answer. , 


EXAMPLES. 


}. If 2 of a yard of velvet cost 2 of a | youd sterling ; what 
will 5! sof a yard cost.? | 


t—: “ye aecola mauve aan 11 = 6s 8d, othe 


PIB IGS Be ge rE 
PNB. Wha t will 3} oz of silver cost, at 6s 4d an cuce? ere 
RE Ans. pie el 
3. If fa ship be worth 2731 2s 6d; what are 4 of her 
wo rth ? v Ans. 2271. 12s td. 
A, What is ah purchase of 1230] bank-stock, at 1082 per 
cent. ? ‘Ans. 13361 1s 9d. 
5. What i is the interest of 2731 15s for a year at 3} per 
cent. Pe > Ans. 81 17s iljd. 
Bek ew yg Sei a ship be worth dey 1s 3d; what part of her is 
, worth 2501 10s 2 . Ans. 2. 


7. What Tength must be at off a board that is 73 inches 
‘broad, to contain a square foot, or as much as another piece 
of 12 inches long and 12 broad ? Ans. 1813 inches. 

8. What quantity of shalloon that is 2 of a yard wide, will 
line oy take af cloth, that is 21 yards wide?” Ans. 312 yds. 





Biel Thisi is nly multiplying the 2nd and 3rd terms together, and dividing the 
product by the first, asin les Rule of Three in whole numbers: 


Vor. I. ira (a 9. If 
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. If the penny loaf weighs 6 ,% oz, when the price of 
tical is 5s the bushel ; what ought it to Velgh when the” 
wheat is 8s 6d the bushel ? _ Ans. 474, bed | 

10. How much in length, of a viene, ey 2 laid that is 1111 
poles broad, will make an acre of land, or as much as 40 2 
poles in length and 4 in breadth ? Ans. 13 58); poles. _ 

11. If a courier perform a certain journey in 35! days, 
travelling 132 hours a day; how long would he be in per- — 
forming the same, travelling only 11,9; hours a day ? 

Ans. 40218 days. 

12. A regiment of soldiers, consisting of 976 men, are to. 
be new cloathed ; ;. each coat to contain 22 A nie of cloth that — 
is 15 yard wide, and lined with shalloon 7 7 yard wide : how : 
many yards of shalloon will line them ? : 

Ans. 4531 yds 1 sg nails, 


DECIMAL FRACTIONS, - 


A Decmat Fraction, is that which has for its denomina-— 
tor an unit (1), with as many ciphers annexed as the nume-_ 
rator has places ; and it is usually expressed by setting down ‘ 
the numerator poly, with a point before it, on the left set AY 
Thus, +4; 13-4, and fy; is 24, and 77g¢¢ 13 O74, and >5\75'5 
is 00124; where ciphers are prefixed to make up as igh 3 
places as are ciphers in the denominator, when there i is a de- 
ficiency of figures. 

A mixed number is made up of a whole number wisi some .: 
decimal fraction, the one being separated from the other by; | 
a point... Thus, 3°25 is the same as 3.25,, or 225, 

Ciphers on the ‘dent hand of decimals make no skerations | 
in their value; for -4 or 40, or 400) are decimals haying all” 
the same value, each being =; or2. But when they are 
placed on the left hand hey daeneaah the value in a ten- fold 
proportion: Thus, -4 is ,4,, or adi panes but 04 is only Too : 
or 4 hundredths, and 004 is only ;A;¢, or 4 thousandths. 

The ist place of decimals, counted from the left hand to. 
wards the right, is called the place of primes, or 10ths ; the a 
2d isthe place of seconds, or 100ths ; ; the 3d is the place. : 
of thirds, or 1000ths; and so on. . For in decimals, as well as 
in whole numbers, the values of the places increase towards 
the left hand, and decrease towards the right, both in ‘the 

same 


~ 


seat, and 14:16. 


ey hes Nuk is 109s 
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game ten-fold proportion ; as in the following Scale or Table 


of Notation... ~ 

; =a 

Sat 

/ ‘e ee s 

“eet Bas 

a a € “Dae , sn: n oe 

3 ae Mae Sac Oae > — = es 
« ws font ia~} eked m a 
eee eS See ee 
| tA: = cS So .sS & = ee >) ee) 
org Sag ey ey SB og, 8 
= - =] 7] +3 ~~ = DA — 
meee Oe SS ee Be a BR 
ae ee cue Se eee RB 
od iy Bi 863) Sie SB 8 S 

eens 


ADDITION OF DECIMALS. 


bee the numbers under each other according to the value 


-_ of their places, like as in whole numbers ; in which state the 


decimal separating points will stand all exactly under each 
other. Then, beginning at the right-hand, add up all the co- 
Jumns of numbers as in integers ; and point off as many places, 


for decimals, as are in the greatest number of decimal places 


in any of the lines that are added ; or place the point directly 
below all the other points. 


pile EXAMPLES. 
1. To add together 29: 0146, and 3146: 5, and 2109, and 


29-0146 
8146-5 


62417 
14-16 





DE TED 


Bs eile» 8299: 29877 the Sum. 





ioe @. Whit is the sum saree 276, 39-213, 72014-9, 417, 
and 5032? ? 


3. What is the sum of 7530, 16-201, 3:0142, 957-13, 


_ 672119 and -03014. 


4. What is the sum of 312: 09, 3°5711, 7195°6, 71: 498, 
SUBTRACTION 


9739-215, 179, and “0027 ? 


68. * ARITHMETIC. > 


SUBTRACTION OF DECIMALS. 


Prace the numbers under each other actin to the Va- 
Jue of their places, as in the last Rule. Then, beginning at — 
the right hand, subtract as in whole numbers, and point eff the — 
decimals as in Addition. | 


EXAMPLES. 
1, To find the difference between 91°73 and 2°138. — 
91-73 
2°138 


Ans. 89°592 





eee 


. Find the diff. between 1°9185 and 2-73 ° _ Ans. 0°8115. 
. To subtract 4-90142 from 214°81. Ans, 209:90858. 
. Find the diff. between 2714 and -916. Ans. 2713:084.. — 


tm 9 


MULTIPLICATION OF DECIMALS. 


* Puace the factors, and multiply them together the same as 
if they were whole numbers.—Then point off in the product 


just as many places of decimals as there are decimals in both 
the factors. But if there be not so many figures in the pro- _ 


duct, then supply the defect by prefiing ciphers. 





* The Rule will be evident from this example : Gig it he required to multiply — 
*12 by ‘361; these. numbers are equivalent to 106 and 72$t; the product of — 
which is -42220= == 04332, by the nature of Notation, which consists of as ma= é, 
ny places as there are ciphers, that is, of as many places as there are in both 


numbers. And in like manner for any other numbers. 
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EXAMPLES. 


1. Multiply -321096 
A! Ly pik aA 
1605480 | 
1926576: 
1284384 
€42192 








Ans. -0791801640 the Product. 


oe 


2. Multiply 79°347 by 23°15, Ans. 1836-88305, 
3, Multiply 63478 by 8204. Ans. -520773512, 
4, Multiply “385746 by -00464. Ans. -00178986144. 





CONTRACTION I. 


To multiply Decimals by 1 with any number of Ciphers, as by 
Rae 10, or 100, or 1000, &e. 


_Tais is done by only removing the decimal point so many 
places farther to the right hand, as there are ciphers in the 
multiplier ; and subjoining ciphers if need be. 


EXAMPLES. 


1, The product of 51°3 and 1000 is 51300. 
2. The product of 2°714 and 100 is 

3. The product of -916 and 1000 is 

4. The product of 21°31 and 10000 is 


CONTRACTION II. 


To Contract the Operation, so as to retain only as many Deci- 
mals in the Product as may be thought Necessary, when the 
- Product would naturally contain several more Places. 


Ser the units’ place of the multiplier under that figure of 
the multiplicand whose place is the same as is to be retained 
for the last in the product; and dispose of the rest of the 
figures in the inverted or contrary order to what they are 
usually placed in.—Then, in multiplying, reject all the figures 
that are more to the right hand than each multiplying figure, 
and set down the products, so that their right hand figures 

; 5 may 


“3¥ 
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may fall in a column straight. below each other ; ; but obsery- 


ing to increase the first figure of every line with what would — 


arise from the figures omitted, in this manner, namely 1 from 
5 to 14, 2 from 15 to 24, 3 from 25 to 34, &c. ; and the sum 


of all the lines will be the prodact as required, commonly to~ 


the nearest unit in the last figure. 


EXAMPLES. 


1. To multiply 27-14986 by 92-41035. so as to retain only _ 


four places of decimals in the product, 














Contracted Way. : >» Common Way. 
27°14986 Met vi 14986 
53014°29 984 1035 
24434874 | 13 574930 | 

542997 81144958 ~ 
108599 27141986 
2715 | 108599|44_ aE 
81 |  <h4999712" > 
14 ; 24434874 
2508-9280 qe 2508°9280 650510 : 

















2, Multiply 480: 14936 by 2°72416, retaining only four de- 3 


cimals in the preduct. 


$. Multiply 2490-3048 by eae! retainjng Ley A five dex 
cimals in the product. 


4. Multiply 325-701428 by 7218393, retaining only three 
decimals in the product. 


* 


DIVISION OF DECIMALS. 


_ Divine asin whole numbers ; and point off in the quotient — 
as many places for decimals, as the decimal places in the divi- 


dend exceed those i in the eetcon * 


= - ea) A 


* ‘The reason of this Rule is evident; for, since the divisor mip by the — 
quotient gives the dividend, therefore the number of decimal places.in the divi- 
ther, by the nature — 

of Multiplication; and consequently the quotient itself must contain as many as ~ 


dend, is equal te those in the divisor and quotient, taken toge 


the dividend exceeds the divisor. 


é Another 


na S z 
ag ee . 
Ot ae ae ee 


~ 


¥ 
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\ _ Another way to know the place for the fecinal point, is 


| 


this: The first figure of the quotient must be made to occu- 
py the same place, of integers or decimals; as doth that figure 
of the dividend which stands over the unit’s figure of the first 
product. 

When the places of the quotient are not so many as the 
Rule requires, the defect is to be supplied by prefixing ci- 
phers. ee aes 

When there happens to be a remainder after the division, 
or when the decimal places in the divisor are more tlaan those 
inthe dividend ; then crphers may be annexed to the dividend, 
and the quotient carried on as far as required. 


Bie Pear iat Shas EXAMPLES. 
a Saat Sy we a 
178) -48520998 ( -00272589 | -2639 ) 27-00000 ( 102-3114 
12992. 6100 
460 | 2220 
1049. 3030 
1599 3 3910 
1758 12710 
156 | Q154 
3. Divide 123-70336 by 54-25. Ans. 2-2802. 
noe, Davide f2 by tOp4.° °F Ans. 15-278. 
5. Divide 4195:68 by 100. Ans. 41:9568, 
6 


» Divide 6297592 by +153. 0 Ans, 6°4232. 


CONTRACTION I.°- 


- Wuen the'divisor is an integer, with any number of ci- 


phers annexed: cut off those ciphers, and remove the deci- 
mal point in the dividend as many places farther to the left as 
there are ciphers cut off, prefixing ciphers if need be ; then 


‘Proceed as before.* 


we 





Bi This is no more than dividing both divisor and dividend by the same number, 
either 10, or 100, or 1000, &c. according to the number of ciphers cut off, which, 
leaving them im the same proportion, does not affect the quotient, And, in the 


Same way, the decimal point may be moved the same number of places in both 


the divisor and dividend, either to the right or left, whether they have ciphers oy 


Snot) 


EXAMPLES. 


S 
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1. Divide 45-5 by 2100. ? 
‘ 21°00 ) +455 ( 0216, &e. 
35 3 


140 

14 

2. Divide 41020 by 32600. 
3. Divide 953 by 21600. 
bt Divide 61 by 79600. 


CON TRACTION Th. 


Hence, if the divisor be 1 with ciphers, as 10, ‘100, or 
1000, &c. : then the quotient will be found by merely MOov- — 
ing the decimal point in the dividend, so many places farther — 
to-the left, as the divisor has ciphers ; prenxing, ciphers if 
need be. 4 


EXAMPLES. 


So; 217.3. <- 100 = 2.173: - And 419 =~ 10= ) 


And 5.16 — 100 = And 21 — 1000 = 


CONTRACTION UT. 


Wuen there are many figures in the divisor; or wisi | 
only a certain number of decimals are necessary to be re- 
tained in the quotient; then take only as many figures of — 
the divisor as will be equal to the number of figures, both in- 
tegers and decimals, to be in the quotient, and find how many © 
times they may be contained in the tirst figures of the dividend, 
as usual. 

Let each remainder be a new dividend ; and for every dich 
dividend, leave out one figure more on the right-hand side of 
the divisor ; remembering to carry for the increase of the — 
figures cut off, as in the 2d contraction in Multiplication. — 

Note. When there are not so many figures in the divisor, © 
as are required to be in the quotient, begin the operation with — 
all the figures, and continue it as usual till the number of fi- 
gures in the divisor be equal to those remaining to be found . 
in the quotient: after which begin the contraction. 


EXAMPLES, Bias * a 


As Divide 2508-92806 by 92:41035, so as to bad oes fur f 
decimals in the quotient, in which case the quetient will con- — 


. tain six figures. 7 
Contracted < 





REDUCTION OF DECIMALS, "3 





Contracted. Common. 
92-4103,5)2508-928,06(27'1498 | 92-4103,5)2508'928,06(27'1498 
; 660721 66072106 
13849 . 13848610 
4608 46075750 
912 91116100 
80 79467850 
6 5539570 
2a Divide 4109- 2351 by 230: 409, go that the quotient may 
contain only four decimals. Ans. 17°8349, 
3. Divide 37:10438 by 5713-96, that the quotient may con- 
tain only five decimals. Ans. 00649. 


4. Divide 913-08 by 2137-2, that the ig, quoueat may contain 
ony Hire decimals. 


REDUCTION OP DECIMALS. 


CASE f. 


To reduce « Vulgar Fraction to its equivalent Decimal, 


Divive the numerator hy the denominator as in Division 
of Decimals, annexing ciphers to the numerator as far as ne- 
gessary ; so shall the quotient be the decimal required. 


EXAMPLES. 
1, Reduce ,% to a decimal. 
24=4X6. Then4) 7: 


6 ) 1:750000 
*291666 &c, 








2, Reduce}, and}, and i, to decimals. 
Ans. °25, and °5, and -75. 


3. Reduce 5 to a decimal. Ans. 2 ee 
4, Reduce 3 3; to a decimal. Ans. 

5. Reduce ;4, to a decima). Ans. 031360. 
6. Reduce ovaz to a decimal. Ans. °143155 &c. 


evor,. I. 1] CASE 
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CASE II. 


To fina the Value of a Decimal in terms of the pice Dine 


minations. 


Mourtiery the decimal by the’ number of pants in the 


next lower denomination ; and cut off as many places for a 


remainder to the right hand, as there are places in the given 
decimal. 


Multiply that remainder by the parts in the next lower 


denomination again, cutting off for another remainder as be- 
fore.’ 


Proceed in the same manner through all the parts of the 


integer ; then the several denominations separated on the 
left hand, will make up the answer. 

Note, This operation is the same as Reduction Bikeiius 
in whele numbers. 





EXAMPLES. 
i. Required to find the value of +775 pounds sterling. 3 
‘775 
20 
s. 15.500 ne 
12 ¥ a 
d. 6.000 Ans. 15s 6d. 
9, What is the value of +625 shil? Ans. 7 ud. | 
3. What is the value of -86351 ? Ans. 17s. 3. oad. : 
4. What is the value of -0125 lb troy ? Ans. 3 dwts. 
5. What is the value of -4694 Ib troy 2. 


Ans. 5 oz 12 dwts 15°744 gr. 

6. What is the value of «625 cwt? Ans. 2 qr 14 Ib. 
7. What is the value of -009943 miles ? 

Ans. 17 yd 1. ft 5:98848 inc. 

8. What is the value of -6875 yd? Ans. 2 qr 3 nls. 


9. What is the value of °-3375 acr ? Ans. Ird 14 poles. 


10. ‘What is the value of -2083 hhd of wine ? 


Ans. 131229 gal. 


CASE. 
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- CASE HII. 


To reduce Integers or Decimals to Equivalent Decimals of » 


Higher Denominations. 


Diyipe by the number of parts in the next higher denomi- 
nation ; continuing the operation to as many higher denomina- 
tions as may be necessary, the same as in Reduction Ascending 
ef whole numbers. 


ny 


ts 2D abr wes 


11. 


EXAMPLES. 


Reduce 1 dwt to the decimal of a pound troy. 
20 | 1 dwt 
12 | 0:05 oz 
0-004166 &c. Ib. Ans. 


. Reduce 9d to the decimal of a pound. Ans. ‘03751. 
. Reduce 7 drams to the decimal of a pound avoird. 


Ans. °02734375\b. 


. Reduce 26d to the decimal of al. Ans. -0010833 &c. I. 
. Reducé 2°15 lb to the decimal of cwt. 


Ans. -019196--cwt. 


. Reduce 24 yards to the decimal of a mile. 


Ans. -013636 &c. mile. 
Reduce °056 pole to the decimal of an acre. 
Ans. -00035 ae. 


8. Reduce 1-2 pint of wine to the decimal of a hhd. 
9. 
10. 


Ans. :00238--hhd. 
Reduce 14 minutes to the decimal of a day. 
| Ans. :009722 &e. da. 
Reduce -21 pint to the decimal of a peck. 
Ans. °013125 pec. 
Reduce 28” 12'” to the decimal of a minute. 


Nore, When there are several numbers, to be reduced all to 
the decimal of the highest : 


_ Set the given numbers directly under each other, for divi- 
dends, proceeding orderly from the lowest denomination to the 
highest. 

_ Opposite to each dividend, on the left hand, set such a 
number for a divisor as will bring it to the next higher name ; 
drawing a perpendicular line between all the divisors and di- 
» vidends. 

Begin at the uppermost, and perform all the divisions : 
only observing to set the quotient of each division, as decimal 


parts | 
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parts, én the right hand of the dividend next below it; 40 
shall the last quotient be the decimal required. 


i 





EXAMPLES. pee 
- 4, Reduce 17s 93d to the decimal of a pound, 
4 3: ere 
12:): 9°75 
20 | 17-8125 } 
“0.890625 Ans. 
®, Reduce 191 17s 31d to 1. Ans. 19°86354166 &c. 7, 
8. Reduce 15s 6d to the decimal of al. Ans, *775!. 
4. Reduce 73d to the decimal of a shilling. . Ans. *625s. 
5. Reduce 5 oz 12 dwts 16 grtolb. Ans. 46944 &. Ih, 


RULE OF THREE IN DECIMALS. — 


Prepare the terms by reducing the vulgar fractions to des 
cimals, and any compound numbers either to decimals of the 
higher denominations, or to integers of the lower, also the 
first and third terms to the same name : Then multiply anddi- 
vide as in whole numbers: Att : 

Note, Any of the convenient Examples in the Rule: of 
Three or Rule of Five in iategers, or Vulgar Fractions, may 
be taken as proper examples to the same rules in Decimals. 
—The following Example, which is the first in Vulgar Frac- 
tions, is wrought out here, to show the method. 


If 2 of a yard of velvet cost 2/, what will 4 yd cost ? 
l 








yd 1 yd sd 
2 == 4375 ‘375 : 4 2: +3125 : -333 &c. or 6 8 
“4 , 
ce -375) +12500  (.333333 &c. 
i a 41250 20 | 
125 BIS 
a ahve vi s 6°66666 &. 
ve = 13125 12 

Ans. 68 8d. d'7:99999 &e. = 8d. 


SSS STARE OT ES CR 


DUQDE- 


DUODECIMALS. rus 


DUODECIMALS. 


DvopsrerMars or Cross Muxtirrication, is a rule used by 
workmen and artificers, in ‘computing the contents of their 
works. ne at. 

Dimensions are usually taken in feet, inches, and quarters ; 
any parts smaller than these being neglected as of no conse- 
quence. And the same in multiplying them together, or cast- 
ing upthe contents, The method is as follows. 


_ Ser down the two dimensions te be multiplied together, one 
under the other, so that feet may stand under feet, inches un- — 
der inches, &c. 

- Multiply each term in the multiplicand, beginning at the 
lowest, by the feet in the multiplier, and set the result of 
each straight under its corresponding term, observing to car- 
ry 1 for every 12, from the inches to the feet. 

- In like manner, multiply all the multiplicand by the inches 
_ and parts of the multiplier, and set the-result of each term 
one place removed to the right kand of those in the multipli- 
cand ; omitting, however, what is below parts of inches, only 
carrying to these the proper number of units from the lowest 
denomination. ; 

Or, instead of multiplying by the inches, take such parts of 
the multiplicand as there are of a foot. » ; ri 

Then add the two lines together after the manner of Cem- 
pound Addition, carrying 1 to the feet for 12 inches, when 
these come to so many. w | 




















EXAMBLES. | 
1. Multiply 4 f 7 inc, 2. Multiply 14 f 9 inc. | 
by ’6 4 by 4 6 
1 69 0 
hee 1 °- 61 7 4b 
ee Ang. 29. -O4. : Ans. 66 4) 
3. Multiply 4 feet 7inches by 9f6ine. Ans. 43 f 61 ine 
4. Multiply 12 f 5 inc by 6 f 8 inc. Ans. 82- 92. 
5. Multiply 35 f41 inc by 12f3inc Ans. 433 4 
6. Multiply 64 £6 inc by 8 f 92 inc. Ans. 565 82 


Ma INVOLUTION, 
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INVOLUTION: 


ey 
Hieydioniees is the raising of Powers from any givens num-' 
ber, asa root. 


- A Power is a quantity produced by multipling any given num-— 
ber, called the Root, a certain number of, i times continually — 
by itself. Thus, i. 


2= 2is the root, or Ist power of 2. 
2% 2== Ais the 2d power, or square of. 2. 
2xX2xX2= 8 is the 3d power, or cube of 2. 
2%2X 2X 2= 161s the 4th power of 2, &c. 


And in this manner may be calculated the following ‘ Table of ‘ 
the first nine Meibieed of the first 9 ab oendany 


TABLE OF THE FIRST NINE POWERS OF NUMBERS. 














fist;2q| 3d) 4th | oth ) Gth |. 7th | 8th Sth 
PMS Ed) fo i 1 yf ey 
fo aig] 16| 52 | 64 | 128 | 986 | S19 









27/81} 243) 729 | 2187 | 6561 | 19683 












| 4)16/647) 256 | 1024) 4096 | 16384 | 65536 262144 














eee 


| 5/25/1209) 625 | 3125) 15625 eure 390625 | 1953125 


oes 





— ee eee | emer, 








a ae 











ome | oe eee eens | eee ae RARE 











a. Se ne eee 


918 117291656 1(59049152 144 114782969|43046721 38742048 
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The index or Exponent of a Power, is the number denot- 
ing the height or degree of that power ; and itis 1 more than 
the number of multiplications used in producing the same. — 
So 1 is the index or expenent of the first power or root, two 
of the 2d power or square, 3 of the third power or cube, 4 
of the 4th power, and so on. | | 

Powers, that are to be raised. are usually denoted by plac- 
ing the index above the root or first power. 


val 


So 224 is the 2d power of 2. 
23==8 is the 3d power of: 2. 
24==161s the 4th power of 2. 
5404 is the 4th power of 540, &c. 


When two or more powers are multiplied together, their 
product is that power whose index is the sum of the expo- 
nents of the factors or powers muitiplied. Or the multiplica- 
tion of the powers, auswers to the addition of the indices. 
Thug, in the following powers of 2, 


# 


ist 2d 3d 4th 5th 6th 7th 8th 9th 10th 
2 4 °8 16 32 GA 128 256 512 1024 
or 2? 237 2794 95 “96 97 gs Q9 gre 


Here, 4X 4= 16, and 2-+-2= 4 its index : 
and’ 8X16=. 128, and3-+-4= 7 its index ; 
also 16 X64= 1024, and 4-++-6=-10 its index; 


OTHER EXAMPLES, 


1, What is the 2d power of 45? ~/ Ans. 2025. 


2. Whatis the square of 4:16? Ans. 17°3056. 
' 3. What is the 3d power of 3-5 Ans. 42-875. 
4. What is the 5th power of 029? Ans. °@00000020511149. 
5. What is the square of 2 ? Ans. 4. 
6. What is the 3d power of § ? , Ans. 12%, 
7, Whatis the 4th power of 2 ? Ans. 32.. 


EVOLUTION. 
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EVOLUTION. 


Bivocenos. or the reverse of Involution, i 18 the extracting 


or finding the roots of any given powers. 


The root of any number, or power, is such a union as 
- being multiplied into itself a certain number of times, will 
produce that power. Thus; 2 is the square root or 2d root 
of 4, because 2?=2 X2=—4; and 3is the cube roet or 3d root 
of 27, because 39=3 X3 X3=27. 


_- 
Any power of a given number or root may be found ex- 
actly, namely, by multiplying the number continually into it- 
self. But there are many aumbers of which a proposed root 
can never be exactly found. Yet by means of decimals, we 
may approximate or a yomtreig dora the set to any Beene 
of exactness. : 


Those roots which only approximate, are called es rosie’ i: 


but those which can be found quite exact, are called Rational 


Roots.. Thus, the square root of 3 is asurd reot; but the — 


Square root of 4 is arational root, being equal to 2: alse the 
cube root of 8 is rational, being equal to 2; but the cube root 
of 9 is surd or irrational, 


Roots are sometimes denoted by writing the character 4/ 


before the power, with the index of the root against it. Thus, — 


the third root of 20 is expressed 3/ 20; and the square root 
or 2d root of it is ,/ 20, the index 2 being always omitted, 
when only the square root is designed. 


When the power is expressed by several numbers, with 


the sign ++ or — between them, aline is drawn from the top — 


of the sign over - the parts of it: thus the third root of 45 


— 12 is ¢/ 45— 12, or thus <{/ (45 — 12), inclosing the num: 
bers in Peat. ? 4 ah 


But all roots are now ofter designed like powers, with frac- 
tional Pcees thus, the square root of 81s 82, the cube Pek 


of 25 is 953, and the fourth root of 45—18 is 45—18)*, or ‘ 


(45 —18)*. 


TO. 


SQUARE ROOT. gi 


\ 


TO EXTRACT THE SQUARE ROOT. 


* Divine the given number into periods of two figures 
each, by setting a point over the place of units, another over 
‘the place of hundreds, and so on, over every second figure, 
both to the left-hand in integers, and to the right in deci- 
mals. ie | | | 

Find the greatest square in the first period on the left-hand, 
and set its root on the right-hand of the given number, after 
the manner of a quotient figure in Division. 





* The reason for separating the figures of the dividend iuto periods or portions 
of two places each, is, that the square of any single figure never consists of 
more than two places ; the square of a number of two figures, of not more than 
four places, and so on. So that there will be as many figures in the root as the 
given number contains periods so divided or parted off. , 

And the reason of the several steps in the operation appears from the algebraic 
oop of the square of any number of terms, whether two or three or more. 

us, 
(a-4. 6)? sea" 4. 2ab-4-b? <— a? +4. (2a -4-b)b, the square of two terms + where 
it appears pot os gph term of i aa and 6 the second term; also a the 
first divisor, and the new divisor is 2a +4}, or double the first term increased by 
the second. And hence the manner of extraction is thus : ' 


1st divisor a)a? --2ab-4-b? (a--b the root. 
: 
a 
2d divisor 2a-4.b | 2ab--b? 
at b | 2ab--6* 


Again, for a root of three parts, a, 6, c, thus: 
(a+b+4.c)? a? + 2ab- b? 4. 2ac--We+c? = 
“ey a” T eene et 2b =}-c) c, the square of 
three terms, where a is the first term of the reot 6, the second, and c the third 
term ; also a the first divisor, 2a-4-b the second, and 2a ++ 2b +c the third, each 
consisting of the double of the root increased by the next term of the same. 
And the mode of extraction is thus: 


Ist divisor a) a* -+2ab-} b? -+-2ac4. 2beapec? (a 4-6 4. ¢ the root: 
a2 


eet 


2d divisor 2a-}-b | 2ab 4.67 
FF | ab 0 





3d divisor 20-125. Qac 4. 2be 4 c7 
. c | 2ac ++ 2be-+-c* 


~*~ 
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Subtract the square thus found from the said period, and to 
the remainder annex the two figures of the next following 
period, for a dividend. 

Double the root above mentioned for a divisor ; and find 
how often it is contained in the said dividend, exclusive of 
its right-hand figure ; and set that quotient figure both in the 
quotient and divisor. | 

Multiply the whole augmented divisor by this last quotient 
figure, and subtract the product from the said dividend, bring- 
ing down to it the next period of the given number, for a 
new dividend. 

Repeat the same process over again, viz. find another new 
divisor, by doubling all the figures now found in the root ; 
from which, and the last dividend, find the next figure of 
me root as before ; and so on through all the periods, to the 
ast. 

Note, The best way of doubling the root, to form the new 
divisors, is by adding the last figure always to the last divisor, 
as appears in the following examples.—Also, atter the figures 
belonging to the given number are all exhausted, the opera- 
tion may be continued into decimals at pleasure, by adding 


any number of periods of ciphers, two in each period. 


EXAMPLES. 
i. To find the square root of 29506624. 


29506624(5432 he root, 
25 
104 | 450 
416 











10835 
3 


3466 
3249 





10862 | 21724 
21724 


Note, When the root is to be extracted to many places of. figures, 
the work may be considerably shortened, thus: 


Having proceeded in the extraction after the common me- 
thod, till there be found half the required number of figures 
in 
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mm the root, or one figure more ; then, for the rest, divide the 
last remainder by its corresponding divisor, after the manner 
of the third contraction in Division of Decimals ; thus, 
2. To find the root of 2 to nine places of figures. 
2 ( 1:41421356 the root. 
1 . 


24 | 100 
4| 96 
281] 400 
14 281 








* 2824]; 11900 
Al] 11296 








28282 | 60400 
2{| 56564 





28284 ) 3836 ( 1356 


1008 
160 
19 
2 
3. What is the square root of 2025 ? Ans. 45. 
4, What is the square root of 17-3056 ? Ans. 4°16. 
5. What is the square root of -000729 ? Ans. -027. 
6. What is the square root of 3 ? Ans. 1°732050. 
7. What is the square root of 5? Ans. 2°236068. 
8. What is the square root of 6 ? Ans. 2°449489, 
9. What is the square root of 7 ? Ans. 2°645751, 
10. What is the square root of 10 ? Ans. 3:162277. 
11. What is the square root of 11? - Ans. 3-316624,, 
12. What is the square root of 12? Ans. 3°464101. 


RULES FOR THE SQUARE ROOTS OF VULGAR FRACTIONS AND 
MIXED NUMBERS. 


First prepare all vulgar fractions, by reducing them to 
their least terms, both for this and all other roots. Then 

1. Take the root of the numerator and of the denominator 
for the respective terms of the root required. And this is 
the best way if the denominator be a complete power : but if 
it be_ not, then 

2. Multiply the numerator and denominator ‘together ; 
take the root of the product: this root being made the nume- 
om rator 
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rater to the denominator of the given fraction, or made the 
denominator to the numerator of it, will form the fractional 
root required. | 

a /a fab a iG 

That is, f— = —— = —— = —— 
J/b 6b fab. 
And this rule will serve, whether the root be finite or infinite. 

3. Or reduce the vulgar fraction to a decimal, and extract 
its root. 

4. Mixed numbers may be either reduced to improper 
fractions, and extracted by the first or second rule, or the 
vulgar fraction may be reduced to a decimal, then joined to 
the integer, and the root of the whole extracted. 


* 

EXAMPLES 
1. What is the root of 23 ? Ans. 4. 
2. What is the root of ta? : Ans. 3. 
3. What is the root of  ? Ans. 0°866025. 
4, What is the root of 4 ? Ans. 0°645497. 
5. What is the root of 1732? Ans. 4:168333. 


By means of the square root also may readily be found the 
Ath root, or the 8th root, or the 16th root, &c. that is, the 
root of any power whose index is some power of the num- 
ber 2; namely, by extracting so often the square root as is 
denoted by that power of 2; that is, two extractions for the 
Ath root, three for the 8th root, and so on. | | 

So, to find the 4th root of the number 21036: 8, extract the 
square root two times as follows :: 


21035-8000 (145-037237 (12-0431407 the 4th root. 
1 1 














94.1 110 29 | 45 
4| 96 
ee ‘ 
985 | 1436 2404 | 10372 
51 1425 4| 9616 














29003 | 108000 24083 | 75637 __ 
3| 87009 3] 72949 





20991 (7237 3388 (1407 
687 st 
107 


Ex. 2, What is the 4th did rf 94°41? “7 
0 
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TO EXTRACT THE CUBE ROOT. 
I. By the Common Rule.* 


1. Havine divided the given number into periods of three 
figures each, (by setting a point over the place of units, and 
also over every third figure, from thence, to the left hand in 
whole numbers, and to the right in decimals), find the nearest 
less cube to the first period; set its root in the quotient, and 
subtract the said cube from the first period ; to the remainder 
bring down the second period, and call this the resolvend. 


2. To three times the square of the root, just found, add 
three times the root itself, setting this one place more to the 
right then the former, and call this sum the divisor. Then 
divide the resolvend, wanting the last figure, by the divisor, 
for the next figure of the root, which annex to the former ; 
calling this last figure e, and the part of the root before found 
let be called a. ; 


Add all together these three products, namely, thrice a 
square multiplied by e, thrice a multiplied by e square. and 
e cube, setting each of them one place more to the right than 
the former, and call the sum the subtrahend ; which must 
not exceed the resolvend ; but if it does, then make the last 
figure e Jess, and repeat the operation for finding the subtra- 
hend, till it be less than the resolvend. 


4. From the resolvend take the subtrahend, and to the re- 
mainder join the next period of the given number for a new 
resolvend ; to which form a new divisor from the whole root 
now found ; and from thence another figure of the root, as 
directed in Article 2, and so on. 





* The reason for pointing the given number into periods of three figures each, 
is because the cube of one figure never amounts to more than three places. And, 
for a similar reason, a given number is pointed into periods of four figures for 
the 4th root, of five figures for the 5th root, and so on. 

And the reason for the other parts of the rule depends on the algebraic forma- 
tion of a cube: for if the root consists of the two parts a+, then its cube is as 


follows; (a-+b)* = 04.307 6-4-3ub? 45° ; where a is the root of the first part 
«*; the resdlvend ig 34 ba Sab” 5°, which is also the same as the three parts 
of the subtrahend ; also the divisor is 3a? 4-3a, by which dividing the first two 
terms of the resolvend 847 6 +-ab® , gives b for the second part of the root; and 


$9 on. 
EXAMPLE. . - 


938 ARITHMETIC, 


EXAMPLE. 


To extract the cube root of 48228-544. 


48228-544 (36-4 root. 
27 


3X32 =27 
3X3 = 09 











Divisor 279 | 21228 resolvend. - 


3X32 X6 =—162 
3X3 X62= 324 } add 


63= 216 
3X%362=3888 19656 subtrahend. 
3X36 = 108 





38988 | 1572544 resolvend. 
- 3X362 X4 =15552 )- 
3X36 X4%= 1728 ) add 
43= 64 


1572544 subtrahend. 


eerste: tere 


0000000 remainder. 








Ex. 92, Extract the cube root of 571482°19. 
Fx. 3. Extract the cube root of 1628-1582. 
Ex. 4. Extract the cube root of 1332. 


7 


Il. To extract the Cube Root by a short Way.* — 


1. By trials, or by the table of roots at p. 90, &c. take the — 
nearest rational cube to the given number, whether it be- 
greater or less ; and call it the assumed cube. — ‘ 

2. Then 


} 





SSI As ie eas Re Os mY nev RC 
= ~ - 

* The method usually given for extracting the cube root, is so exceedingly te-_ 
dious, and difficult to the remembered, that various other epproximating rules _ 
have been invented; viz, by Newton, Raphson, Halley, De Lagny, Simpson, 
Emerson, and several other mathematicians ; but no one that I have yet seen, is — 


s simple in its form, or seems so well adapted for general use, as that bait siv- | 





CUBE ROOT. | 87 


¥ 


2. Then say, by the Rule of Three, As the sum of the given’ 


‘ number. and double the assumed cube, is to the sum of the 


assumed cube and double the given number, so is the root of 
the assumed cube, to the root required, nearly. Or, As the 
first sum is to the difference of the given and assumed cube, 
so is the assumed root to the difference of the roots nearly, 


3. Again, by using in like manner, the cube of the root 
last found as a new assumed cube, another root will be obtain- 
ed still nearer. And so on as far as we please ; using always 
the cube of the last found root, for the assumed cube. 


-EXAMPLE, 


To find the cube root of 21035:8. 


Here we soon find that the root lies between 20 and 30, and 


_ then between 27 and 28. Taking therefore 27, its cube is 


19683, whichis the assumed cube. Then 








19683 .. 210358 
2 2 
39366 42071°6 
21035°8 19683 


SS 


As 60401-8:61754-6 :+ 27: 27-6047, 
27 ) 


4322822 
_1235092 





60401°8) 1667374-2 (27-6047 the root nearly. 
459338 ‘i 
36525 
284 
42 


yoo) 92g Remeearpnaenmamecerer ce ee pa 


én. This rule is the same in effect as Dr. Halley’s rational formula, but more 
commodiously expressed ; and the first investigation of it was given in my Tracts, 
p- 49. The algebraic form of it is this: 
Aspe be 2a: at Qpe:: rer, Or, 
ASe > 2a:PN Ari:r:nM 4; 


where P is the given number, the assumed nearest cube, r the cube root of a, 


and x the root of p sought, 


Again, 


88 ARITHMETIC, 


* 


21035:318645155823, and the process ae the latter method 
will be thus : 


21035'318645, &e. 





42070°637290 21035°8 








21035:'8 21035°318645, &c. 
\ eA 4 : — err = be ae 
As 63106:43729 : diff. 481355 :: 27°6047; 
the diff. 000210560 





conseq. the root req. is 27°604910560. 


Ex. 2. To extract the cube root of -67. 
Ex. 3. To extract the cube root of -G61. 


TO EXTRACT ANY ROOT WHATEVER.* 


Let Pp be the given power or number, the index of the 


power, a the assumed power, 7 its root, rn the neuer root 
of ep. Then say, 


As the sum of n + 1 times a and n — 1 times P, is to — 


the sum of n + I times p and n — I times A; 60 is the as- 
sumed root r, to the required root R. 


Or, as half the said sum of n -++1 times a, and x — 1 times 
p, is to the difference between the given and assumed powers, 
so is the assumed root 7, to the difference between the true 
and assumed roots ; which difference, added or subtracted, as 
the case requires, gives the true root nearly. | 


a te 











That is, n+l. a+n—l. pe: n-l. ep, fnu—l.aA sir: RK. 








Or, n+1.44--n—lLoipsepPM alr: RDM fT. 


And the operation may be repeated as often as we please, 
by using always the last found root for the assumed root, and 
its nth power for the assumed power A. 





‘* This is a very general approximating rule, of which that for the cube root is 
a particular case, and.is the best adapted for practice, and for memory, of any 
that I have yet seen. It was first discovered in this form by myself, and the in- 
vestigation and use of it were given at large in my Tracts, p. 45, &c. 


EXAMPLE. 


Again, for a second operation, the cube of this root is - 


GENERAL ROOTS. 39 
EXAMPLE. 
To extract the 5th root of 21035.8. 


Here it appears that the 5th root is between 7.3 and 7.4. 
Taking 7.3. its 5th power is 207 30.71593. Hence we have 
Pp = 21035.8,n =5r = 7.3 and a = 20730.71593; then 








n+ ean 1. 1 P:PMA::r:Rw 7, that is 
3 X 20730.71593-+-2 X 21035.8 : 305.084: : 7.3: 
3 2 7.3 





62192.14779 42071.6 915252 
42071.6 | 2135588 








104263.74779 2227.1132 (.0213605=rR wr 
7.0=5r, add. 





7.321360—=Rr, true 
to the last figure. 





OTHER EXAMPLES. 


1. What is the 3d root of 2 ? Ans. 1.259921. 
2. What is the 3d root of 3214 ? Ans. 14.75758. 
_ 8. What is the 4th root of 2 ? Ans. 1.189207. 
4. What is the 4th root of 97.41 ? Ans. 3.1415999. 
5. What is the 5th root of 2 ? Ans. 1.148699. 
6. What is the 6th root of 21035.8 ? Ans. 5.254037. 
7. What is the 6th root of 2? Ans. 1.122462. 
8. What is the 7th root of 21035.8 2? Ans. 4.145392. 
9. What is the 7th root of 2 ? Ans. 1.104089. 
10. What is the 8th root of 21035.8? Ans. 3.470323. 
11. What is the 8th root of 2 ° Ans. 1.090508. 
12. What is the 9th root of 21035.8° Ans. 3.022239. 
13. What is the 9th root of 2 ” Ans. 1.080059. 
—<——— 


The following is a table of squares and cubes, as also the 
square roots and cube roots, of all numbers from 1 to 1000 
which will be found very useful on many occasions, in nu- 
meral calculations, when roots or powers are concerned. 


Vor TI. 13 A TABLE 


90 A TABLE OF SQUARES, CUBES, AND ROOTS. 


Number. | Square. | 


Cube. 


117649 
125000 


1.0000000 
1.4142136 
1.7320508 
2.0000000 
2.236V680 
2.4494897 
2,6457513 


2,8284271. 


3. 0000000 
3-1622777 
3-3166248 
3.4641016 
3.6055513 
3.7416574 
3.8729833 
4,0000000 
4,1231056 
42426407 
43588989 
44721360 
4. 5825757 
4-6904158 
4-7958315 
4-8989795 
5°0000000 
5.0990195 
5.1961524 
5.2915026 
5.3851648 
54772256 
5.5677 644 
56568542 
5,7445626 
5,8309519 
5.9160798 


6:0000000. 


6-0827625 
6-1644140 
6.2449980 
6.3245553 
6.4031242 
6.4807407 
6.5574385 
6.6332496 
6,.70820389 
6.7823300 
6.8556546 
6-9282032 
7 «0000000 
7.07 10678 


| Square Root. | Cube Root. 


1.000000 
1.259921 
1.442250 
1.587401 
1.709976 
1.817121 
1.912933 
2.000000 
2.080084 
2-154435 
2.223980 
2.289428 
2.351335 
2.410142 
2.466212 
2.519842 
2.571282 
2.620741 
2.668402 
2.714418 
2.758923 
2.802039 
2.843867 
2.884499 
2.924018 
2.962496 
3.000000 
3.036589 
3.072317 
3,107232 
3.141381 
3,174802 
3 207534 
3.259612 
3.271066 
3.301927 
3.352222 
3,361975 
3.39121] 
3.419952 
3.448217 
3.476027 
3.503398 
3.530348 
3. 556893 
3.583048 
3.608826 
3.684241 
3.659306 
3.684031 
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Number.| Square. | Cube. | Square Root. | Cube Root. 
5] 2601 132651 7.1414284 3.708430 
52 2704 140608 7.2111026 3.732511 
53 2809 148877 7.2801099 3.756286 
54 2916 157464 73484692 3.779763 
55 3025 166375 74161985 3.802953 
56 3136 175616 7- 4833148 3.825862 
57 3249 185193 7*5498344 3.848501 
58 3364 195112 7:-6157731 3.870877 
59 3481 205379 7-6811457 3.892996 
60 3600 216000 7:7459667 3-914867 
61 3721 226981 7-8102497 3-936497 
62 3844 238328 7.8740079 3.957892 
63 3969 250047 7.9372539 3.979057 
64 4096 262144 8.0000000 4.000000 
65 4225 274625 8.0622577 4.020726 
66 4356 287496 8.1240384 4.041240 
67 4489 300763 8- 1853528" | 4.061548 
68 4624 314432 8°2462113 4.081656 
69 4761 328509 8+ 3066239 4.101566 
70 4900 343000 8-3666003 4.121285 
71 5041 357911 8-4261498 4,140818 

WS 5184 373248 8-4852814 4.160168 
3 5329 389017 8.5440037 4.179339 
74 5476 405224 8.6028253 4-198336 
75 5625 421875 8.6602540 4.217183 
76 5776 438976 8.7177979 4+-235824 
77 5929 456533 8.7749644 4.254321 
78 6084 474552 8.8317609 4.272659 
79 6241 493039 8.8831944 4.290841 
80 6400 512000 8.9442719 4.308870 
81 6561 531441 9.0000000 4.326749 
82 6724 551368 9-0553851 4.344481 
83 6889 571787 9.1104336 4.362071 
84 7056 592704 9.1651514 4.379519 
85 7225 614125 9.2195445 4.396830 
86 7396 636056 9.2736185 4.414005 
87 7569 658503 9.327379] 4,43 1047 
88 7744 681472 9.3808315 4.447960 
89 7921 704969 9,4339811 4.464745 
90 8100 720000 9,4868330 4.481405 
9! 828] 753571 95393920 4.497942 
92 8464 778688 9. 5916630 4.514357 
93 8649 804357 9-6436508 4 530655 
94 8836 830584 9.6953597 4.546836 
95 9025 857375 9.74679 43 4.562903 
96 9216 8847 36 9-7979590 4.578857 
97 9409 912673 9.8488578 4.594701 
98 9604 941192 9.8994949 4.610436 
99 9801 970299 9.9498744 4.626065 
100 10000 1000000 10-0000000 4.641589 
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ARITHMETIC. 


Numb. | Square. | Cube, | Square Root. | Cube Root. 


[a a te 


101 

102 
103 
104 
105 
106 
107 
108 
109 
110 
111 

112 
1138 
114 
115 
116 
117 
118 
119 
120 
121 

122 
123 
124 
125 
126 
127 
128 
129 
130 
131 

132 
133 
134 
135 
136 
137 
138 
139 
140 
141 

142 
148 
144 
145 
146 
147 
148 
149 
150 


- 


10201 
10404 
10609 
10816 
11025 
11236 
11449 
11664 
11881 
12100 
12321 
12544 
12769 
12996 
13225 
13456 
13689 
13924 
14161 
14400 
14641 
14884 
15329 
15376 
15625 
15876 
16129 
16384 
16641 
16900 
17161 
17424 
17689 
17956 
18225 
18496 
18769 
19044 
19321 
19600 
19881 
20164 


20449 . 


20736 
21025 
21316 
21609 
21904 
22201 
22500 


1030301 
1061208 
1092727 
1124864 
1157625 
1191016 
1225048 
1259712 
1295029 
1331000 
1367631 
1404928 
1442897 
1481544 
1520875 
1560896 
1601613 
1643032 
1685159 
1728000 
1771561 
1815848 
1860867 
1906624 
1953125 
2000876 
20483883 
2097152 
2146689 
2197000 
2248091 
2299968 
2352637 
2406104 
2460375 
2515456 
2571353 
2628072 
2685619 
2744000 
2803221 
2863288 
2924207 
2985984 
3048625 
3112136 
3176523 
$241792 
3507949 
3375000 


10.0498756 
10.0995049 
10.1488916 
10.1980390 
10.2469508 
10.2456301 
10,3940804 
10,3923048 
10,4403065 
10,4880885 
10. 5356538 
10-5830052 
10-6301458 
10.6770783 
10.7238053 
10.7703296 
10.8166538 
10.8627805 
10.9087121 
10.9544512 
11.0000000 
11.0453610 
11,0905365 
11-1355287 
11-1803399 
11-2249722 
11-2694277 
11+3137085 
11-3578167 
11-4017543 
11-4455231 
11.4891253 
11.5325626 
11.5758369 
11.6189500 
11.6619038 
11-7046999 
11°7473444 
11-7898261 
11-8321596 
11-8743421 
11.9163753 
11.9582607 
12.0000000 
12.0415946 
12.0830460 
12.1243557 
12.1655251 
12.2065556 
12.2474487 


4.657010 | 
4.672330 
4.687548 
4.702669 
4.717694 
4.732624 
4.747459 
4.762203 
4.776856 
4.791420 
4.895896 
4.820284 
4.834588 
4.848808 
4.862944 
4.876999 
4.890973 
4.904868 
4.918685 
4.932424 
4.946088 
4.959675 
4.973190 
4.986631 
5. 000000 
5.013298 
5.026526 
5 039684 
5.052774 
5.065797 
5.078753 
5.091643 
5.104469 
5,117230 
5.129928. 
5.142568 
5.155137 
5 167649 
5.180101 
5.192494 
5.204828 
5.217103 
5.229321 
5.241482 
5.253588 


5.265637 


5.277632 
5.289572 
5.301459 | 
5.313293 


SQUARES, CUBES, AND ROOTS. 


Numb. Square. 


15] 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165 
166 
167 
168 
169 
170 
171 
172 


PFS 2 


174 
175 


176 


177 
178 
179 

180 
18] 

182 

188 

184 
185 

186 
187 
188 
189 
190 
191 
192 
1938 
194 
195 
196 
197 
198 
199 
200 


22801 


23104 
23409 
23716 
24025 
24336 
24649 
24964 
25281 
25600 
25921 
26244 
26569 
26896 
27225 
27556 
27889 
28224 
28561 
28900 
2924] 
29584 
29929 
30276 
80625 
$0976 
31329 
31684 
$2041 
32400 
32761 
33124 
33480 
33856 


34225 © 


34596. 
34969 
35344 
3572) 
36100 
36481 
36864 
37249 
37636 
$8025 
38416 
38869 
39204 
39691 
40000 » 





| 


Cube. 


3442953 
3511808 
8581577 
3652264 
3723875 
3796416 
3869893 
3944312 
4019679 
4096000 
4173281 
4251528 
4330747 
4410944 
4492125 
4574296 
4657463 
4741632 
4826809 
4913000 
5000211 
5088448 
5177717 
§ 268024 
5359375 
5451776 
§545233 
5639752 
57353839 
5832000 
5929741 
6028568 
6128487 
6229504 
6331625 
6434856 
6539203 
6644672 
6751269 
6859000 
6367871 
7077888 
7189057 


. 7301384 


7414875 
7529536 
7645375 
7762392 
7880599 


8000000. 


Square Root. 
12.2882057" 


12.3288280 
12,5693169 
12.4096736 
12,4498996 
12.4899960 
12-5299641 
12-5698051 
12-6095202 
12.6491106 
12.6885775 
12.7279221 
12.7671453 
12.8062485 
128452326 
128840987 
12.9228480 
12-9614814 
13.0000000 
13.0384.048 
13.0766968 
13.1148770 
13.1529464 
13.1909060 
13,2287566 
13.2664992 
13-3041347 
133416641 
13.$790882 
13-4164079 
13.4536240 
13.4907376 
13.5277493 
12.5646600 
13.6014705 
13.6381817 
13.6747943 
13,7113092 
137477271 
13.784.488 
13.8202750 
13.8564065 
13.8924440 
13.9983883 
1319642400 
1 4.0000000 
14.0356688 
14.0712473 
14.1067360 
14.1421556 


| 
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Cube Root. 
5.325074 


5.336805 
5.348481 
5.360108 
5.371685 
5.388218 
5.394690 
5.406120 
5-417501 
5-428835 
§-440122 
5.451362 
§.462556 
5.473703 
5.484806 
5.495865 
5.506879 
5.517848 
5.528775 
5.539658 
5.550499 
5*561298 
§-572054 
5+582770 
5+593445 
5.604079 
5.614673 
5.625226 
5.635741 
5.646216 
5.656652 
5.667051 


367740) 


687734 


5.778996 
5.788960 
5.798890 
5.808786 
5.818648 
5.828476 
5.838272 
5.848035 


i PO LIP A LO CC A A A OC AP A 


4 ARITHMETIC. 

Numb. | Square. | Cube. | Square Root. | Cube Root. } 

~ 901 40401 8120601 14.1774469 5.857765 
202 40804 8242408 14,2126704 5.867464 
203 41209 8365427 142478068 5.877130 
204 41616 8489664 14,2828569 5.886765 
205 42025 8615125 14,3178211 5.896368 
206 42436 8741816 14,3527001 5.905941 
207 42849 8869743 14,3874946 5915481 
208 43264 8998912 14. 4222051 5.924991 
209 43681 9123329 14-4568323 5-934473 
210 44100 9261000 14+4913767 5-94391] 
211 44521 9393931 14+5258390 5-953341 
212 449 44 9528128 14.5602198 5.962731 
213 45369 9663597 14.5945195 5.972091 
214 45796 9800344 14.6287388 5.981426 
215 46225 9938375 14.6628783 5.909727 
216 46656 10077696 14.6969385 6. 000000 
217 47089 10218313 14.7309199 6-009244 
218 47524 10360232 14.7648231 6-018463 
219 47961 10503459 14.7986486 6.027650 
220 48400 10648000 14.8323970 6.036811 
221 48841 10793861 14,8660687 6.045943 
222 49284. 10941048 .| 14,8996644 6.055048 
223 49729 11089567 14,9331845 6.064126 
224 50176 11239424 14,9666295 6.073177 
225 50625 11390625 15,0000000 6.082201 
226 51076 11543176 15.0332964 6,09 ki99 
227 51529 11697083 15.0665 192 6.100170 
228 51984 11852352 15-0996689 6.109115 
229 52441 12008989 15-1327460 6.118032 
230 52900 12167000 15.1657509 6.126925 
25 53361 12326391 15.1986842 6.135792 
232 53824 12487168 15.2315462 | 6.144634 
23 54289 12649337 15.2643875 6.153449 
234 54756 12812904 15.2970585 6.162239 
235 55225 12977875 15.3297097 6.171005 
236 55696 13144256 15.3622915 6- 179747 
237 56169 13312053 15.3948043 6188463 
238 56644 13481272 15.4272486 6-197154 
23 57121 13651919 15.4596248 6205821 
240 57600 13824000 15.4919334 6214464 
241 58081 13997521 15.5241747 6-223083 
242 58564 14172488 15.5563492 6-231678 
243 59049 14348907 15.5884573 6-240251 
244 59536 14526784 15.6204994 6.248800 
245, 60025 14706125 15,6524758 6.257324 
246 60516 14886936 |  15,6843871 6.265826 
247 61009 15069223 15,7162336 6.274304 
248 61504 15252992 15,7480157 6.282760 
249 62001 15438249 15.7797838 | 6.291194 
250 62500 15625000 | 15.8113883 | 6.299604 





{ Numb. | Square. | 


251 
252 
253 
254 
255 


299 


SQUARES, CUBES, AND ROOTS. 


63001 
63504 
64009 
64516 
65025 
65536 
66049 
66564 
67081 

67600 
68121 
68644 
69169 
69696 
70225 
70756 
71289 
71824 
72361 
72900 
73441 
73984 
74529 
75076 
75625 
76176 
76729 
77284 


77841. 


78400 
78961 
79524 
80089 
80656 
81225 
81796 
82369 
82944 
83521 
84100 
84681 
85264 
85849 
86436 
87025 
87616 
88209 
88804 
89401 


Cube. 


15813251 
16003008 
16194277 
16387064 
16581375 
16777216 
16974593 
17173512 
17373979 
17576000 
17779581 
17984728 
18191447 
18399744 
18609625 
18821096 
19034163 
19248832 
19465109 
19683000 


-*"199025.E 1 


20123648 
20346417 
20570824 
20796875 
21024576 


21253933 


21484952 
21717639 
21952009 
22188041 
22425768 
22665187 
22906304 
23149125 
23393656 
23639903 
23887872 
24137569 
24389000 
24642171 
24897088 


25153757 


25412184 
25672375 
25934336 
26198073 
26463592 
26730899 


300 | 90000 | 27000000 


95 


| Square Root. | Cube Root. 


15.8429795 
15.8745079 
15.9059737 
15,9373775 
15,9687194 
16.0000000 
16-0312195 
16-0623784 
16-0934769 
16-1245155 
16-1554944 
16-1864141 
16.2172747 
16.2480768 
16.2788206 
16.3095064 
16.3401346 
16.3707055 
16.4012195 
16.43 16767 
164620776 
16. 4924225 
16-5227116 
16-5529454 
16-5831240 
16-6132477 
16-6433170 
16-6733320 
16-7032931 
16.7332005 
16.7630546 
16.7928556 
16.8226038 
16.8522995 
16.8819430 
16-9115345 
16-9410743 
16.9705627 
17.0000000 
17.0295864 
17.0587221 
17.0880075 
17.1172428 
17, 1464282 
17.1755640 
17,2046505 
17,2336879 
172626765 
17,2916165 
17,3205081 


6.307992 
6.316359 
6.324704 
6°333025 
6.341325 
6.349602 
6.357859 
6.366095 
6.374310 
6-382504 
6-390676 
6-398827 
6.406958 
6.415068 
6.423157 
6.431226 
6.439275 
6.447305 
6.455314 
6.463304 
6.471274 
6-479224 
6-487153 
6-495064 
6.502956 
6.510829 
6.518684 
6.526519 
6.534335 
6.542132 
6.549911 
6.557672 
6.565415 
6.573139 
6 580844 
6-588531 
6-596202 
6.603854 
6.611488 
6.619106 
6.626705 
6.634287 
6.641851 
6.649399 
6.656930 
6664443 
6.671940 
6.679419 
6,686882 
6.694328 


96 ARITHMETIC. 





Numb. | Square. | Cube. | Square Root. | Cube Root. — 
301 90601 27270901 17.3493516 6.701758 
302 91204 27543608 17.3781 472 6.709172 
303 91809 27818127 17.4068952 6.716569 
304 92416 28094464 17.4355958 6.723950 
305 93025 28372625 174642492 6.731316 
306 98636 28652616 174928557 6.738665 
307 94249 28934443 175214155 6.745997 
308 94864 29218112 175499288 6.753313 
309 95481 29503629 175783958 6-760614 
310 96100 29791000 17. 6068169 6+767899 
311 96721 30680231 17.6351921 6-775168 
312 97344 30371328 17.6635217 6.782422 
313 97969 30664297 17.6918060 6.789661 
314 98596 30959144 17.7200451 | , 6.796884 
315 99225 31281875 17.7482393 6°80409 1 
316 99856 31554496 17.7763888 6.811284 
317 | 100489 31855013 17,8044938 6.818461 
318 | 101124 32157432 17,8325545 6.825624 
319 | iO176l 32461759 17,8605711 6.832771 
320 | 102400 32768000 17.8885438. 6-839903 
391 | 103041 33076161 17-9104729 6-847021 
322 | 103684 33386248 179443584 6-854124 
323. | 104329 33698267 17.9722008 6-861211 
324 | 104976 34012224 18.0000000 | « 6.868284 
325 | 105625 34328125 18.0277564 6.875343 
326 | 106276 34645976 18.0554701 6.882388 
327 | 106929 34965783 | 18.0831413 6.889419 
328 | 107584 35287552 18.1107703 6.896435 
329 | 108241 35611289 18.1383571 | 6.903436. 
330 | 108900 35937000 18.1659021 6.910423 
331 | 109561 3626469 | 18,1934054 6.917396 
332 | 110224 36594368 18, 2208672 6.924355 
333. | 110889 36926037 18,2482876 6.931300 
$34 | 111556 37259704 18.2736669 | 6-938232 
23h cae BII225 37595375 183030052 6:945149 
336 |. 112896 37933056 18-3303028 6.952053 
337. | 113569 38272753 18.3575598 6.958943 
338 |. 114244 38614472 18.4847763 6.965819 
339 | 114921 38958219 18.4119526 6.972682 
340 | 115600 39304000 18.4390889 6979532 
341. | 116281 39651821 18.4661853 6 986369 
$42. | 116964 49001688 18.4932420 6-993191 
343. | 117649 40353607 18. 5202592 7-000000 

| 344 |, 118336 40707584 18-5472370 7 006796 
| 345 119025 410°3625 18:5741756 7.013579 
i 346 |. 119716 41421736 186010752 7.020349 
347. | 120409, | 41781923 18.6279360 7.027106 
348 | 121104 42144192 18.6547581 7033850 
349. | 121801 423508549 18.6815417 7.040581 
350 | 122500 | 42875000 | 18-7082869. | 7.047208 





Square. | Cube. | Square Root. | Cube Root. 

123201 4324355 | 18.7349940 7.054003 
123904 “43614208 18.7616630 7.060696 
124.609 43986977 18.7882942 7.067376 
125316 44361864 18.8148877 7.074043 
126025 44738875 18,8414437 7.080698 
126736 45118016 18, 8679623 7.08734] 
127449 45499293 18,8944436 7.093970 
128164 |° 45882712 18.9208879 7.100588 
128881 46268279 18-9472953 7-10719$ 
129600 46656000 18-9736660 7-113786 
130321 47045881 19.0000000 7.120367 
131044 47437928 19.0262976 7.126935 
131769 A7832147 19.0525589 7-133492 
132496 (48228544 19.0787840 7.140037 
133225 48627125 19.1049732 7.146569 
(1383956 49027896 | 19.1311265 7.153090 
134689 49430863 19,1572441 7.159599 
135424 49836032 19.1833261 7.166093 
136161 50243409 19.2093727 7.172580 
136900 50653000 19,2353841 7.179054 
137641 51064811 19.2613603 7.185516 
138384 51478848. 19-2873015 7.191966 
139129 51895117 19-3132079 7.198405 
139876 52313624 19.3390796 7°204832 
140625 52734375 19.3649 167 7+Q11247 
1413876 53157376 19.3907194 | 7217652 
142129 53582633 | - 19.4164878 7+224045 
142884 54010152 19,4492221 7+230427 
143641 54439939 19.4679223 7.236797 
144400 54872000 19.4935887 7-243156 
145161 55306341 19.5192213 7.249504, 
145924 55742968 19.5448203 7.25584] 
146689 56181887 19.5703858 7.262167 
147456 56623104 19.5959179 7.268482 
148225 57066625 19,6214169 7.274786 
148996 57512456 19. 6468827 7.281079 
149769 57960603 19-6723146 7.287362 
150544 58411072 19-6977156 7.293633 
151321 58863869 19.7230829 7.299893 
152100 59319000 19.7484177 7.306143 
~ 152881 59776471 19.7737199 7.312383 
153664 60236288 19.7989899 7.318611 
154449 60698457 19.8242276 7324829 
155236 61162984 19.8494332 7-331037 
156025 61629875 19.8746069 7.337234 
156816 | 62099136 19.8997487 7.343420 
157609 62570773 19,9248588 7.349596 
158404 63044792 19.9499373 7.355762 
159201 ' 63521199 19°9749844 7.361917 
400 | 160000: |. 64000000 | 20.0000000 7.368063 


Vou. I. 


SQUARES, CUBES, AND ROOTS. 





14 


97 









9 


8 


Numb. Square. 


401 
402 
403 
404 
405 
406 
407 
408 
409 
4.10 
411 
412 
413 
414 
ALS 
416 
417 
418 
A419 
420 
421 
422 
423 
424 
425 
426 
427 
428 
429 
430 
431 
432 
433 
434 
435 
436 
437 
438 
439 
440 
441 
442 
443 
444 
445 
446 
447 
448 





| 


_ 202500 91125000 


160801 
161604 
162409 
163216 
(164025 
164836 
165649 
166464 
167281 
168100 
16892} 
169744 
170569 
171396 
172225 
173056 
173889 
174724 
175561 
176400 
177241 
178084 
178929 
179776 
180625 
181476 
182329 
183184 
184041 
184900 
185761 
186624 
187489 
1883556 
189225 
190096 
190969 
191844 
192721 
193600 
194481 
195364 
196249 
197136 
198025 
198916 
199809 
200704 
‘201601 . 





ARITHMETIC. 


Cube. 
64481201 
64964808 
65450827 
65939264 
66430125 
66923416 
67419143 
67911312 
68417929 
68921000 
69426531 
69934528 
70444997 
70957944 
71473375 
71991296 
Voeel7 ts 
73034632 
73560059 
74088000 
74618461 
75151448 
75686967 
76225024 
76765625 
77308776 
77854483 
78402752 
78953589 
79507000 
8006299 | 
80621568 
81182737 
81746504 
82312875 





82881856 


83453453 
84027672 
84604519 
85184000 
85766121 
86350888 
86938307 
87528384 
88121125 
88716536 
89314623 
89915392 
90518849 





20.0249844 | 7.374198 


20.0499377 
20.0748599 
20.0997512 
20. 1246118 
20:1494417 
20-1742410 
20-1990099 
20-2237484 
20-2484567 
20-2731349 
20.297 7831 
20.3224014 
20.3469899 
20.3715488 


-20.3960781- 


20-4205779 
20°4450483 


20°4694895 | 


20-4939015 
20-5182845 
20-5426386 
20-5669638 
20.59 12603 
20.6155281 


20.6397674 


20.6639783 
20.688 1609 
20.7123152 


20.7364114 — 


20. 7605395 
20+7846097 
20-8086520 
20-8326667 
20-8566536 
20-88061350 
20-9045450 
20.9284495 
20.9523268 
20.9761771 
21,.0000000 
21-0237960 
21:0475652 
21°0713075 
21°0950231 


211187121 © 


21-1423745 


21.1660105. 


21-1896201 
21-2132034 


Square Root. , Cube Root 


7.380322 
7.386437 
7.392542 
7.398636 
7.404720 


7 A10794 


7.416859 
7+422914 
7-428958 
7-434993 
7.441018 
7.447033 
7.453039 
7.459036 


7.465022 


7.470999 
7-476966 
7-482924 
7-488872 
7-494810 
7-500740 
7-506660 
7.512571 
7.518473 
7.524365 
7.530248 
7.536121 
7.541986 
7.547841 
7.553688 


7.559525. 


7.565353 


7.571173, | 


7 576984 


“7, 582786 


i 
| 


7.588579 |. 


7.594363 


7.600138 _ 


7.605905 


7.611662 | 


7.617411 
7.613151 
7628883 


7.634606. 
7.640321 - 
7.646027 |. 
7.651725 | 


7.657414 
7.663094 





SQUARES, CUBES, AND ROOTS. 99 





| Numb. | Square. | Cube. | | Square Root, | Cube Root. 
451 203401 91733851 | 21.2367606 7.668766 
452 204304 92345408 21.2602916 7.674430 
453 205209 92959677 21.2837967 7.686085 
454 206116 93576664 21,3072758 7.685732 
A55 207025 94196375 21.3307290 7.691371 
| 456 207936 94818816 213541565 7-697002 
| 457 208849 95443993 21,38775583 7-702624 | 
| 458 209764 96071912 21-4009346 7-708238 
: 459 210681 96702579 21.4242853 7713844 | 
| 460 -211600 97336000 21.4476106 7719439 | 
WG sf 212521 97972181 21.4709 1066 7.725032 ; 
462 213444 98611128 - 21.4941853 7.730614 
463 214369 99252847 21.5174348 7.736187 
464 215296 99897344 21.5406592 7.741753 
465 216225 100544625 21.5638587 7.747310 
466 217156 101194696 21.5870331 7.752860 
467 218089 101847563 21.6101828 7.758402 
468 219024 102503232 21+6333077 7.768936 
469 219961 103161709 21-6564078 7-769462 
470 220900 103823000 21-6794834 7°774980 
471 221841 104487111 21-7025344 7-780490 
472 222784 105154048 21.7255610 7-785992 
473 223729 105823817 21.7485632 7-79 1487 
A474. | 224676 106496424 21.7715411 7-796974 
A75 225625 107171875 21.7944947 7-802453 
476 226576 107850176.,} 21.8174242 7.807925 
477 227529 108531333 21.8403297 7.813389 
478 228484 109215352 21-8632111 7.818845 
479 22944] 109902239 21+8860686 7.824294 
480 230400 110592000 21-9089023 7.829735 
481 231361 111284641 21-9317122 7.835168 
482 232324 111980168 21+-9544984 7.840594 
483 233289 112678587 21 9772610 7.846013 
A484 |} 234256 113379904 22-0000000 7.851424 
485 235225 114084125 22-0227155 - 7.856828 
486 236196 114791256 22.0454077 7 862224 
487 237169 115501303 22.0680765 7-867613 
488 238144 116214272 -22.0907220 7.872994 
489» 239121 116930169 2.1133444 7.878368 
490 | 240100 117649000 22.1359436 7.883734 
491 241081 118370771 22.1585198 7.889094 
492 242064 119095488 22.1810730 7894446 
493 243049 119823157 22.2036033 7°899791 
A94 244036 120553784 22.2261408 7°905129 
495 245025 -| 121287375 22.2485955 7-910460 
496 246016. | 122023936 22.2710575 7-915784 
497 247009 122763473 22-2934968 7-921100 
498 248004 123505992 22-3159136 7-926408 
499 249001 124251499 22.3383079 | 7-931710 
500 | 250000 -1 125000000 | 22 3606798 7.937005 


See 














100 


Numb. | Square. As 


501 
502 
503 
504 
505 
506 
507 
508 
509 
510 
511 
512 
513 
514 
515 
516 
517 
518 
519 
 §20 
521 
522 
523 
524 
525 
526 
527 
528 
529 
530 
531 
532 
533 


534: 


535 
536 
537 
538 
539 
540 





251001 
252004 
253009 
254016 
255025 
2560S 

257049 
258064 
259081 
260100 
261121 
262144 
263169 
264196 
265225 
266256 
267289 
268324 
269361 
270400 
27144] 
272484 
273529 
274576 
275625 
276676 
277729 
278784 
279841 
280900 
281961 
283024 
284089 
285156 
286225 
387296 
288369 
289441 
290521 
291600 
292681 
293764 
294849 
295936 
297025 
298116 
299209 
300304 
301401 
302500 


ARITHMETIC. 


Cube. 


125751501 

126506008 
127263527 
128024064 
128787625 
129554216 
130323843 
131096512 
1381872229 
132651000 
133432831 

134217728 
135005697 
135796744 
136590875 
137388096 
138188413 
138991832 
139798359 
140608000 
141420761 
142256648 
143055667 
143877824 
144703125 
145531576 
146363183 
147197952 
148035889 
148877000 
14972129] 
150568768 
1514194387 
152273304 
153130375 
153990656 
154854153 
155720872 
156590819 
157464000 
15834042] 

159220088 
160103007 
160989184 
161878625 
162771336 
163667323 
164566592 
165469149 
166375000 


22.3830293 
22.4053565 
22.4276615 
22,4499445 
22,4722051 
22.4944438 
22.5166605 
22-5388553 
22-5610283 
22-5831796 
22.605309 1 
22.6274170 
22.6495033 
22.6715681 
22.6936114 
22.7156334 
22.7376340 
22.7596134 


22-7815715 - 


22-8035085 
228254244 
22-8473193 
22.8691933 
22.8910463 
22.9128785 
22.9346899 
22.9564806 
22.9782506 
23.0000000 
23-0217289 
230434572 
23-0651252 
23-0867928 
23-1084400 
23-1300670 
23.1516738 
23.1732605 
23.1948270 
23.2163735 
23-2379001 
23°2594067 
23+2808935 
23°3023604 
23-3238076 
23-0452351 
23+3666429 
23-3880311 
23.4093998 
23.4307490 
23.4520788 


| Square Root. Cube Root. . 


7.942293 


7.947573 


7.952847 
7.958114 


7.963374 
7.968627 


7.973873 
7.979112 
7.984344 
7.989569 
7.994788 


- 8.000006 


8.005205 
8.010403 
8.015595 
8.020779 
8.025957 
8.031129 


8.036293 


8-04145] 
8-046603 


8.051748 


8.056886 
8.062018 
8.067143 
8.072262 
8.077374 
8.082480 
8.087579 


' 8.092672 


8.097758 
8102838 
8-107912 
8-1.12980 | 
8.118041. 
8-123096 
8.128144 
8-133186 
8.138223 
8.143253 
8.148276 
8 153293. 
8.158304 
8.163309 
8- 168308 
8°1733062 
8-178289. 
8: 183269 
8 
8 


8-188244 


-193212 


—_— 


SQUARES, CUBES, AND ROOTS. 


' Numb. | Square. | 





551 
552 
553 
554 
555 
556 
557 
558 
(559 
560 


563 


566 
— 567 
568 
569 
. 570 
571 
572 
573 
574 
575 
576 
577 
578 
579 
580 
581 


584 
585 
586 
587 
588 
589 
590 
591 
592 
593 
594 
595 
596 
597 
598 
599 


600 


582. 
583 


561. 
562. 


564 
565. 


303601 
304704 


. 305809 


306916 
308025 
309136 
310249 


311364 
312481 


313600 
314721 
315844 
316969 
318096 
319225 
320356 
321489 
322624 
323761 
324900 
326041 
327184 
328329 
329476 
330625 
331776 
332929 
334084 


335241 . 


$36400 
337561 
338724 
339889 


341056 


342225 
343396 


344569 | 


345744 
346921 


- 348100 


349281 


' 350464 


351649 


3528386 


354025 
355216 
356409 
357604 
358801 


Cube. 


167284151 
168196608 
169112377 
170031464 
170953875 
171879616 
172808693 
173741112 
174676879 
175616000 
176558481 


177504328 


178453547 
179406144 
180362125 
181321496 
182284263 
183250432 
184220009 
185193000 
186169411 
187149248 
188132517 
189119224 
190109375 
191102976 
192100033 
198100552 
194104539 
195112000 
196122941 
197137368 
198155287 
199176704 
200201625 
901230056 
902262003 
903297472 
204336469 


~ 205379000 


206125071 
207474688 
208527857 
209584584 


210644875 


211708736 
212776173 
213847192 
214921799 


101 


| Square Root. | Cube Root. 


| 


23.4735892 


23.4946802 | 


23.5159520 


- 23.5372046 


23,5584380 
23,5796522 
23,6008474 
23 6220236 
23,6431808 
23.6643191 
23.6854386 
93.7065392 
23.7276210 
23.7486842 
23.7697286 


- 23,7907545 


23 8117618 
23,8327506 
238537209 
23.8746728 
23-8956063 
23-9165215 
23-9374184 
23.9582971 
23.9791576 
24.0000000 
24.0208243 
24.0416306 
24 0624188 
24,0831892 
24. 1039416 
24°1246762 
24-1453929 


24-1660919, 


24.1867752 
24.2074369 
24.2280829 
24.2487113 
24.269322% 
24.2899156 
24-3104916 
24°3310501 
94°3515913 
Q4°3721152 
24+3926218 
24°4131112 
244335834 
94.454038 5 


244744765. 


$60000 |. 216000000 | 24.4948974 


ne NS 


8 
8 
8 
8 
, 8°320335 
8 
8 
8 


8.198175 
8.203131 
8.208082 
8.213027 
8.217965 
8 222898 
8: 227825 
8+232746 
8-237661 
8-242570 
8.247474 
8.252371 
8.257263 
8- 262149 
8°267029 
8°271903 
8:276772 
8281635 
8-286493 


*301030 
-305865 
*310694 
"S155 12 


*325147 
*329954 


8-358678 
8-363446 
8.368209 
8.372966 
8.377718 
8.382465 
8.387206 
8.391942 
8.396673 


~ 8.401598 


8.406118 
8.410832 
8.415541 
8.420245 
8.424944, 
8.429638 
8.434327 








| Square. 
561201 
362404 
363609 
864816 
366025 
367236 
368449 


369664 . 


370881 
372100 
373321 
374544 
375769 
376996 
378225 
879456 
380689 
381924 
383161 
384400 
385641 
386884 
388129 
389376 
390625 
891876 
393129 
3943884 
395641 
396900 
398161 
399424 
400689 
401956 
- £03225 
4044.96 
405769 
407044 
40832} 
409600 
410881 
412164 
413449 
414736 
416025 
417316 
418609 
419904 
421201 
16501422600 | 274625000 | _.25.4950076 | 8.662501 _ 422500 


| 


ARITHMETIC, 


Cube. 


217081801 
218167208 
219256227 
220348864 
221445125 
222545016 
223648543 
224755712 
225866529 
226981000 
228099131 
229220928 


230346397 


231475544 
232608375 
233744896 
234885113 
236029032 
237176659 
238328000 
239483061 
240641848 
241804367 
242970624 
244140625 
245314376 
246491883 
247673152 
248858189 


250047000 — 


25123959 1 
252435968 
293636137 
254840104 
256047875 
257259456 
258474853 
259694072 
260917119 
262144000 
263374721 
264609288 
265847707 
267089984 
268336125 
269586136 
270840023 
272097792 
273359449 
274625000 


. | Square Root. 


24.5153013 
245356883 
24,5560583 


24.5764115 


24,5967478 
24.6170673 
24.-6373700 
24.6576560 
24.6779254 
24.6981781 
94.7184142 
24.7 386338 
24.7588368 
24.7790234 
24.7991935 
24.8193473 
24. 8394847 
2.4+8596058 
24:8797106 
24-8997992 
24-9198716 
24.9399278 
24.9599679 
24.9799920 
25.0000000 
25.0199920 
25.0399681 
25.0599282 
25-0798724 


25-0998008 


25°1197134 
25°1396102 
251594913 
25-1793566 
25-1992063 
25-2190404 
25-2388589 
25.2586619 
25.2784493 
25.2982213 
25.3179778 
25-3377189 
25°3574447 
25°3771551 
25-3968502 
25:4165301 
25-4361947 
25.4558441 
25.4754784 
25.4950076 





\ 


Cube Root 


8, 439009 
8.443687 
8.448560 


8.453027 
8.457689 


8.462347 
8466999 
8.471647 
8.476289 
8.480926 
8.485557 
8.490184 
8.494806 
8.499423 
8, 504034 
8.508641 
8.513243 
8.517840 
8.522452 
8.527018 


8.531600 


8.536177 
8.540749 
8.545317 
8.549879 
8.554437 


| 8.558990 


8, 563537 
8.568080 


8.572618 
8.577152 


8.581680 
8.586204 
8.590723 
8-595238 
8.599747 
8.604252 
8.608752 
8.613248 
8 617738 
8.622224 
8.626706 


» 8.631183 


8-635655 
8-640122 


8644585 


8-649043 
8:653497 
8. 657946 
8. 662301 


















SQUARES, CUBES, AND ROOTS. 








Numb.| Square. | Cube. 
651 423801 275894451 
652 425104 277167808 
653 426409 278445077 
654 427716 |, 279726264 
655 429025 281011375 
656 430336 | 282300416 
657 431649 283593393 
658 432964 |. 284890312 
659 434281 286191179 

435600 287496000 
43692} 288804781 
438244 290117528 
439569 291434247 
440896 | 292754944 
44.2225 294079625 
443556. 295408296 
444889 296740963 
446224 298077632 
447561 299418309 

- 448900 300763000 
450241 302111711 
451584 303464448 . 
452929 | 304821217 
454276 306182024 © 
455625 307546875 

456976 308915776 
458329 310288733 
459684 311665752 
461040 313046839 
462400 314432000 
‘463761 315821241 
465124 317214568 
466489 318611987 
467856 320013504 
469225 321419125 
470596 322828856 
471969 - 324242703 
473344 325660672 
474721 327082769 
476100 328509000 
477481 32993937 1 

478864 331373888 
480249 332812557 
481636 334255384 
483025 |. 335702375 
484416 337153536 
485809. 338608873 
487 204. 340068392 
488601. | 341582099 


| 490000..| 343000000 


25.5147016 
25.5342907 
25.5538647 
25,.5734237 
25,5929678 
25,6124969 
25,6320112 
25.6515107 
25.6709953 
25. 6904652 
25.7099203 
25.7203607 
25.7487864 
25.7681975 
25.7875939 
25.8069758 
25.8263431 
25,8456960 
25,8650343 
25. 8843582 
25-9036677 
25.9229628 
25-9422435 
25.9615100 
25.9807621 
26.0000000 
26.0192237 
26.038433 ] 
26.0576284 
26.0768096 


26.0959767 


26°1151297 
26+ 1342687 
26-1533937 
26: 1725047 
26.1916017 
26.2106848 
26.2297541 
26.2488095 
26.2678511 
26.2868789 
26, 3058929 
26-3248932 
26°3438797 
26- 3628527 
26-3818119 
26-4007 576 
26-4196896 


. 26,4386081 
26.4575 131 





| Square Root. | Cube Root. 


8.666831 
8.671266 
8.675697 
8.680198 
8.684545 
8.688963 
8. 693376 
8-697784. 
8-702188 
8-706587 
8-710982 
8.715373 
8.719759 
8.724141} 
8.728518 
8.732891 
8.737260 
8.741624 
8.745984 
8-750340 
8.754691 
8.759038 
8.763380 
8.767719 
8.772053 
8.776382 
8.780708 
8.785029 
8.789346 
8.793659 
8.797967 
8.802272 
8-806572 
8.810868 
8.815159 
8.819447 
8.823730>. | 
8.828009. 
8.832285 
8.836556 
8.840822 
8.845085 
8.849344: 
8.853598. 
8-857849 
8.862095: 
8.866337 
8.870575 
8.874809 
8.879040 





104 


701 
702 
703 
704 
705 
706 
707 
708 
709 
710 
711 
712 
7135 
714 
715 
716 
717 
718 
719 
720 
721 
722 
723 
724 
725 
726 
Lat 
728 
29 
730 
rei | 
732 
733 
734 
735 
736 
737 
738 
739 
740 
741 
742 
743 
744 
745 
746 
TAT 
748 
749 
750 


eee 





” 


Numb. | Square. 


491401 
492804 
494209 
495616 
497025 
498436 
499849 
501264 
502681 
504100 
505521 
506944 
508369 
509796 
511225 
512656 
514089 
515524 
516961 
518400 
519841 
521284 
522729 
524176 
525625 
527076 
528529 
529984 
531441 
532900 
534361 
535824 
537289 
538756 
540225 
541696 
543169 
544644 
546121 
547600 
549081 
550564 
552049 
553536 
555025 
556516 
558009 
559504 
561001 
562500 


ARITHMETIC. 


Cube. 


344472101 
345948008 
347428927 
348915664 
350402625 
351895816 


~ 363393243 


354894912 
356400829 
357911000 
359425431 
360944128 
862467097 
3639943844 
365525875 
367061696 
868601813 
370146232 
871694959 
373248000 
374805361 
376367048 
377933067 
379503424 
381078125 
382657176 
384240583 
385828353 
387420489 
389017000 
$90617891 
392223168 
393832837 
395446904 
397065375 
598688256 
400315553 
401917272 
403583419 
405224000 
406869021 
408518488 
410172407 
411830784 
413493625 
415160936 
416832723 
418508992 
420189749 
421875000 


26.4764046 
26.4952826 
26.5141472 
26.5329983 
26,5518361 
26.5706605 
26.58947 16 
26.6082694 
26.6270539 
26.6458252 
26.6645833 
29.6835281 
26.7020598 
26.7207784 
26.7394839 
26,7581768 
26.7768557 
26.7955220 
26.8141754 
26.8328157 
26,8514432 
26.8700577 


26.8886593 


26.907 2481 
26.9258240 
26.9443872 
26.9629375 
26.9814751 
27 0000000 
27,0185122 
27.0370117 
27.0554985 
27.0739727 
27 .0924344 
27.1108834 
27.1293199 
27.1477439 
27 1661554 
271845544 
27.2029410 
27-2213152 
27-2396769 
27 -2580263 
27-2763634 
27.2946881 
27.3130006 
27.3313007 
27.3495887 


27.3678644 — 
27.3861279 — 





| Square Root. | Cube Koot. | 
8.883266 | 


8.887488 
8.891706 
8.895920 
8.900130 
8.904336 
8.908538 
8.912736 
8.916931 
8.921121 
8.925307 
8.929490 
8.933668 


8.937843 


8.942014 


8.946180 


8.950343 
8.954502 
8.958658 
8.962809 
8.966957 


8.971100 
8.975240. 
8.979876 


8.983508 
8.987637 
8.991762 
9.995883 
9.000000 
9.004115 
9.008222 
9.012328 


9.016430. 


9.020529 
9.024623 


9.028714 


9.032802 
9.036885 
9.040965 


9.04504] . 


9-049114 
9.053183 
9.057248 
9.061309 


9.064367 


9.069422 


9.073472 | 


9.077519 


9.081563 
9.085603 


I greener fhe Lom the mt ga gs! kerma od 
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umb. | Square. 


SQUARES, CUBES, AND ROOTS. 








Cube. 





| Square Root. 





105 


Cube Root. 





| | 


751 56400i | 423564751 27.4043792 9.089639 
752 | 565504 425259008 27.4226184 9.093672 
753 567009 426957777 27 .4408455 9.097701 
754 568516 428661064 27.4590604 9.10:726 
755 570025 | 430368875 87.4772633 9.105748 
756 571536 4320812'6 97.4954542 9.109766 
757 573049 | 433798993 97.513633 9.113781 
758 574564 | 435519512 97°5317998 9.117793 
759 576081 437245479 27°5499546 9 12:801 
760 | 577600 438976000 27.5680975 9.125805 
761-1 579121 440711081 27-5862284 |: 9-129806 
762 580644. 442450728 27-6043475 9.133803 
763 “582169 | 444194947 27-6224546 9.137797 
764 -§83696 | -445943744 27 -6405499 9.141788 
765 585225 447697125 27.6586334 9.45774 
766. 586756 449455096 27.6767050 9.149757 
767 588289 451217663 27-6947648 9.153737 
768 589824 452984832 27.7 '28 129 9.157713 
769 591361 444756609 27.7308492 9-161686 
“770 +} 592900 4563533000 27.7488739 9.165656 
771 594441 458314011 27.7668868 9.169622 
772 .| 595984 460099648 ~27.7848880 9.173585 

2 MPS 597529 461889917 27.8028775 9.177544 
ee ay oF 599076 463684824 27.8208555 9.181500 
775 600625 465484375 27.8388218 9.185452 
776 602176 467283576 278567766 9.189401 
777 603729 |- 469097433 278747197. 9.193347 
778 .|. 605284 4709 10952 -27.8926514 9.197289 
779 606841 472729139 | 27,.9105715 9.201228 
780 608400 474552000 “27 ,9284801 9.205164 
781 | 609961 476379541 27 9463772 9-209096 

- £82 611524 - 478211768 27.9642629 9-2138025 
~ 783 |. 613089 | - 480048687 -| 27-9821372 9-216950 
|} 784 | 614656 |. 481890304 28-0000000.. | 9-220872 
| 785 | 616225 483736025 | 28-0178515 9-22479 | 
| 786 | 617796 485587656 28.0356915 9.298706 
78% | «619369 487443403 28.0535203 9.232618 
788 | 620944 489303872 28.0713377 9.237527 
789 1 622521 491169069 28.0891438 9.240433 
790 | 624100 493039000 28.1069386 9.244335 
791 625681 | 494913671 28.1247222 9.248234 
792 627264 | 496793088 28.1424946 9.252130 
793 628849 -| 498677257 28.1602557 9.256022 

j 794 630436 | 500566184 28.1780056 9.25991] 
795 632025 502459875 28.1957444 9.263797 
1. 796 633616 - §04358336 28. 2134720 9.267679 
797 |. 634209 -| 506261573 28-2311884 9.271559 
798 | 636804. 508149592 28.2488938 9.275435 
799 | 638401 510082399 28.2665881 9.279308 
800 ! 640000 | 512000000 | 28.2842712 9.283177 
SR is 15 | 





106 ARITHMETIC. 

Numb. | Square. © | Cube. | Sqaere cor | Cube Root.) 
801 641601 513922401 28.3019434 | 9.287044 
802 643204 515849608 | 28.3196045: 9.290907 
803. | 644809 517781627 28.337 2546 9,294767 
804 646416 5197 18464 28,3548938 | 9.298623 | 
805. | 648025 521660125 28.3725219 | 9.302477 | 
806 649636 523606616 28.3901391 | 9.306827 — 
$07 651249 525557943 284077454 9.310175 | 
808 652864 527514112 284253408 9:314019 | 
809 65448 | 529475129 | 284429953. 9.317859 
8i0. | 656100 531441000 28.4604989 . 9.321697 
81 657721 |. 533411731 28.4780617 “| 9.325532 
$12 659344 535387328 28 4956137 9.329363 - 
$13 660969 537366797 -28.5131549 9.333191 
814 662596 539353144 28.5306852 | 9.337016 — 
815 664225 541343375: 28.5482048 |. 9.340838 } 
816 665856. 543338496 28.5657137 |. 9.344657 . 
817 667489 545338513 28.5832119 |. 9,348473 

1B, 669124 |. 547343432 28.6006993 | 9.352285 
819 670761 549353259 28.6181760. } 9.356095" | 
820 672400 551368000 28.6356421. J. 9.359901 — 
821 674041 553387661 | 28,6530976 | - 9.363704 
822 675684 555412248 |» 28,6705424. 1 9.367505 
$23 677 329 557441767 .| 28,6879766 9.371302 | 
824 678976 559476224 28.7054002 | 9.375096 | 
825 680625 561515625 2872281382 | 9 378887 | 
826 682276 563559976 28 7402157 | 9 382675 © 
827 683929 565609283 287576077. |. 9.386460. 
828 | 685584 567663552 28 7749891 |. 9.390241 — 
829. 687241. 569722789 |, 28,7923601 .- 9.394020 © 
830 688900 571787000 288097206. |. 9.397796 

831 690561 573856191 28.8270706 9.401569 
832 692224 575930368 28.8444102 | 9405338 | 
833 693889 578009537 28.8617394 |}. 9.409105 © 
834 695556 580093704 28.8790582 9.412869 _ 
835 697225 582182875 | 28.8963666 9.416630 © 
836 698896 584277056 28,9136646 9420387 © 
837 700569 586376253 | 28,9309523 9. “AQAIAL 
838 702244 588480472 28,9482297 9 427893. 
839 | 703921 |. 590589719 289654967 9.431642 — 
840 | 705600. | 592704000 }, 28.9827535 9.435388 
S41 707281 59482332). | 29-0000000 9.439130 — 
842. T0964 596947688 29.0172363, |. 9.442870 © 
843 710649. | 599077107 29.0344623 | 9.446607 — 
844 712336, |} 601211584: 29.0516781 9.450341 
845 714025 |. 603351125. |. 29.0688837 | 9.454071 — 
846 715716 605495736 29.0860791 |. 9.457799 — 
$47 717409. 607645423 29.1032644 |. 9. 461524 ; 
848 719164 | 609800192 29.1204396 | 9.465247 © 
849 720801 +. 611960049 29.1376046 | 9.468966 — 
850 | 722500 ' [ 614125000 . 











29.1547505 





‘ 
t 





9.472682 — 





\ 





SQUARES, CUBES, AND ROOTS, 


810000 





72900000 





$0.0000000 





/ || Numb.| Square. | Cube. | Square Root. | Cube Root. 
}. 851 724201 616295051 29.1719043 } 9.476395 
852.) 725904 618470208 29.1890390 9.480106 
853 727609 620650477 29.2061637 9.483813 
854 729316 | 622835864 .29,2232784 9.487518 
855 731025 625026375 29, 2403830 9.491219 
856 732736 | ' 627222016 292574777 | 9.494918 
857 | 734449 629422793 292745623 9.498614 
858 | (736164 | 631628712 292916370. | 9,502307 
859 73788) 633839779 29,30870:8 9505998 
860 | 739600 | 636056000 293257566 9 509685 
861 | 741321 638277381 29.8428015~ | 9 513369 
862 743044 | 640503928 29.3598365 9 517051 
- 863. | 744769 642735647 29.57686i6 9 520730 — 
864 | 746496 644972544 29.3938769 | 9.524406 
865 748225 647214625 29.4108823 .| 9.528079 
866 -| 749956 649461896 294278779 9.531749 
867° | 751689 | 651714363 29.4448637 9.535417 
868 | 753424 653972032 29.4618397', |. 9.539081 
869 | 755161 | 656234909 29,.4788059 | 9.542748 
870 | 756900 658503000 29.4957624 9-546402 
871 | 758641 | 660776311 29,5127091 9.550058 
872 760384- 663054848 29 5296461 9.553712 
(873 | ‘762129 665338617 29 5465734 9.557363 
874 763876, 667627624 29 5634910 9.561010 
875° | 765625 669921875 295803989 9.564655 
876 767376 672221376 29 5972972 °| 9.568297 
877 769129 674526133 29 6141858 9.571937 
878 770884 | 676836152 29 6310648 9.575574 
879° | 772641 679151439 296479325 9.579208 
880 |. 774400 681472000 29 6647939 9. 582839 
| 881 | 776161 683797841 29 6816442 9-586468 
882 «| «777924 686128968 29 6984848 9-590093 
883 | 779689 688465387. |  29.7153159 9.5937 :6 
884 |. 781456 690807 104 29 7321875 9-597337 
885 | 783225 | 693154125 29 7489496 9.60095 4 
886 | 784996 695506456 99°7657521 9.604569 
“887 | 786769 698764103 29.7825452 9.608181 
888 | 788544 | 700227072 '} 29,7993289 | 9.611791 
889 | 790321 702595369 298161030 | 9.615397. 
890 | 792100,]| 704969000 29 8328678 9.619001 
891 | 793881 707347971. 29 8496231 9.622603 
892 795664 709732288 29 8663690 9.626201 
893 797449 | 712121957 29.8831056 9.629797 
894 799236 | 714516984 29.8998328 9.633390 
895 801025 | 716917375 29.9165506 9.636981 
896 | 802816. |. 719323136 29.9332591 9.640569 
“897 804.609 721734273 29,9499583 9-644154 
898 806404 724150792 | 29.9666481 9.647736. 
899 | 808201 726572699 >| 29-9833287 9-651316 


900° | 


107 





9.654893 


LO& 


Numb. | Square. 


901 |, 


902 


903. 


904 
905 
906 
907 
908 
909 
910 
911 
912 
913 
914 
915 


O16: 


917 
918 
919 
920 
92] 
922 
923 
924 
925 
926 
927 
928 


929" 


930 
931 
932 
933 
934 
935 
936 
937 
938 
939 


940. 
941° 


942 
945 
944 
945 
946 


947. 


948 
949 
950 


811801 


813604 


815409 
817216 


819025: 


820836 
822649 
824464 
826281 
828100 
829921 
831744 
833569 
835396 


837225" 


839056 
840889 
842724 
844561 
846400 
848241 
850084 


851929 


853776 
855625 
857476 
859329 
861184 
865041 
864900 
866761 
868624 


 $70489 


872356 
874225 
876096 
877969 


879844 
- 881721 


885600 


885481 


887564 
889249 


s 891156 


893025 
894916 
896809 
898704 


900601 © 


902500 
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Cube. 


731432701 
733870808 
7363 .4327 
738763264 
741217625 
743677416 


746142643 | 


748613512 


751089429 © 


753571060 


(756058031 


758550528 
761048497 
763551944 
766060875 
768575296 
771095213 
773620632 
776151559 
778688000 


~ 781229961 


(83777448 
786330467 
788889024 
791453125 


794022776 


796597983 
799178752 
801765089 
804357000 
80695449 ] 
809557568 
812166237 


814780504 


817400375 
820025856 
822656953 
825293672 
827936019 
830584000 


833237621 


835896888 
838561807 
841232884 


- 843908625 


846590536 


* 849278123: 


851971392 
854670349 
857375000 


| Square Root. | Cube Root. 
30.0166620_ 


30.0333148 


30,0499584 4 


300665928 
30.0832179 
30,0998339 
30,1164407 
30,133'/383 
30,1496269 
30,1632063 
30.1827765 
30.1993377 


- 30.2158899 


30.2324329 
30.2489669 
30.2654919 
30;2820079. 


30.2985148 © 


30,3150128 
30,3315018 
30.3479818 
303644529 
30.3809151 
303973683 
30.4138127 


30.4302481. 
304466747 ~ 
30. 4630924. 


80.4795013 


30.4959014 


30.5122926 
30,52867 50 
30,5450487 


30,5614136. - 


30,5777697 
30,5941171 
30,6104557 
30.6267857 
306431069 
306594194 
30 6757233 
80.6920185 
30.7083051 
30.7245830 


30.7408523 


30.757 1130 


307733681 
30,7896086 ~ 
- 30.8058436 


30-822070 


9.669176 
9.672740 


9.711772 


9.722363. -| 


9.743475 |. 
9.746985 |. 
9.750493 


9.757500. | 
9-761000 


9-813198 — 
© 9.816659 | - 
9.820117" | 
259.823572») [= 
9.827025 | 
-9.830475° | 









9.658468 | 
9.662040 | 
9 665609 | 


9.676301 
9.679860 
9683416 
9-686970 - 
9.690521 
9.694069 
9.697615 
9.701158 | 
9.704698 , oo. 
9.708236 — 


9.715305 
9.718835 


9.725888 
9-729410 
9.732930 
9.736448 | - 
9.789963) | 


9.753998 | 


9-764497 
9:767992 |. 
9.771484 | 
9.774974 | 
9.778461. | 
9.782946° 
9.785428 
9-788908 | 
9°792386 . 

9-795861 | 
9:799333 
9-802803 ‘|. 
9-806271- 

9-809736 





| 952 

983 
i O54 
9535 
956 
957 


959 


964 


-966: 


~969 


974 


978 
979 
980 





Beant 7 
May Ds 


958° I. 


960 ||. 
961. 
962 | 
963. — 


965. 


Bie 
GBB 


970 

971 
972 
‘973 


975 | 
976 -| 
977. 





SQUARES, CUBES, AND ROOTS. 


Square. . 


904401 
906304 


- 908209 
910}16) 
912025. - 
913936 

915849 


917764 


919681 


921600 


923521 | 
925444 


927369. 


929296 


931225 


933156 


935089 
937024 
938961 
940900 


942841 
944784 
946729 
948676 
950625 


952576 


954529. 
956484 

| 958441 
| 960400° 
-. 962361 
964324 


966289 


968256 / 
970225: 


972196 
974169 


976144. 
} 9978121. 
- 980100 
| 982081 
984064 -. 


986049 


988036. | 


990025 
992016 
994009 


996004 
998001 





Cube. 


860085351 - 


862801408 


863523177 
868250664 — 
~ 870983875 ~ 
_ 873722816 
876467493". 


879217912 
881974079 
884736000 
887503681 
890277128 
893056347 


895841344 


893632125 
901428696 


~ 904231063 


907039232 


909843209 


912673000 


915498611 


918330048 
921167317 
924010424 


926859375 
929714176 


932574833 
935441352 
938315739 


~ 941192001 


944076141 
946966168 
949862087 


952763904 


95567 } 625 
958585256 
961504803 
964430272 
967361669 
976299000 
973242271 


976191488 - 

979146657 

982107784 
985074875 


988047936 
991026973 
994011992 


997002999. 


(ti mae en A CCC AE CEH 


| Square Root. 


308382879 
$0.8544972 
30,8706981 
30.8868904 
30.9030743 
30,9192497 
30,9354166 
80.9515751 
30-9677251 
30-9838668 


3 }-0000000 - 


31.0161248 
31 0322413 
31.0483494 
$1.064449 1 
31.0805405 


-31.0966236. 


31,1126984 
31.1287648 


31,1448230. 


$1, 1608729 
31,1769145 


31.1929479 © 


31:2089731 
31-2249900 
31.2409987 


© 31.2569992 


31.2729915 
31.2889757 
31.3049417 
31.3209195 
313368792 


- 31,3528308 


31,.3687743 
31.3847097 


314006369 . 


314165561 


314324673 ~ 
31. 4483704 
314642654, 


31 4801525 
31, 4960315 
31.5119025 


_31.5277655 
31.5436206° | 


31.5594677 
31.5753068 
31.5911380 


.3).6069613 
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| Cube Root. 
9.833923 
9.837369 > 
9.840812 
9844253 
9.847693 
9.851128 
9.854561 
9.857992 
9.861421. 
9 861848 
9 868272 
9.871694 
9.875113 
9.878530 
“9.881945 
9.885357 
9.888767 
9.892174 
9.895580 
-9 898983 
“9902383 
9.905781 
9 909177 
9.912571 
9.915962 
9:919351 
9.922738 


9.929504 
9.932883 
9.936261 


BF 239636 


9.943009 
9.946379 
9.949747 _ 
9.953113 
9.956477 
9.959839 
9.963198 
9.966554 
9.969909 
9.973262 
9.976612 
9.979959 
9.983304 
9.986648 
9.989990. 
9.993328 
9.996665 





9.926122 ° 





110 | ARITHMETIC, 
OF RATIOS, PROPORTIONS, "AND PROGRESSIONS. 


Numpers are compared to each other | in rae different ways : 
the one comparison considers the difference of the two num- 


bers, and is named Arithmetical Relation ; and the difference 


sometimes the Arithmetical Ratio: the other: considers their 


quotient, which is called Geometrical Relation ; and the quo- 
tient is the Geometrical Ratio. So, of these two numbers 6 


and 3, the difference, or primeneal ratio, is 6 — 3 or 3, but ae 


the geometrical ratio is & or.2. 


There must be two numbers to form a comparison : the | 
number which is compared, being placed first, is called the’ 


Antecedent ; and that to which it is compared, the Conse- — 


quent. So, in the two numbers above, 6 is the antecedent, 
sand. 3 the consequent. - 


_If two or more couplets of numbers have equal ratios, or 


equal differences, the equality is named Proportion, and ‘the | 
terms of the ratios Proportionals, So, the two couplets, 4, 2. 
_and 8, 6, are arithmetical proportionals, because 4-— 2 = 8 


_—— 6 = 2; and the two couplets 4, 2.and 6, 3, are geometri- 


cal proportionals, because 4 § == 2, the same ratio. 


To denote numbers as being geometrically proportional, a 
colon is set between the terms of each couplet, to denote their 
_ ratio ; and a double colon, or else a mark of equality between _ 

the couplets or ratios. So, the four proportionals, 4, 2, 6, 3. 


are set thus, 4: 2:: 6: 3, which means, that 4 is to Q as 6 


isto 3; or thus,4: 2 = 6: 3, or thus, 4 = 8, both which 
mean, that the ratio of 4 to 2, is ‘equal to the ratio; of 6 to 3. 


“Brotwition is distinguished into Continued and Diseoinin., 


* 


nued. When the difference or ratio of the consequent of one. 
couplet, and the antecedent of the next couplet, is not the 


same as the cemmon difference or ratio of the couplets, the 
proportion is discontinued. ‘So, 4, 2,'8, 6 are in discontinued © 
arithmetical proportion, because 4 — o=8—6= 2, where- 
as 8— 2 = 6: and 4, 2, 6, 3 are in discontinued geometrical 
proportion, because 4 =& = 2, but & == 3, which is not the 
‘same. | 


But when the difference or ratio of every two nee | ‘a 
terms is the same quantity, the pyoportion is saidto he Conti- ~ 


* nued, and the numbers themselves make a series of Continned ~ 


ExeRommanatiy | 4 


Ns. - + - 
SS ee 
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Proportionals, ora progression. So 2, 4, 6,8 form ‘an arith- 
_ metical progression, because 4——2 = 6—4 = 8—6 = 2, all 


the same common difference ; and 2, 4, 8, 16°a geometrical 


progression, because 4 == 2:48 = 2, all the same ratio. 
When the following terms of a progression. increase, or ex- 
ceed each other it is called an Ascending ‘Progression, or Se- 
ries ; but when the terms decrease, it is a descending one. — 
So, 0, 1, 2,3, 4, &e. is an ascending arithmetical progression, 
but 9, 7, 5, 3, 1, &c. is a descending arithmetical progression. 
Also 1, 2,'4, 8, 16, &c. is an ascending geometrical progression, 
and 16, 8, 4, 2, 1, Sc. is a descending geometrical progression. 


,% 


arent fer te 


- ARITHMETICAL PROPORTION and PROGRESSION. 


Iw Arithmetical Progression, the numbers or terms have all 
the same common difference. Also, the first and last terms 
of a Progression, are called the Extremes; and the other 
terms, lying between them, the Means. The most useful part 
of arithmetical proportions, is contained in the following the- 
orems : | 


Tueorem 1., When four quantities are in arithmetical pro- 
' portion, the sum of the two extremes is equal to the sum of 
the two means. Thus, of the four 2, 4, 6, 8, here 2 -+- 8 = 
A+6 = 10. | | 


Tueorem 2. In any continued arithmetical progression, 
the sum of the two extremes is equal to the sum of any twe 
means that are equally distant from them, or equal to double 
the middle term when there is an uneven number of terms. 

Thus, in the terms 1,3, 5,itisi®+5=3+3=> 6. 
» And in the series 2, 4, 6,8, 10, 12, 14, itis guy 14=4-+ 
12=>6+ 10=—=8+8 = 16. } 


- Turornem 3. The difference between the extreme terms of 
an arithmetical progression is equal to the common difference 
of the series multiplied by one less than the number of the 
terms. So, of-the ten terms, 2, 4, 6, 8, 10, 12, 14, 16,18, 20, 
the common difference is 2, and one less than the number of 
terms 9; then tlie difference of the extremes is 20— 2 = © 


, 18, and 2 X 9 = 18 also. 


~" Consequently, 


¥ 
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Consequently, the greatest term is equal to the least term 
added to the product of the common difference spulliphne by 
1 less than the number of terms. 

Tueorem 4. The sum of all the terms, of aby: arithmetical 
progression, is equal to the sum of the two extremes multipli- 
ed by the number of terms, and divided by 2; or the sum of — 
the two extremes multiplied by the number of the Corin, sai 
double the sum of all the terms in the series. . 

This is made evident by setting the terms of the series in an. 
inverted order, under the same series in a direct order, and 
adding the corresponding terms together in that order. Thus, 
in the series 1, va Daag oY 132 4°, 1d 43: 15's 
ditto inverted 15, 13, 11, 1S ae oe: Si 1; 
the sums are 16 + 16 + 16 + 16+ 16 -- 16 + 16 + 16, 
which must be double the sum of the single series, and is 
equal to the sum of the extremes repeated as often as are the 
number of the terms. ° 

From these theorems may readily be found hie, one: = diese 
five parts ; the two extremes, the number of terms, the com- 

moa difference, and the sum of all the terms, when any three 
of them are given; as in the following problems : 


PROBLEM. I. 


Given the extremes, and the Number of Terms ; ‘to Cie the Sum 
of all the.Terms. 


App the extremes together, multiply the sum by the pum 
ber of terms, and divide by 2. “ : 


EXAMPLES. re cH Re Le ra 


4.. The extremes being 3. and 19, and aie number of terms | 

vac Featured the sum of the terms? ve 

ER, 

Bra: Teed sO % 
—— 
44 se 
9 19-3 22: 
—— Or, X9=—X9—11 xX 9= 99. 

2) 198 2 2 








~ Ans. 99° Nia ES 


“ae 





2. It is required to find the number of all the strokes a cane 


the same answer. ig 


mon clock strikes in one whole revolution of the index, orin 


12: Hours 22074032 | Ans. 78, 


Ex. a ee 
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Ex. 3. How many strokes do the clocks of Venice strike in 


the compass of a day, which go continually on from 1 to 24 
o'clock ? | _ Ans. 300. 


4, What debt can be discharged in a year, by weekly pay- 
ments in arithmetical progression, the first payment being 1s, 
and the last or 52d payment 5/ 3s ? Ans. 135] 4s. 


PROBLEM II. 


Given the Extremes, and the Number of Terms; to find the 
Common. Difference. 


_Suprract the less extreme from the greater, and divide 
the remainder by 1 less than the number of terms, for the. 
common difference. 


EXAMPLES. 


1, The extremes being 3 and 19, and the number of terms 
9; required the common difference ? 








19 
3 19—3 16 
omnes BLE ie =—= 2. 
8) 16 9— 1 8 
Ans. 2 


2. If the extremes be 10 and 70, and the number of terms 
21; what is the common difference, and the sum of the 
series ? . Ans. the com. diff. is 3, andthe sum is 840. 

3. A certain debt can be discharged in one year, by weekly 
payments in arithmetical progression, the first payment being 
Is, and the last 5/ 3s; what is the common difference of the 
terms ? Ans. 2. 


PROBLEM Itl. 


Given one of the Extremes, the Common Difference, and the 
Number of Terms ; to find the other Eatreme, and the sum 
of the Series. 


Muttirty the common difference by 1 less than the num- 
ber of terms, and the product will be the difference of the 
extremes: Therefore add the product to the less extreme, to 
give the greater ; or subtract it from the greater, to give the 
less extreme, 


Vor. [. 16 
EXAMPLES. 
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EXAMPLES. 


1. Given the least term 3, the common difference 2, of an 
arithmetical series of 9 terms ; ; to ae the Brestest term, and 
the sum of the series. 


‘ 


19 the greatest term 

'. 3 the least 

22 sum > 
9 number of terms. 


cmos 


2) 198 


eal 


99 the sum of the series... 





2. If the greatest term be 70, the common difference 3, 
and the number of terms 21, what is the least term, and the 
sum of the series ? 

Ans. The least term is 10, and the sum is 840. 

3. A debt can be discharged in a year, by paying 1 shilling 
the first week, 3 shillings the second, and so on, always 2 
shillings more every week ; what is the debt, and. what will 
the last payment be ? 

Ans. The last payment will be 5/ 3s, and the debt is 138! 4s. 


PROBLEM TV. 
To find an Arithmetical Mean between two given Terms. 


App the two given extremes or terms together, and take 
half their sum for the arithmetical mean required 


EXAMPLE. 
To find an arithmetical mean between the two numbers 4 
and 14, 
Here 
14 
4 


2) 18 
Ans. 9 the mean required. ‘ 
PROBLEM — 
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PROBLEM V. 
To find two Arithmetical Means between Two Given Extremes. 


‘Susrracr the less extreme from the greater, and divide 
the difference by 3, so will the quotient be the common dif- 
ference ; which being continually added to the less extreme, 
or taken from the greater, gives the means. 


EXAMPLE. 
To find two arithmetical means between 2 and 8. 
Here 8 
2 
3)6 Then 2-+ 2=4 the one mean 
| — and 4 -+- 2 = 6 the other mean. 
com. dif. 2 
PROBLEM VI. 


To find any Number of Arithmetical Means between Two Given 
Terms or Extremes. 


Sustract the less extreme from the greater, and divide 
the difference by 1 more than the number of means required 
to be found, which will give the common difference ; then 
this being added continually to the least term, or subtracted, 
from the greatest, will give the terms required. 


BXAMPLE. 


To find five arithmetical means between 2 and 14. 
here 2 


—e 


6) 12 Then by adding this com. dif. continually, 
— the means are found 4, 6, 8, 10, 12. 
com. dif. 2 


See more of Arithmetical progression in the Algebra. 
GEOMETRICAL 


116 ARITHMETIC, 


PROPORTION AND GEOMETRICAL PROGRESSION ; 


Or Progression by equal Ratios. 


In Geometrical Progression the numbers or terms have all 
the same multiplier or divisor. The most useful part of 
Proportion, is contained in the following theorems. 


Tueorem 1. When four quantities are in proportion, the 
product of the two extremes is equal to the preduct of the 
two means. 


Thus, in the four 2, 4, 3, 6, itis 2X6=3X4= 12. 


And hence, if the product of the two means be divided by 
one of the extremes, the quotient will give the other extreme. 
So, of the above numbers, the product of the means 12 — 2 
= 6 the one extreme, and 12 — 6 = 2 the other extreme; 
and this is the foundation and reason of the practice in the 
Rule of Three. | 


Tueorem 2. In any continued geometrical progression, 
the product of the two extremes is equal to the product of 
any two means that are equally distant from them, or equal 
to the square of the middle term when there is an uneven 
number of terms. 


Thus, in the terms 2, 4, 8, itis 2x 8=4 x 4= 16, 


And in the series 2, 4, 8, 16, 32, 64, 128, 
itis 2X 128 = 4X 64 = 8 X 32 = 16 X 16 = 266. 


Tueorem 3. The quotient of the extreme teres of a geo- 
metrical progression, is equal to the common ratio of the se- 
ries raised to the power denoted by 1 less than the number 
of the terms. Consequently the greatest term is equal to the 
least term multiplied by the said quotient. 


So, of the ten terms, 2,4, 8, 16, 32,64, 128, 256, 512, 
1024, the common ratio ts 2, and one less than the number of 
term is 9; then the quotient of the extremes is 1024 > 2= 
512, and Q9 = 512 also. 


THEOREM 


GEOMETRICAL PROGRESSION. 417 


Turorem 4. The sum of all the terms, of any geome- 
trical progression, is found by adding the greatest term to the 
difference of the extremes divided by 1 less than the ratio. 


So, the sum of 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 
1024—2 
— = 1024 +1022=2046. 





(whose ratio is 2), is 1024 -+ ms 

The foregoing, and several other properties of propor- 
tion, are demonstrated more at large in the Algebraic part 
of this work. A few examples may here be added: of the 
theorems, just delivered, with some problems concerning 
mean proportionals. 


EXAMPLES. 


* 1. The least of ten terms, in geometrical progression, be- 
ing 1, and the ratio 2; whats the greatest term, and the sum 
of all the terms ? 
. Ans. The greatest term is 512, and the sum 1023. 
2. What debt may be discharged in a year, or 12 months, 
by paying 1/ the first month, 2/ the second, 4/ the third, and 
80 on, each succeeding’ payment being double the last; and 
what will the last payment be ? 
Ans. The dane 40951, and the last payment 2048]. 


PROBLEM I. 


To find One Geometrical Mean Proportional between any two 
Numbers. 


‘Mebrinty the two numbers together, and extract the square 
root of the product, which will give the mean proportional 
sought. 


EXAMPLE. 


To find a geometrical mean between the two numbers 3 
and 12. 
12 
3 


36 (6 the mean. 
36 
PROBLEM 
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- PROBLEM IL | ee 


To find Two Geometrical Mean Proportionals between any Two 
Numbers. : 


_Divipve the greater number by the less, and extract the 
cube root of the quotient, which will give the common ratio 
of the terms. Then multiply the least given term by the 
ratio for the first mean, and this mean again by the ratio for 
the second mean: or, divide the greater of the two given 
terms by the ratio for the greater mean, and divide this again 
by the ratio for the less mean. : 


EXAMPLE. 
To find two geometrical means between 3 and 24. 


Here 3) 24 (8; its cube root 2 is the ratio. 

Then 3 x 2 =6, and6 x 2 = 12, the two means. 

Or 24 —2 = 12, and12—2=6,the same. ~ 
That is, the two means between 3 and 24, are 6 and 12. 


PROBLEM III. 


To find any Number of Geometrical Means between Two Num- 
bers. 


Divine the greater number by the less, and -extract such 
root of the quotient whose index is 1 more than the number 
of means required, that is, the 2d root for one mean, the 3d 
root for two means, the 4th root for three means, and so en; 
ahd that root will be the common ratio of all the terms.. 
Then, with the ratio, multiply continually from the first term, 
or divide continually from the last or greatest term. 


EXAMPLE. ° 


To find four geometrical means between 3 and 96. 


Here 3 ) 96( 32; the 5th root of which is 2, the ratio. 
Then 3x2= 6,&6X2 = 12, & 12 %2 = 24, & 24X2=48. 
Or 96 — 2=48, & 48 — 2==24, & Wow 2— 12, & 12—-2=—6. 

That is, 6, 12, 24, 48, are the four means between 3 and 96. 


OF 


MUSICAL PROPORTION. | 11K, 


‘ OF MUSICAL PROPORTION. © 

Tuere is also a third kind of proportion, called Musical, 
which being but of little or no common use, a very short ac- 
count of it may here suffice. 

Musical Proportion is when, of three numbers, the first 
has the same proportion to the third, as the difference be- 
tween the first and second, has to the difference between the 
second and third. 


As in these three, 6, 8, 12; 
where 6:12 :: 8—6:12—8, 
that is 6: 12°: 2:4. 


When four numbers are in musical proportion; then the 
first has the same ratio to the fourth, as the difference be- 
tween the first and second has to the difference between the 
third and fourth. 


As in these, 6, 8, 12, 18; 
where 6: 18 :: 8—6: 18—12. 
‘that is 6:18 3: 2:6. 


When numbers are in musical progression, their recipro- 
cals are in arithmetical progression ; and the converse, that 
is, when numbers are in arithmetical progression, their recip- 
rocals are in musical progression. Fas, 

So in these musicals 6, 8, 12, their reciprocals 3, 1, 


and 1 -+- 1 =.2 =1; that is, the sum of the extremes is 
equal to double the mean, which is the property of arithme- 
ticals. | 7 

The method of finding out numbers in musical proportion 
is best expressed by letters in Algebra. 


FELLOWSHIP, OR PARTNERSHIP. 


FeL.owsuir is a rule, by which any sum or quantity may 
de divided into any number of parts, which shall be in any 
given proportion to one another. | 

By this rule are adjusted the gains or loss or charges of 

partners 
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partners in company ; o1 the effects of bankrupts, or lega- 
cies in case of a deficiency of assets or effects; or the 
shares of prizes ; or the numbers of men to form certain de- 
tachments ; or the division of waste lands among a number 
of proprietors. 

Fellowship is either Single or Double. It is Single, when 
the sharer or portions are to be proportional each to one sin- 
gle given number only; as when the stocks of partners are 
all employed for the same time: And Double. when each 
portion is to be proportional to two or more numbers ; as 
when the stocks of partners are employed for different times. 


ee 


SINGLE FELLOWSHIP. 
GENERAL RULE. 


App together the numbers that denote the proportion of 
the shares. ‘Then say, 


As the sum of the said proportional numbers, 
Is to the whole sum to be parted or divided, 
So is each several proportional number, 

To the corresponding share or part. 


Or, as the whole stock, is to the whole gain or loss, 
‘ So is each man’s particular stock, 
To his particular share of the gain or loss. 


To prove THE Work. Add all the shares or parts toge- 
ther, and the sum will be equal ‘to the whole number to be 
shared when the work is right. 


EXAMPLES. 


1. To divide the number 240 into three such parts, as 
shall be in proportion to each other as the three numbers 1, 
2 and 3. 

Here 1-+-2-+-3=6, the sum of the numbers. 

Then, as 6 : 240 :: 1: 40 the Ist part, 

and as 6 : 240 :: 2: 80 the 2d part, 
also as 6: 240 :: 3: 120 the 3d part, 
Sum of all 240, the proof. 


ae 


Ex. 2. 


SINGLE FELLOWSHIP. Yait 


_ Ex. 2. Three persons, a, 8, c, freighted a ship with $40 
tuns of wine; of which, a loaded 110 tuns, B 97, and c the 
rest : in a storm the seamen were obliged to throw overboard 
$5 tuns ; how much must each person sustain of the loss? 
Here 110--+ 97=207 tuns, loaded by. and zs; 
theref. 340 — 207= 133 tuns, loaded py Cc. 
Hence, as 340 : 982+ 110 ig 
A omaed 2.152110; 275 tuns = a’s loss ; 
Boe. ee eee 1/97 : 241 tuns = B’s loss ; 
/ alsoas- 4: 1:: 133 : 331 tuns = c’s loss; 


Sum 85 tuns, the proof. 





3. Two merchants, c and p, made a stock of 1201. of 
which c contributed 751, and p the rest: by trading they 
gained 301; AL must each have of it? 

: : Ans. c 181 15s, and p 111 5s. 

4, Three pakchines E, F, G, made a stock of 7001, of 
which £ contributed 123/, r 3581, and a the rest: by trading 
they | en 125] 10s; what must each have of it? 


Ans. © must have 22/ 1s Od 22.9. 
iene a See a 
Gee +939 5 °3> 125. ° 


| 5 A General i imposing a contribution* of 700/ on four 
villages, to be paid in proportion to the number of inhabitants 
contained in each; the Ist containing 250, the 2d 350, the 
3d 400, and the Ath 500 persons , what part must each vil- 


see pay ? : Ans. the Ist to pay 1161 13s 4d. 
the 2d -.- 163 6 8 
the 3d. -.- 186 13 4 
the 4th - -- 233 6°8 


‘6. ie piece of ground, consisting of 37 ac 2 ro 14 ps. is 
to be divided among three persons, L, M; and Nn, in proportion 
to their estates: now if 1’s estate be worth 5001 a year, M’s 
| SU spd N’s 751; what quantity of land must each one have ? 


Ans. 1 must have 20 ac 3 ro 39124ps. 
M ~ * be 1m" 1 30-45. 
Sigg ENS PO ORES, 


7 AU person is indebted té o 571 15s, to p 1081 3s 8d, to e 
29] 10d, and to n 73/; but at his decease, his effects are found 





* Cantril is a tax ‘paid by prov inces, towns, villages, &c. to excuse them 
from being plundered. It is paid in Prom sous or in money, and sometimes in 
both. 


Vou; 1. 17 are 
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to be worth no more than 1701 14s; how must it be divided 
among his creditors: 2 
' Ans. 0 must have 391 15s 5d 2.8: 802 q: 


439 
Po = 110 152 2itete. 
Q - - = 14-6 4.04729 


Rose so 4d es < 
Ex. 8. A ship worth 900/, being entirely lost, of shi 1 
belonged tos, } to Tr, and the rest to v ; what loss will each 
sustain, supposing 5401 of her were insured ? 
Ans. 8 will lose 45/, 7 901, and v 226/. 
9. Four persons, w, x, ¥, and z, spent among them 25s,- 
and agree that their shares are to be in proportion as }, 
1,1, and 1; what are their shares? 
Ans. w must an 9s 8d 3423q. 


KX sae 5 393. 
rie alias ics ie 133. 
Zz - = $10 3,4. 


10. A detachment, consisting of 5 companies, being sent 
into a garrison, in which the duty required 76 men a day; 
what number of men must be furnished by each company, in 
proportion to their strength; the first consisting of 54 men, 
the 2d of 51 men, and the 3d of 48 men, the 4th of 39, and 
the 5th of 36 men? 

Ans. The 1st must furnish 18, the 2d 17, the 3d 16, the 
4th 13, and the 5th 12 men. * 


DOUBLE FELLOWSHIP. 


Dovsire FeLtowsuir, as has been said, is concerned in 


cases in which the stocks of partners are employees or con- 
tinued for different times. 





* Questions of this nature frequently occurring in military service, Geach He: 
viland, an officer of great merit, contrived an ingenious instrument, for more ex- 
peditiously resolving them ; which i is distinguished by the name of the inventor, 
being called a Haviland. 


ed 


Roe. 
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Rure.*—Multiply each person’s stock by, the time of its 
continuance ; then divide the quantity, as in Single Fellow- 
ship, into shares, in proportion to these products, by saying, 

As the total sum of all the said products, 

-Is to the whole gain or loss, or quantity to be parted, 

So is each particular product, 

To the correspondent share of the gain or loss. 


EXAMPLES. 


1, ahad in company 50/ for 4 months, and B had €0I for 
5 months; at the end of which time they find 24/ gained . 
how must it be divided between them ¢ 
Here 50 60 
#4 5 
200 + 300 = 500 
Then, as 500 : 24 ;; 200: 93 = 91 12s = a’s share. 
and as 500 : 24 :: 300: 142 = 14 8 = ’s share. 


2. ¢ and pv hold a piece of ground in common, for which 
they are to pay 641. c putin 23 horses for 27 days, and p 
_ 21 horses for 39 days ; how much ought each man to pay of 

the rent ? | Ans, c must pay 23] 5s 9d. 
| . b» must pay 30 14 3 


4. Three persons, £, F, c, hold a pasture in common, for 
which they are to pay 39/ per annum ; into which £ put 7 
oxen for 3 months, Fr put 9 oxen for 5 months, and e@ put in 
4 oxen for 12 months ; how much must each person pay of 


the rent? Ans. & must pay 5/ 10s 6d 1,44. 
; EF x 2S 11 16 10 0535. 
Gi ka te AIO. F BS, 


4. A ship's company take a prize of 1000/, which they 
agree to divide among them according to their pay and the 
time they have been on board: now the officers and midship- 
men have been on board 6 months, and the sailors 3.months ; 


ee 





* The proof of this rule is as follows: When the times are equal, the shares of 
the gain or loss are eyidently as the stocks, as in Single Fellowship; and when 
the stocks are equal, the shares as the times; therefore, when neither are equal, 

_ the shares must be as their products, 


f the 
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the officers have 40s a month, the miidabiamien 30s, and the 

sailors 22s a month; moreover there are 4 officers, 12 mid- 

shipmen, and 110 sailors : what will each man’s share be ? 
Ans. each officer must have 231 2s 5d 082.9. 


sl 


each midshipman ~. 17°69 35%. 
each seamen - - 6 72 Orts- 


Ex. 5. m, with a capital of 1000], began trade the first of 
January, and, meeting with success in business, took int as a 
partner, with a capital of 1500/, on the first of March fol- 
lowing. Three months after that they admit x as a third 
partner, who brought into stock 28001. After trading together 
till the end of the year. they find there has been gained 17761 
10e ; how must this be divided. among the partners ? 

Ans. must have 4571 9s 43d. 
@ Eee = BATES gi. 
K fa sham tA 


6. x, y, and z made a joint-stock for 12 months; x at 
first put in 201, and 4 months after 201. more; y- put in at 
first 30/. at the end of.3 months he put in 201 more, and 2 
months aiter he put in 40/ more ; z put in at first 601, and 5 
months after he put in i0l/ more, 1 month after which he took 
out 30]; during the 12 months they gained 50/; how much of 
it must each have ? she ie 
Ans. x must have 101 18s 6d 342g. 

yo Soe SR eRe Tne, 
Zo- - = 1613 4-0. 


SIMPLE INTEREST. 


’ . 
Interest is the premium or sum allowed for the Wai or 
forbearance of money. The money lent, or forborn, is called 
the Principal. And the sum of the principal and its interest, 
added together, is called the Amount. Interest is. allowed. 
‘at so much percent. per annum ; which premium per cent. | 
per ganum, or interest of 1001 for a year, Is called the rate of | 
interest :—So, , 
When | 
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When interest is at 3 per cent. the rate is 3; 


- - - - 4percent. - “(43 
4 deck Adie - 5 per cent. -- - 63 
- ‘- 6 per cent. 6; 


But, by iw in England, interest ought not to be taken high- 
er than at the rate of 5 per cent 

Interest is of two sorts ; Simple and Compound. 

Simple Interest is that which is’ allowed for the principal 
lent or forborn only, for the whole time of forbearance. 
As the interest of any sum, for any time, is directly propor- 
tional to the principal sum, and also to the time of continu- 
ance ; hence arises me following general rule of calcula- 
tion. 
As 1001 is to the rate of interest, so ig any given principal 

to its interest for one year. And again, 

As | year is to any given time, so is the interest for a year, 
just found, to the interest of the given sum for that time. 

Oruerwise. Take the interest of 1 pound for a year, 
which multiply by the given principal, and this product again 
by the time of loan or forbearance, in years and parts, for the 
interest of the proposed sum for that time. 

Note, When there are certain parts of years in the time, 
as quarters or months, or days: they may be worked for, 
either by taking the aliquot or like parts of the interest of a 

year, or by the Rule of Three, in the usual way. Also to 
‘divide by 100, is done by only pounns off two figures for 
decimals. 


EXAMPLES. : 


4. To find the interest of 230/ 10s, for 1 year, at the rate 
ef 4 percent. per annum. 
Here, As 100: 4 :; 2301 10s : $l 4s 43d. 
4 





100) 9,22 0 
20 


4°40 
42 


Sees 


4-80 Ans. 91 4s 434d. 
4 . , 


3:20: 


Ex, 2. 
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Ex. 2. To find the interest of 5471 15s, for 3 eer at 5 
per cent. per annum. 
As 100: 5 2: 547°75: 
Or 20:1 2: 547°75 : 27:3875 interest ‘oy 1 Fen 
3 
182-1625 ditto for 3 years. 
20 i 
s 3°2500 
12° 





d 3-00 Ans. 821 3s 3d. 





3.. To find the interest of 200 guineas, for 4 years ‘7 months . 
and 25 days, at 41 per cent. per annum. 








ds abe 9 Age 
2101 _ As BOR; 9-45 : 26 ty 
4h or 7372 945: 5B: 6472 
f 5 P 
840 . Wee gees 
- 405 73).47-25 (+6472 
— 345 
9°46 interest for 1 yr, 530 
4 19 


37°80 ditto 4 years. 
Smo == 4 4-725 ditto 6 months. 
?mo = i ‘7875 ditto 1 month. 
"6472 ditto 25 days. 
1 43°9597 - 
20 





s 19°1940 
12 
d 23280 
4 Ans. 431-195 23d. 


SS ere 


g 1°3120 


“4. To find the interest of 4501, for a year at 5 per cent. 
Per annum. Ans. 221 10s. 
"To find the interest of 7151 12s 6d, fora year, at 44 per © 
wine per annum. Ans. 391 4s - 
7 jek 
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_ 6. To find the interest of 7201, for 3 years, at 5 per cent, 


a annum. Ans. 1081, 
. To find the interest of 3551 15s, for 4 years, at 4 per. 

cnt per annum. Ans. 56/1 18s 42d, 
. To find the interest of 321 5s 8d, for 7 Feats: at “44 

sd cent. per annum. — Ans: 91 12s 1d. 
. 9. To find the interest of 1701, for 13 year, at 5 per cent. 
per annum. — Ans. 12] 5s. 
10. To find the insurance on 205/ 15s, for } of a year, at 

4 per cent. per annum. Ans. 2l is 13d. 

11. To find the interest of 3191 6d, for 53 years, at 33 per . 

cent. per annum. Ans. 681 15s “Old. 
12. To find the insurance on 2071, for 117 days, at 42 per 
cent. per annum. Ans. 1 128 7d. 
13. To find the interest of 171 5s, for 117 days, at 42 per 
cent. per annum. Ans. 53 3d. 
| 14. To find the insurance on 712/ 6s, for 8 months, at 74, 
per cent. per annum. Ans. 35/ 12s 31d. 


Note. The Rules for Simple Interest, serve also to len: 
late Insurances, or the Purchase of Stocks, or any thing else 
that is rated at so much per cent. 

See also more on the subject of Interest, with the alge- 
braical expression and investigation of the rules at the end of 
the Algebra, next following. - 


COMPOUND INTEREST. 


Compound Interest, called also Interest upon Interest, 
is that which arises from the principal and interest, taken 
together, as it becomes due, at the end of each stated time 
of payment: Though it be not lawful to lend money at Com- 
pound Interest, yet in purchasing annuities, pensions, or 
leases in reversion, it is usual to allow Compound Interest to 
the purchaser for his ready money. . 

Rutes.—1. Find the amount of the given principal, for the 
time of the first payment, by Simple Interest. Then con- 
sider this amount as a new principal for the second payment, 
whose amount calculate as before. And so on through all 
the payments to the last, always accounting the last amount 
as a new principal for the next payment. The reason of 
which is evident from the definition of Compound Interest. 
Or else, > 

2. Find the amount of 1 pound for the time of the first 
payment, and raise or involve it to the power whose index 
is denoted by the number of payments. ‘Then that power 

multiplied 
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multiplied by the given principal, will produce the whole 


amount. From which the said principal, being subtracted, 
leaves the Compound Interest of the same. As . rhs 


from the first Kule. 
EXAMPLES. 


At To find the amount of 72u/l, for 4 years, at 5. ‘per cent. 
per annum, 


Here 51s the 20th part of 100, and the ‘tere of 10 for the . 


a year is 5), or ‘05, and its amount 1-05. Therefore, | 





1. By the 1st Rule. 2. By the 2d Rule. | 

ee sal Wee 1-05 amount of 11. 

20 ) 720 0 O Ist yr’s princip. 1:05 ; 
, 36 0 0 Ist yr’s interest. 

—-—_ 1-1025 2d power of it. 


20) 756 0 0 2d yr's princip. 1°1025 
87 16 O 2d yr’s interest. ——-——- 























ms a 1°21550625 4th a pew, of it. 
20 ) 793 16 0. 3d yr’s princip. 720 
39 13 91 3d iy interest. —_——— 
fare ee 1 875:1645 
20.) 833 9 9% 4th yr’s princtp. — 20 
Al 13 58 4th yr’s interest. | 
oe ene tee | s 3°2900 
£875 3 3} the whole amount. 12 
or ans. required. 7 
d 3°4800 
2. To find the amount of 50/, in 5 years, at 5 per cent. per 
annum, compound interest. Ans. 631 16s 33d. 


3. To find the amount of 501 in 5 years. or ‘0 half-years, 


at 5 per cent. per annum,* aati interest, the interest 

pa half-yearly. Ans. 641 0s 1d... 
. To find the amount of 501, in 5 years, or 20 quarters, is 

at 6 per cent. per annum,} compound interest, the interest 


payable quarterly. Ans. 641 2s O1d. 


5. To find the compound interest of 3701 forborn’ for 6 


verre, at 4 per cent. per annum. Ans. 981 3s 43d. 


. To find the compound interest of 4101 forborn for "On 
pone: at 42 per cent. [Per AOR ay the interest payable half- 


yearly. Ans. 481 4s 112d. 
7. To find the amount, at compound interest, of 2171, for- 


born for 2} years, at 5 per cent. per annum, the interest pay- | 


able quarterly. Ans. 2491 138 Ald. 


wy 


Note. See the Rules for Compound Interest algebraically A 


investigated, at the end of the Algebra. 





* That is, at 2g per cent. per half-year. 
+ That is, at1z per cent. per quarter of a year. 
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ALLIGATION. 


Atiication teaches how to compound or mix together 
several simples of different qualities, so that the composition 
may he of some intermediate quality or rate. Itis common- 
ly distinguished into two cases, Alligation Medial, and Alliga- 
tion Alternate. | : 


ALLIGATION MEDIAL. 


Autication Mepiax is the method of finding the rate or 
quality of the composition, from having the quantities and 
rates or qualities of the several simples given, And it is thus 
performed : | 

* Muvtirty the quantity of each ingredient by its rate or 
quality ; then add all the products together, and add also all 





er, ues ns ee 
_ * Demonstration. ‘The rule is thus proved by Algebra. 


Let a, b, c, be the quantities of the ingredients, 
and m, 7, p, their rates or qualities, or prices ; 
then am, bn, cp, are their several values, 

and am, +- bn -4- cp the sum of their values, 
alsoa +6 -+ cis the sum of the quantities, 

and if r denote the rate of the whole composition, 


then a-- 6 --c x r will be the value of the whole, 








conseq. a-{- b+ c Xr = am +. bn-f cp, 
and ¥ = am + bn cp > a+ bo, which is the rule, 








Note, If an ounce or any other quantity of pure gold be reduced into 24 equal 
parts, these parts are called Caracts; but gold is often mixed with some base 
metal, which is called the Alloy, and the mixture is said to be of so many caracts 
fine, according to the proportion of pure gold contained in it ; thus, if 22 caracts 
of pure gold, and 2 of alloy be mixed together, it is said to be 22 varacts fine. 

If any one of the simples be of little or no value with respect to the rest, its 


rate is supposed to be nothing; as water mixed with wine, and alloy with gold 
and silver. 


Van. I, 18 the 
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the quantities together into another sum; then divide the 
former sum by the latter, that is, the sum of the products 
by the sum of the quantities, and the quotient will be the 
rate or quality of the composition required. 


EXAMPLES. 


If three sorts of gunpowder be mixed together, viz. 50lb 
at 12da pound, 441b at 9d, and 26Ib at 8d a pound; how 
much a pound is the composition worth ? 


Here 50, 44, 26 are the quantities, 
and 12, 9, 8 the rates or qualities ; 
then 50 X 12 = 600 
44X 9= 396 
26 X 8 = 208 
120) 1204 (10-4, = 10 25 
Ans. The rate or price is 10 .,d the pound. 


2. A composition being made of 5lb of tea at,7s per |b, 
9lb at 8s 6d per Ib, and 144Ib at 5s 10d per Ib; what is alb 
of it worth ? Ans. 6s 103d. 


3. Mixed 4 gallons of wine at 4s 10d per gall, with 7 gal- 
lons at 5s 3d per gall, and 92 gallons at 5s 8d per gall ; what 
is a galion of this composition worth? — Ans. 5s 41d. 


4. A mealman would mix 3 bushels of flour at 3s 5d per 
bushel, 4 bushels at 5s 6d per bushel, and 5 bushels at 4s 8d 
per bushel; what is the worth ef a bushel of this mixture ? 
| | Ans. 4s 7id. 


5. A farmer mixes 10 bushels of wheat at 5s the bushel, 
with 18 bushels of rye at 3s the bushel, and 20 bushels of 
barley at 2s per bushel: how much is a bushel of the mix- 
ture worth ? Ans. 33s. 


6. Having melted together 7 oz of sold of 22 caracts fire, 
121. oz of 21 caracts fine, and.17 oz of 19 caracts fine: I 
would know the fineness of the composition ? 
| _ Ans. 2038 caracts fine. 


7. Of what fineness is that composition, which is made by 
mixing 3lb of silver of 9 oz fine, with 5lb 8 oz of 10 oz fine, 
and ilb 10 oz of alloy? | Ans. 781 02 fine. 
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ALLIGATION ALTERNATE. 


_Avutcation AvTeRNATE is the methed of finding what 
quantity of any number of simples, whose rates are given, 
will compose a mixture of a given rate. So that it is the re- 
verse of Alligation Medial, and may be proved by it. 


ea Hen 


RULE I.* 


i. Set the rates of the simplesin 4 column under each 
other. —2. Connect, or link with a centinued line, the rate 
of each simple, which is less than that of the compound, with 
one, or any number, of those that are greater than the com- 
pound ; and each greater rate with one or any number of the 
jess. —3. Write the difference between the mixture rate, and 
that of each of the simples, opposite the rate with which they 
are linked.—4. Then if only one difference stand against any 
rate, it will be the quantity belonging to that rate; but if 
there be several, their sum will be the quantity. 

The examples may be proved by the rule for Alligation 
Medial. ' 





* Demonst. By connecting the less rate to the greater, and placing the differ- 
ence between them and the rate alternately, the quantities resulting are such 
that there is precisely as much gained by one quantity as is lost by the other, and 
therefore the gain and loss upon the whole is equal, and is exactly the proposed 
te . and the same will be true of any other two simples managed according to 
the Rule. 

In like manner, whatever the number of simples may be, and with how many 
soever every one is linked, since it is always a less with a greater than the mean 
price, there will be an equal balance of loss and gain between every two, and con- 
sequently an equal balance on the whole. Q. E..D. 

It is obvious, from this Rule, that questions of this sort admit of a great variety 
of answers; for, having found one answer, we may find as many more as we 
please, by only multiplying or dividing each of the quantities found, by 2, or 3, 
or 4, &c: the reason of which is evident; for, if two quantities, of two simples, 
make a balance of loss and gain, with respect to the mean price, so must also the 
double or treble, the } Or 4 part, or any other ratio of these quantities, and so 
on ad infinitum. 

These kinds of questions are called by algebraists indeterminate or unlimited 
problems; and by an analytical process, theorems may be raised that will give all 
the possible answers. ; 


$ 


1 
2 


EXAMPLES, 


a. ARITHMETIC. 


EXAMPLES. 


¥. A merchant would mix wines at 16s, at 18s, and at 22s 
per gallon, so as that the mixture may be worth 20s the gal- 
lon: what quantity of each must be taken ? 

16-~, 2 at 16s 
Here 20 < 18 2 at 18s 
22 JY 44+2=6 at 22s.- 
Ans. 2 gallons at 16s, 2 gallons at 18s, and 6 at 22s. 

2. How much wine at 6s per galion, and at 4s per gallon 
must me mixed together, that the composition may be worth 
§s per gallon ? _ Ans. 1 qt or 1 gall, &c. 

3. How much sugar at 4d, at 6d, and at 11d ‘per lb, must 
be mixed together, so that thé composition formed by them 
may be worth 7d per lb? ! 

Ans. | lb, or 1 stone, or 1 cwt, or any other equal quan- 

tity of each sort. : 

4. How mueh corn at 2s 6d, 3s 8d, 4s, and 4s 8d-per bushel, 
must be mixed together, that the compound may be worth 3s 
10d per bushel ? 

Ans. 2 at 2s 6d, 2 at 3s 8d, 3 at 4s, and 3 at 4s 8d. 

5. A goldsmith has gold of 16, of 18, of 23, and of 24 
caracts fine: how much must he take of each, to make it 21 
caracts fine ? Ans. 3 of 16, 2 of 18, 3 of 23, and 5 of 24. 

6. Itisrequired to mix brandy at 12s, wine at 10s, cyder at 
1s, and water at O per gallon together, so that the mixture 
may be worth 8s per gallon ? | 

‘Ans. 8 gals of brandy, 7 of wine, 2 of cyder, and 4 of water. 


RULE It. 


Wuen the whole composition is limited to a certain quan- 
tity: Find an answer as before by linking; then say, as the 
sum of the quantities, or differences thus determined, is to 
the given quantity ; so is each ingredient, found by linking, to. 
the required quantity of each. 


EXAMPLES. 


i. How much gold of 15, 17, 18, and 22 caracts fine, must 
be mixed together, to form a composition of 40 oz of 20 ca- 


racts fine ? 7 
| Here 
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1 Gee wg 
: 17 HO. @ 
Here 20 2 18 Sedge Ss 
29 ae 5+-3+2=10 
16 


Then, as 16:40:: 2: 5 
and 16: 40:: 10: 25 
Ans. 5 oz of 15, of 17, and of 18 caracts fine, and 25 oz ef 22 
caracts fine.* . 


Ex. 2. A vintner has wine at 4s, at 5s, at 5s 6d, and at 6s a 
gallon ; and he would make a mixture of 18 gallons, so that it 
might be afforded at 5s 4d per gallon ; how much of each sort 
must he take ? 

Ans. 3 gal. at 4s, 3 at 5s, 6 at 5s 6d, and 6 at 6s. 








* A great number of questions might be-here given relating to the specific gra- 
vities of metals, &c. but one of the most curious may here suffice. 


Hiero, king of Syracuse, gave orders for a crown to be made entirely of pure 
gold; but suspecting the workman had debased it by mixing it with silver or 
copper, he recommended the discovery of the fraud to the famous Archimedes, 
and desired to know the exact quantity of alloy in the crown. 


Archimedes, in order to detect the imposition, procured two other masses, the 
one of pure gold, the other of silver or copper, and each of the same weight with 
the former; and by putting each separately into a vessel full of water the quan- 
tity of water expelled by them determined their specific gravities; from which, 
and their given weights, the exact quantities of gold and alloy in the crown may 
be determined. | 


Suppose the weight of each crown to be.10lb, and that the water expelled by 
the copper or silver was 92lb, by the gold 52lb, and by the compound crown 
64Ib ; what will be the quantities of gold and alloy in the crown? 

The rates of the simples are 92 and 52, and of the compound 64; therefore. 


64 $92 12 of copper 
52— 28 of gold 


_ And the sum of these is 12 +. 28 = 40, which should have been but 10; there- 
fore by the Rule, 


40:10: : 12: 3lb of copper 
40:10; : 28: 7b of gold the answer. 


RULE 
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RULE. L* 


Wuen one of the ingredients is limited to a certain quan- 
tity; Take the difference between each price, and the mean 
rate as before ; then say, As the difference of that simple, 
whose quantity is given, is to the rest of the differences se- 
verally ; so is the quantity given, to the several quantities re- 
quired. | 


EXAMPLES. 


1. How much wine at 5s, at 5s 6d, and 6s the gallon, must 
be mixed with 3 gallons at 4s per gallon, so that the mixture 
may be worth 5s 4d per gallon ? 


48 8+9=10 
6U -B-+2=10 
Here 64 m 
66 16-+4=20 
12 16+4=20 
Then 10: 10::3:38 
10:20:::3:6 
10: 20::3:6 


Ans. 3 gallons at 5s, 6 at 5s 6d, ana 6 at 6% 

. A grocer would mix teas at 12s, 10s, and 6s per Ib, with 

20h at 4s per lb. how much of each sort must he take to make 
the composition worth 8s per Ib? 

Ans. 20]b at 4s, 10lb at 6s, 10}b at 10s, and 20lb at 12s. 

3. How much. gold of 15, of 17, and of 22 caracts fine, 

must be mixed with 5 oz of 18 caracts fine, so that the ngRSpO- 

sition may be 20 caracts fine ? 
Ans. 5 oz of 15 caracts fine, 5 oz of 17, and 25 of 22. 





*-Tn the very Same manner questions may be wrought when scyeral of the in- 
gredients are limited to certain quantities, by finding first for one limit, and then 
for another. The two last Rules can need no demonstration, as they evidently 
tesult from the first, the reason of which has been already explained. 


POSITION. 


SINGLE POSITION. 135 


POSITION. 


Positron is a method of performing certain questions, 
which cannot be resolved by the common direct rules. It is 
sometimes called False Position, or False Supposition, because 
it makes a supposition of false numbers, to work with the 
same as if they were the true ones, and by their means dis- 
covers the true numbers sought. It i is sometimes also called 
Trial-and-Error, because it proceeds by trials of false num- 
bers, and thence finds out the true ones by a comparison of 
the errors.—Position is either Single or Deuble. 


SINGLE POSITION, 


Sincere Position is that by which a question is resolved 
‘by means of one supposition only. Questions which have 
their result proportional to their suppositions, belong to Sin- 
gle Position : such as those which require the multiplication 
or division of the number sought by any proposed number ; 
or when it is to be increased: or diminished by itself, or any 
parts of itself, a certain proposed number of times. The 
rule is as follows : , 

Take or assume any number for that which is required, 
and perform the same operations with it, as are described or 
performed in the question. Then say, As the result of the 
said operation, is to the position, or number assumed ; so ig 
the result in the question, to a fourth term, which will be the 
number scought.* 





ee er + ee ener ete ee reg 2 ere are ee 


* The reason of this Rule is evident, because itis supposed thet the habolts 
are proportional to the sso 
hus, ma: 0;: 72: 


2nd se on. i . EXAMPLES, 
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EXAMPLES. 


1. A person after spending } and } of his money, has yet 
remaining 60/1; what had he at first ? 


Suppose he had at first 1201, Proof. 
Now 1 of 120 is 40 3 of 1441s. 48 
1 of itis 30 ei Lof 1441s 36 
their sumis 70 their sum 84 
which taken from 120 _ taken from 144 
leaves 50 leaves 60 as 
Then, 50: 120 :; 60: 144, the Answer. per question. 


2, What number is that which being multiplied by 7, and 
the product divided by 6, the quotient may be 21? Ans. 18. 


3. What number is that, which being increased by 4,2, 
and 4 of itself, the sum shall be 75? Ans. 36. 


_ 4. S general, after sending out a foraging } and i of his 
men, had yet remaining 1000; what number had he in com- 
mand ? | Ans. 6000. - 


6. A gentleman distributed 52 pence among a number of 
poor people, consisting of men, women, and children ; to 
each man he gave 6d, to each woman 4d, and to each child 
2d: moreover there were twice as many women as men, and 
thrice as many children as women. How many were there 
of each ? Ans. 2 men, 4 women, and 12 children. 


6. One being asked his age, said, if 2 of the years I have 
lived, be multiplied by 7, and 2 of them be added to the pro- 
duct, the sum will be 219. What was his age ?. 

Ans. 45 years. 


DOUBLE 
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DOUBLE POSITION. 


Dovsie Posrrion is the method of resolving certain ques- 
tions by means of two suppositions of false numbers. 

To the Double Rule of Position belong such questions as 
have their results not proportional to their positions : such are 
those, in which the numbers sought, or their parts, or their 
multiples, are increased or diminished by some given absolute 
number, which is no known part of the number sought. 


RULE 1L*# 


Take or assume any two convenient numbers, and proceed 
with each. of them separately, according to the conditions of 
the question, as in Single Position ; and find how much each 
result is different from the result mentioned in the question, 
calling these differences the errors, noting also whether the 
results are too great or too little. 


eee 





* Demonstr. The Rule is founded on this supposition, namely, that the first 
error is to the second, as the difference between the true and first supposed num- 
ber, is to the difference between the true and second supposed number ; when that 
is not the case, the exact answer to the question cannot be found by this Rule.— 
That the Rule is true, according to that supposition, may be thus proved. 


Let a and b be the two suppositions, and a and’s their results, produced by si- 
milar operation; also r and s their errors, or the differences between the results 
A and B from the true result n; and let x denote the number sought, answering te 
the true result n of the question. 


Then isw—a==7,andn—ses. And, according to the supposition on 
which the Rule is founded, 7: s :: e—a: a—b: hence, by multiplying extremes | 
and means, ra — rb==sx—sa; then, by transposition, ra — sx = rb —sa ; 

rb—sa 


and, by division, « = the number sought, which is the rule when the re- 





T—s 
sults are both too little. 

If the results be both too great, so that a and z.are both greater than x; then 
N—A =--r, and n--B =— 5, or r and s are both negative; hence --r: — £ 
::@——@? a — 6, but — r:—s:: 4 r: + s, therefore rs 23.0 — as a-—b; 
and the rest will be exactly as in the former case. 


But if one result a only be too little, and the other zB too great, or one error + 


rb -}- sa 


, Which 
¢-fo$ 
is the Rule in this case, or when the errors are uulike. 


Vou. 0. 19 Thea 





positive, and the other s negative, then the theorem becomes 2 <* 
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Then multiply each of the said errors by the contrary sup- 
position, namely, the first position by the second error, and 
the second position by the first error. Then, 

If the errors are alike, divide the difference of the products 
by the difference of the errors, and the quotient will be the 
answer. . 

But if the errors are unlike, divide the sum ef the products 
by the sumr of the errors, for the answers. 

Note, The errors are ee to be alike, when they are either 
both too great or beth too little ; and unlike, oe one is too 
great and the other too little. | 

EXAMPLES. 

1. What number is that, which being multiplied by 6, the 
product increased by 18, and the sum divided by 9, the quo- 
tient shall be 20? 

Suppose the two numbers 18 and 30. Then, 





First Position. Second Position. Proof. 
18 Suppose . 80 Pag eee 
6 mult. 6 dulay 6 
1g 108 manor 
18 add 18 / 18 
9) 126 div. 9) 198 9) 180 
14 results 22 20 
20. true res. 20 mmm 
+6 errors unlike ie D 
@nd pos. 30 hee - 18. Ist pos. 
Er- § 2 180 36 
rors ? 6 36 PoE 
sum 8) 216 sum of products. 


27. Answer sought, 


RULE II. kek. . 

Fiyp, by trial, two numbers, as near the true number as 
convenient, and work with them as m the question's marking 
the errers which arise from each of them. © 

Multiply the difference of the two numbers assumed, or 
found by trial, by one of the errors, and divide the product by 
the difference of the errors, when they are alike, but by their | 
sum when they are unlike, | 

Add. 


DOUBLE POSITION. (139 


Add the quotient, last found, to the number belonging to 
the said error, when that niiiber is too little, but subtract 
it when too great, and the keel will give the true quantity 
sought*. 


EXAMPLES. 


1. sis the fefebeine coisa worked by this 2d rule will 
be as follows : : 
30 positions 18 ; their dif. 12 
~—2 errors -+ 6: _. least error 2 
sum of errors 8) 24 (3 subtr. 
from the position 30 
leaves the answer 27 
Ex. 2. A son asking his father. how old he was, received 
this answer :. Your age is now one-third of mine; but 5 years 
ago, your age was only one-fourth of mine. . What then are 
their two ages ? Ans. 15 and 45. 


.. 3..A workman was hired for 20 days, at 3s per day, for 
every day he worked; but with this. condition, that for every 
day he. played, he should forfeit 1s. . Now it so happened, 
that upon the whole he had 2/ 4s to receive. How many of 
the days did he work ? Ans. 16. 


4. a and B began to play together with equal sums of 
money: a first won 20 guineas, but afterwards lest back 2 
of what he then had; after which, 8 had 4 times as much as 
4. What sum did éach begin with ? * Ans. 100 guineas. 


15. 70 persons, a and B, have both the same income, a 
saves | of his; but 8, by spending 50/ per annum more than 
a, at the end of 4 years finds himself 100/ in debt. 
What does each receive and spend per annum ? 
Ans. They receive 1251 per annum; also a spends 1001, 
_ and B spends 150/ per annum. 


se 





* For since, by the supposition, r:$::x—a: x—b, therefore by division, 
7—~$ $12 ba: shige which is the 2d Rule. 
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PERMUTATIONS AND COMBINATIONS. 


-Peanutarion is the altering, changing or varying the po- 
sition or order of things; or the showing how many different 
ways they may be placed.—This is otherwise called Alter- 
nation, Changes, or Variation; and the only thing to be re- 
girded here, is the order they stand-in; for no two parcels 
are to have all their quantities placed in the same situation ; 
as, how many changes may be rung on a number of bells, or 
how many different ways any number of persons may be 
placed, or how many several variations may be made of any 
number of letters. or any other things proposed to be varied. 

Comspination is the showing how often a less number of 
things can be taken out of a greater, and combined together, 
without considering their places, or the order they stand in. 
This is sometimes called Election or Choice ; and here every 
parcel must be different from all the rest, and no two are to 
have precisely the same quantities or things. 

Combinations of the same Form, are those in which there 
are the same number of quantities, and the same repetitions : 
thus, aabc, bbcd, ccde, are of the same form; aabe, abbb, aabb, 
are of different forms. 

Composition of Quantities, is the taking a given number of 
quantities out of as many. equal rows of different quantities, 
one out of every row, and combining them together. : 

Illustrations of these definitions are in the ‘following Pro- 
blems : | 


PROBLEM I. 


To assign the Number of Permutations, or Changes, that can be 
made of any Given Number of Things, all different from each 
other. 


RULE*. 


Mortis’ all the terms of the natural series of numbers, 
from 1 up to the given humber, continually together, and the 
last product will be — answer required. , 


EXAMPLES. 





se 





* The reason of the Rule may be shown thus; any one thing ais pak only 
of one position, as a, 

Any two things @ and 6, are only capable of two variations; as ab, es whose 
number ig expressed by LX: 
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-. EXAMPLES, 
1, How many changes may be rung on 6 bells. 
1 


0 


720 the Answer. 


re D 


Or 1X2X%3X%4X5xX6=720 the Answer. 


2. How many days can 7 persons be placed in a different 
position at dinner ? | Ans. 5040 days. 
3. How many changes may be rung on 12 bells, and what 
time would it require, supposing 10 changes to be rung in 1 
minute, and the year to consist of 365 days, 5 hours, and 49 
minutes ? . 
Ans. 479001600 changes, and 91 years, 26 days, 22 hours, 
41 minutes. 
4. How many changes may be made of the words in the 
following verse : Tot tzbi sunt dotes, virgo, quot sidera celo? | 
. Ans. 40320 changes. 





If there be three things, a, 6, and c; then any two of them, leaving out the 3d, 
will have 1X2 variations ; and consequently when the 3d is taken in, there will 
be 1X23 variations. ; | 

In the same manner, when there are 4 things, every three, leaving out: the 4th, 
will havé 1}{2>¢3 variations ; consequently by ‘taking in successively the 4 left 
ont, there will be 1% 234 variations. And so on as far as we please. 


PROB- 
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PROBLEM II. 


Any Number of different things being given; to find how many. 
Changes can be made out of them, by taking a Given Num- 
ber of Quantities at a Time. 


RULE.* 


Take a series of numbers, beginning at the number of 
things given, and decreasing by 1 to the number of quantities 
to be taken at a time, and the prodact of all the terms will be 
the answer required. 


EXAMPLES. 


» 


1. How many changes may be rung with 8 bells out of 8? ‘ 


D =I 6 


336 the answer. 





Or, 8X7 X6(=3 terms) =336 the Answer. 
9. How many words can be made with 5 letters of the ~ 
alphabet, supposing 24 letters in. all, and that a number of 


consonants alone will make a word. gy Ans. 5100480. 


3. How many words can be made with 5 letters of the 


‘alphabet i in each word, there being 26 letters in all, and 6 


vowels, ailnitbos that a number of consonants alone will not 


make a word?. . Ans. 137858400. 
PROB- 





* This Rule, expressed in algebraic terms, is as follows; 











mXm—1 xXm—2Xm—3 &e. to n terms: where m == the. number of things 
given, and x == the quantities to be taken at a time. 
i In order to demonstrate the Rule, it will be proper to premise the following 
emma } 
Lemma. The number of changes of m things, taken 7 ata time, is equal tom 
changes of m—1 things, taken n—1 at a time. 
Demonstr. Let any five quantities a b ¢ de be given. 
First, leave out the a, and let v= the number of all the variations of every two, 
bc, bd, &c. that can be taken out of the four remaining quantities b ¢ de. 
Now, let a be putin the first place of each of them, a, b,c, a, by d, &e. and the — 
number of changes which still remain the same ; that is, v= the number of vari- 
ations of every 3 out of the 5, a, 6, ¢, d, e, when a is first. : 
Tn 
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PROBLEM. HI. 


Ang Number of Things being given; of which there are several 
given Things of one Sort, and several of another, Sc. ; to 
Find how many Changes can be made out of them all. 


RULE.* 


Take the series 1 X 2 X 3 X 4, &c. up to the number of 
things given, and find the product of all the terms. | 

Take the series 1 X 2 X 3 X 4, &c. up to the number of 
given things of the first sort, and the series: 1 X 2X3 4, 
&c. up to the number of given things of the second sort, &c. 
bY ae Divide 








In like manner, if 6, c, d, e be successively left out, the. number of variations 
of all the two's will also be =v; and. putting 6, c, d, e respectively in the first 
place, to make 3 quantities out of 5, there will still be.v variations as before. 

‘But these are. all the variations that can happen of 3 things out of 5, when a, 
b, c, dye, are successively put first; and therefore the sum of all these is the sum 
of all the changes of 3 things out'of 5. 

But the sum of these is so many times v as is the number of things; that is 5v, 
or mv, == all the changes of 3 times out of 5. ie 

And the same way of reasoning may be applied to any numbers whatever. 

» Demon. of the Rule. Let any 7 things, a 6 .¢ de fg, be given, and let 3 be the 
number ‘of quantities to be taken. ; 
! Then m= 7, and 2 = 3. : 

Now, it is evident, that the number of changes that can be made by taking 1 
by 1 out.of 5 things, will be 5, which let =v. i 

Then, by the Lemma, when m =36, and n= 2, the number of changes will! 
be == mv == 6X 5; which let be =v a second time. 
Again, by the Lemma, when m ==7 and n = 3, the number of changes is mv 
e=7 xX 6X 5; that is mv—=m K (m—1) K (m—2); continued to 3, or 7% 
terms, 

And the same may be shown for any other numbers. 

* This Rule is expressed in terms thus: 
1X2x' 3X4 05, &c. tom 
a) it 1x 2% 3,&c.top * 1 x 2X 3, &c..tog, &. 
where m== the number of things given, p =the number of things of the first 
sort, g == the number of things of the second sort, &c. 

The Demonstration may be shown as follows ; a) 

Any two quantities, a, 6, both different, admit of 2 changes; but if the quan- 
tities are the same, or a b becomes a@ a, there will be only one. position; which 

| Sli 1X 2 


1x2 


€ 


=e ) ie 





may be expressed by 


Any 


rs 
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Divide the product of all the terms of the first series by 
the joint product of all the terms of the remaining ones, and 
the quotient will be the answer required... 


EXAMPLES. 


1, How many variations can be made of the letters in the 
word Bacchanalia ? 

1 X 2 (= number of c’s) = 2 
xX 3 X 4 (= number of a’s) = 24 


1X 2 
1xXx2xX3xX4X5X6X7X8BXIXK 10X11 
n 


(= number of letters in the word) = 39916800 
“. 2 x 2 = 48) 39916800 (831600 the Answer. 
151 
76 
288 


7s) 





2. How many different numbers can be made of the follow- 
ing figures, 1220005555 ? Ans. 12600, 
3. How many varieties will take place in the succession of: 

the following musical notes, fa, fa, fa, fa, sol, sol, la, mi? 
Ans. 840, 








Any 3 quantities, a, 6, c, all different from each other, afford 6 variations; but 
if the quantities be all alike, or a 6 c becomes a wa, then the 6 variations will be 


1X2x3 
reduced to 1; which may be expressed by ————— == 1. Again, if two of the 
‘TS: 2.73 ESAS Set 
quantities only are alike, ora bc becomes aac; then the 6 variations: will be 


, HRS DES" 
reduced to these 3, @ ac, c aa, and aca; which may be expressed by ————- 
A 1X2 
= 3. ; 


Any 4 quantities, a} c d, all different from each other, will admit of 24 varia- 
tions. But if the quantities be the same, or a 6 cd becomes a aaa, the num- 
bX 2. Bide 4 
ber of variations will be reduced to one; which is = ———-———-——. =]. 
TM 2.5 3 Xr 4 
Again, if three of the quantities only be the same, orab cd becomes aaa b, 
the number of variations will be reduced to these4, aaab,aaba,abaa, and 





haaa; whichis = = 4, 
| IX2x3 - 
And thus it may be shown, that if two of the quantities be alike, or the 4 quan- 

tities be aa 6 c, the number of variations will be reduced to 12; which may be 

1X 2xK3x4 teh Me 
aE aeareaaal = 


i a Sa , , 
And by reasoning in the same manner, it will appear, that the number of 
changes which can be-made of the quantities a b be ¢, is equal to 60; which may 
1X2X3K4x5xX6 . 
be expressed by =-60. And so on for any other quantities 





expressed by 








a 





VAX2K1%2x3 


whatever 


. PROB- 


PROBLEM IV. 


Fo find the Changes of any Given Number of Things, taking a 
Given Number at a Time: in which there are several Given 
Things of one Sort, several of another, §c. 


RULE.* 


Fiwnp all the different forms of combination of all the given 
things, taken as. many at a time as inf the question. 

Find the number of changes in any form, and multiply it by 
the number of combinations in that form, 
Do the same for every distinct form, and the sum of all the 


products will give the whole number of changes required, 


EXAMPLES. 


1, How many alterations, or changes, can be made of every 
four letters out of these 8, aaabbbce ? 


No. of forms. ores No. of changes. 
a3b, atc, b3a, b38¢ = e+ + oe ee el 4 
a2b?, a2¢2, b2c2, -- - = - # = = = 6 
a2bc, b2ac, c2ab - 2 - ee ee 1D 
¥ (4X 4= 16 
Therefore (3 X 6 = 18 
, 3 % 12 = 36 
70 = number of changes 
os required. — 
2. How many changes can be made of every 8 letters out 
of these 10; aaaabbccde ? Ans.. 22260. 


3. How many different numbers can be made out of 1 unit, 








-* The reason of this Rule is plain from what has been shown before, and the 
nature of the problem. 
ate. A Rule for finding the Number of Forms. 
1. Pracz the things so, that the greatest indices may be first, and the rest in 
order. : 
2. Begin with the first letter, and join it to the second, third, fourth, &c. to the 
lastoya- > es 
3. Then take the second letter, and join it to the third, fourth, &c. to the last. 
And 80 on, till they are entirely exhausted, always remembering to reject such 
combinations as have occurred before; and this will give the combinations of all 
the two’s. ' : . ’ 

4. Join the: first letter to every one of the twos, and the second, third, &c. as 
before ; and it will give the. combinations of all the threes. 

5. Proceed in the same manner to get the combinations of all the fours, &c.and 
you will at last get all the several forms of combinations, and the aumber in each 
fexm. 
Vor. I. 20 2 twoé> 


ae ug 
saky ore 
nye cd 
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2 twos, 3 threes, 4 fours, and 5 fives ; taken 5 at a time ? 
Ans. 2111. 


PROBLEM V. 


To jind the Number of Combinations of any Given Number of 
things all different from each other, taken any Given Number 
at a time. 


. RULES 


Take the series 1, 2, 3, 4, &c. upto the number to be 
taken at a time, and find the product of all the terms. 

Take a series of as many terms, decreasing by 1, from the 
given number, out of which the election is to be made, and 
find the product of all the terms. 

Divide the last product by the former, and the quotient wil! 
be the number sought. ge 


EXAMPLES. | 


1. How many combinations can be made of 6 letters out of 
ten ? 








* This Rule, expressed algebraically, is, 
mm—1 m—2 m—-3 
ote, CHa et 182 | Boo 
1 2 ff 3 e 4 
quantities, and z those to be taken at a time. 

Demonsir. of the Rule. 1. Let the number of things to be taken at a time be 
2, and the things to be combined = m. 

Now, when m, or the number of things to be combined, is only two, as a and 6, 
it is evident that there can be but one combination, as ab; but if m be increased 
by one, or the letters to be combined be 3, asa, b, c; then it is plain that the num- 
ber of combinations wiil be increased by 2, since with each of the former letters 
a and b, the new letter ¢ may be joined. | In this case therefore, it is evident that. 
the whole number of combinations will be truly expressed by 1-2. 

Again, if m be increased by one letter more, or the whole number of letters he _ 
four, as a, b, c,d; then it will appear that the whole number of combinations 
must be increased by 3, since with each of the preceding letters the new letter d 
may be combined. The combinations, therefore, in| this case will be truly ex- 
pressed by 1 +2 + 3. 

And in the same manner it may be shown that the whole number of combina- 
tions of 2, in 5 things, will bel + 243-4; of 2in6 things, 1 4-2 4.3 +.) 
4-- 5; and of 2, in 7 things, 1 + 24 3 + 4 - 5 + 6, &c.; whence, universal- 
ly, the number of combinations of m things, taken 2 by 2, is == 1 +2454 
o- 54.6, &c. to (m—1) terms. 

m  m—t : 

But the sum of this series is == — 9 ——-}; which is the same as the rule. 

i 2 
ths Let now the number of quantities in each combination be supposed to be — 
three. 





&c. to m terms; where m is the number of given 


Then - 
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1x2x3x4x 5 xX 6 (= the number to be taken at a 
time ) = 720. | 
10x 9x8x 7x 6x 5(=same number from 10) = 
151200. seh gal 
Then 720 ) 151200 ( 210 the Answer. 
~. 1440 
720 
720 





2. How many combinations can be made of 2 letters out 
of the 24 letters of the alphabet ? Ans. 276. 
3. A general, who had often been successful in war, was 
asked by his king what reward he should confer upon him for 
his services; the general only desired a farthing for every 
file, of 10 men ina file, which he could make with a body of 

100 men ; what is the amount in pounds sterling ? 
Ans. 180315723501 9s 2d. 





Then it is plain, that when m= 3, or the things to be combined are a, 8, c, 
there can be only one combination. But if m be increased by 1, or the things to 
be combined are 4, as a, 6, c, d, then will the number of combinatiens be in- 
creased by 3: since 3 is the number of combinations of 2 in all the preceding 
letters, a, 6, c, and with each two of these the new letter.d may be combined. 

- The number of combinatiors, therefore in this case, is 1-4-3. 

Again, if m be increased by one more, or the number of letters be supposed 
5; then the former number of combinations will be increased by 6, that is, by 
all the combinations of 2 in the 4 preceding letters, a, 6, ¢, d; since, as before, 
with each two of these the new letter c may be combined. 

The number of combinations, therefore, in this case, is 14+3+6. 

Whence, universally, the number of combinations of m things, taken 3 by 3, 
is 14.3-4. 6-10, &c. to m—2 terms, 

\ a m—1l m—2 

But the sum of this series is = es ee “Senn which is the same as the 

x“ 
rule. 

And the same thing will hold, let the number of things to be taken at a time 
be what it will; therefore the number of combinations of m things, taken 7 at a 
time, will be = 
m m—-l m—2 m—3 
—K—~ X —— k ———, ke, fo v terms. 0. F. D. 

a. 


1 2 3 


PROB. 


148 ARITHMETIC. 


%.. 


; PROBLEM VI. 


To find the Number of Combinations of any Given Numbet of 
Things, by taking ony Given Number ata time; in which 
there are several Things of one Sort, several of another, &c. 


RULE. 


Frnp, by trial, the number of different forms which the 
things to be taken at a time will admit of, and the number of 
combinations there are in each. — | | 

Add all the combinations, thus found together, and the sum 
will be the number required. | 


EXAMPLES. 


1. Let the things proposed be aaabbe; it is required to 
find the number of combinations made of every 3 of these 
quantities ? 


Forms. Combinations. 
as “ - ate. 7 ° q | 
ab: arty bia, bles Oke ea 
abe - - ~ eis - 1 


ee 


Number of combinations required = 6 


®. Letaaabbbce be proposed ; it is required to find the 
number of combinations of these quantities, taken 4 at a 


time ? og a ADSL Oe 
3. How many combinations are there inaaaadbbcede, — 
taking 8 at a time ? Ans. 13. 


- 4, How many combinations are there inaaeaaabbbbb 
ececudddeeceefffg, taking 10 ata time? Ans, 2819. 


PROBLEM VIL. 


To find the Compositions of any Number, in ai equal Number 
of Sets, the Things themselves being all different. 


RULE*. 


Murtrety the number of things in every set continually” 
together, and the product will be the answer required. : 





a 





* Demonstr. Suppese there are only two sets; then, it is plain, that every’ 
quantity of the one set being combined with every quantity of the other, will make 
all the compositions, of two things in these two sets; and the number of these 

. eompositions 
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EXAMPLES. 


1. Suppose there are four companies, in each of which 
there are 9 men; it is required to find how many ways 4 men 
may be chosen, one out of each company ? 


9 

81 

9 

729 
9 ! - ¥ 


6561 the Answer. 


Or, 9 x9 *9x9=6561 the Answer. 


2, Suppose there are 4 companies ; ?a one of which there 
‘are 6 men, in another 8, and in each of the other two 9 ; what 
are the choices, by a composition of 4 men, one out of each 


company ? ? Ans, 3888. 
3. How many changes are there in threwing 5 dice ? 


Ans. 7776. 








compositions is evidently the product of the number of quantities in one set by 
that in the other. 


Again, suppose there are three sets; then the composition of two, in any two 
of the sets, being combined with every quantity of the third, will rhake all the 
compositions of three in the three sets. ‘That is, the compositions of two in any 
‘two of the sets, beirig multiplied by the number of quantities in the remaining 
‘set, will produce the compositions of three in the three sets; which is evidently 
the continual product of all the three numbers in the three sets. 


“And the same manner of reasoning will hold, let the number of sets be what 
—itwill. 9. zp. 


The doctrine of permutations, combinations, &c. is of very extensive use in 
different parts of the Mathematics; particularly in the calculation of annuities 
and chances. .The subject might have been pursued to a much greater length: 
but what is here done, will be found sufficient for most of the purposes to which 
things of this nature'are applicable. 


PRACTICAL 
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PRACTICAL QUESTIONS IN ARITHMETIC. 


Quest. 1. The swiftest velocity of a cannon-ball, is about 
2000 feet in a secend of time. Then in what time, at that 
rate, would such a ball be in moving from the earth to the 
sun, admitting the distance to be 100 millions of miles, and the 


year to contain 365 days 6 hours. 


808 
Ans. 843%, years. 


Quest. 2. What is the ratio of the velocity of light to that 
of a cannon-ball, which issues from the gun with a velocity of 
1500 feet per second; light passing from the sun to the earth 
in 71 minutes ? Ans. the ratio of 7822222 to 1. 


Quest. 3. The slow or parade-step being 70 paces per 
minute, at 28 inches each pace, it is required to determine 
at-what rate per hour that movementis? Ans. 1423 miles. 


Quest. 4. The quick-time or step, in marching, being 2 
paces per second, or 120 per migute, at 28 inches each; then 
at what rate per hour does a troop march ona route, and 
how long will they be in arriving at a garrison 20 miles distant, 
allowing a halt of one hour by the way to refresh ? 

‘Avs ; the rate is 3,4; miles an hour. — 
and the time 73 hr. or 7 h. 172 min. 


Quest. 5. A wall was to be built 700 yards long in 29 
days. Now, after 12 men had been employed on it for 11 


366 days, it was found that they had completed only 220 yards of 


»@the wall. It is required then to determine how many men: 


must be added to the former, that the whole number of them 


may just finish the wall in the time proposed, at the same rate _ 
| of working ? Ans. 4 men to be added. 


Quesr. 6. To determine how far 500 millions of guineas 
will reach, when Jaid down in a straight line touching one an- 
other ; supposing each guinea to be an inch in diameter, as it 
is very nearly. _ Ans. 7891 miles, 728 yards. 2 ft. 8 in. 


Quest. 7. Two persons, a and B, being on opposite sides 
of a wood, which is 536 yards about, they being to go round 
it, both the same way, at ‘the same instant of time ; ; A goes at 
the rate of 11 yards per minute, and B 34 yards in 3 minutes ; 
and the question is, how many times will the wood be gone 
round before the Lh overtake the slower ? 

_ Ans. 17 times. 
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Quest. 8. a can do a piece of work alone in 12 hihea and 
& alone in 14; in what time will oe both together perioEm, 


a like quantity of work ? Ans. 6 ;%; days. . 4 4 


Quest, 9. A person who was possessed of a $ chine of a” 
copper mine, sold 2 of his interest in it for 18001 ; what was = 
the reputed value of the whole atthe same rate? Ans. 40001. 


Quesr. 10. A person after spending 20/ more than 1 of - 
his yearly income, had then remaining 30/ more than the half. 
of it ; what was his income ? ‘Ans. 200. 


Quest. 11. The hour and minute hand of a clock are ex- 
actly together at 12 o’clock ; when are ‘they next pogeter 2 
) Ans. 1 ~, hr, or 1 hr ,4 min. 


Quest. 12. If a gentleman whose annual income 1s 15001, 
spends 20 guineas a week ; whether will he save or run in 
debt, and how much in the year ? Ans. save 408/. 


Quest. 15. A person bought 180 oranges at 2 a penny, 
and 180 more at 3 a penny ; after which, selling them out 
again at 5 for 2 pence, whether did he gain or lose by the 
bargain ? _Ans. he lost 6 pence. 


Quest. 14. If a quantity of provisions serves 1500 men 
12 weeks, at the rate of 20 ounces a day for each man; how 
many men will the same provisions mantain for 20 weeks, at 
the rate of 8 ounces a day for each man? Ans. 2250 men. 


Quest. 15. In the latitude of London, the distance round 
the earth measured on the parallel of latitude, is about 15550 
miles ; now as the earth turns round in 23 hours 56 minutes, 
at what rate per hour is the city of London carried by this 


motion from west to east ? Ans. 649 249 miles an hour. 


Quest. 16. A father left his son a fortune, 1 of which he 
ran through in 8 months; 3 of the remainder lasted him 12 
months longer ; after which he had bare $20/ left. What sum 
did the father bequeath his son ? Ans. 19131 63 8d. 


Quest. 17. If 1000 men, besieged in a town with provi- 
sions for 5 weeks, allowing each man 16 ounces a day, be 
reinforced with 500 men more; and supposing that they can- 
not be relieved till the end of § weeks, how many ounces a 
day must each man have, that the provision may last that 
time? Ans. 62 ounces. 


Quast. 18. A younger brother received 8400/, which 
was just 7 of his elder brother’s fortune : What was the fa- 
ther worth at his death ? Ans. 192001, 


Ques7. 


Mes 4 
¢ What did the testator die worth ? Ans. 40001. 
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Quest. 19. A person, looking on his watch, was asked 


what was the time of the day, who answered, It is between — 


5 and 6; but a more particular answer being required, he 
said that the hour and minute hands were then exactly toge- 
ther ; What was the time ? 


“Quest. 20. If 20 men can perform a piece of work in 12 


Ans. 27 3; min. past 5. 


days, how many men will accomplish another thrice as large _ 


in one-fifth of the time ? Ans. 300. 


Quest. 21. A father devised .% of his estate to one of his 
sons, and ,% of the residue to another, and the surplus to-his 


relict for life. ‘The children’s legacies were found to be 5141 


6s 8d different: Then what money did he leave the widow 
the use of? Ans. 12701 1s 912 


eet 29. A person, making his will, gave to one child 


2 of his estate, and the rest to another. When these legacies 
- came to be paid the one turned out 1200/ more than the other : 


Quest. 23. Two persons, a and s, travel between London _ 


"and Lincoln, distant 100. miles, a from London, and 8 from 
», Lincoln, at the same instant. After 7 hours they meet on the 


ik, gage, Foad when it appeared that a had rode 114 miles an hour more 


& ay 


"i 


7 .§ ne thangs. At what rate per hour then did ‘éach of the travellers 


ide ¢ am Ans. a 72, and p 634 miles. 
Pevcer. 24. Two persons, a and 8, travel between Lon- 


ree and Exeter. a leaves Exeter at 8 o’clock in the morn- 
ing, and walks at the rate of 3 miles an hour, without inter- 


mission: ands sets out frem London at 4 o’clock the same 


evening, and walks for Exeter at the rate of, 4 miles an hour — 
constantly. Now, supposing the distance between the two 
cities to be 130 miles, whereabouts on the road will they — 


meet ” Ans. 693 miles from Exeter, 


Quest. 25. One hundred eggs being/placed on the ground 
in a straight line, at the distance of a yard from each other : 


How. far will a person travel who shall bring them one by one 


to a basket, which is placed at one yard from the first egg ? 


Ans. 10100 yards, or 5 miles and 1300 yds. 
Quast. 26. The clocks of Italy go on to 24 hours ; Then | 


how ay strokes do they strike in one complete revolution of 
the index? Ans, 300. 


Quest. 27. One Sessa, an Indian, having invented the 


game of chess, showed it to his prince, who was so delighted 
Sele ees ee Bg shel 
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with it, that he promised him any reward he should ask ; on 
which Sessa requested that he might be allowed one grain of 
wheat for the first square on the chess board, 2 for the se- 
cond, 4 for the third, and so on, doubling continually, to 64 
the whole number of squares. Now, supposing a pint to 
contain 7680 of these grains, and one quarter or 8 bushels to 
be worth 27s 6d, it is required to compute the value of all 
the corn? 
Ans. 64504682162851 17s 3d327579, 

Quest. 28, A person increased his estate annually by 
100/ more than the } part of it; and at the end of 4 years 
found that his estate “amounted ta 103421 3s 9d. What had 
he at first ? Ans. 40000. 


Quest. 29. Paid 1012/ 10s for a principal of 750/, taken 


in 7 years before ; at what rate per cent. per annum did I pay .’ 


interest ? Ans. 5 per cent. 


Quest. 30. Divide 10007 among 4, 8B, c; so as to give A. ‘eo on 


120 more, and B 95 ti than c. 


Ans. a 445, B 230, © 325. 


Quest. 31. A person being asked the hour of the day, 


said, the time past noon is equal to 4ths of the time till mid+ of J 


night. What was the time ? Ans, 20 min. past 5 


Quest. 32. Suppose that I have #3; of a ship worth 12001; 
what part of her have J left after selling 2 2 of 4 of my share, 
and what is it worth ? Ans. gas worth 185i. 


Quest. 33. Part 1200 acres of land among a.8,c; s0 
that e may have 100 more than a, and c 64 more than s. 
. Ans. a 312,8 412, ¢ 476, 


Quest. 34, What number.i is that, from which if there be a 


taken 2 of 3, and to the remainder be added ,% of 53, the » 


16? 

sum will be 10? Ans. 972 
Quest. 35. There is a number which if multiplied by 2 
of 4 of 11, will produce J : what is the square of that se 
15%. 

Quest. 36. What length must be out off a board,8+ inches 
broad to contain a square foot, or as much as 12 inches in 
length and 12 in breadth ” Ans.- 161% inches, 
Quest. 37. What sum of money will amount to 138/ 2s 
6d, in 15 months, at 5 per cent. per annum simple interest ? 


‘Ans. 1502. 
Quest. 38. ‘A father avidin his fortune “haa. his three 
sons, 4, B, C, giving 4 4 as- often asp 3, and c 6 as often as 
B6; 

“oe Se 24 pl ae 
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sn 6; what was the whole legacy, supposing A’s share was 
40001. = ; ! Ans. 9500/. 

Quest. 39. A young hare starts 40 yards before a grey- 
hound, and is not perceived by him till she has been up 40 
seconds ; she scuds away at the rate of 10 miles an-hour, and 
the dog, on view, makes after her at the rate of 18 : how long 
will the course hold, and what ground will be run over, count- 
ing from the outsetting of the dog ? 

Ans. 60,,sec. and 430 yards run. 

Quer! 40. Two young gentlemen, without private for- 
tune, obtain commissions at the same time, and at the age of 
18. One thoughtlessly spends 10/ a year more than his pay ; 


but shocked at the idea of not paying his debts, gives his cre- 


ditor a bond for the money, at the end of every year, and 
also insures his life for the amount ; each,bond costs him 30 
shillings, besides the lawful interest of 5 per cent. uel to in- 
sure his hfe costs him 6 per cent. 

The other, having a proper pride, is determined never to 
run ih debt ; and, that he may assist a friend in need, perse- 
veres in saving 10/ every year, for which he obtains an inter- 


* 


est of 5 per cent. which interest is every year added to his — 


savings, and laid out, so as to answer the effect of compound 
interest. 

Suppose these two officers to meet at the age of 50, when 
each receives from Government 400/ per annum ; that the 
one, seeing his: past errors, is resolved in future to spend no® 
more than he actually has, after paying the interest for what — 
he owes, and the insurance on his life. 

The other, having now something before hand, means in 
future, to spend his full income, without increasing his stock. 

It is desirable to know how much each has to spend per 


annum, and what money the latter has by him to assist the 


distressed, or leave to those who deserve it ? 
Ans, The reformed officer has jo spend 66/ 19s 12-5389d 
per annum. 
The prudent 6fficer has to spend 4371 12s 112° 43794 
per annum. 
And the latter has saved, to dis pose of, 7521 19s 9:1896d. 


END OF THE ARITHMETIC. 
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OF LOGARITHMS.* 


Loocarrrums are made to facilitate troublesome calcu- 
lations in numbers. This they do, because they pérform 
multiplication by only addition, and division by only subtrac- 
tion, and raising of powers by multiplying the logarithm by 
the index of the power, and extracting of roots by dividing 
the logarithm of the number by the index of the root. For, 
Jogarithms are numbers so contrived, and adapted to other 
numbers, that the sums and differences of the former shall 
correspond to, and show, the products and quotients of the 
latter, &c. 4 


Or, more generally, logarithms are the numerical expo- 
nents of ratios ; or they are a series of numbers in arithme- 
/ tical 





. 
. * The invention of Logarithms is due to Lord Napier, Baron of Merchiston, 
in Scotland, and is properly considered as one ef the most useful inventions of 
modern times. A table of these numbers was first published by the inventor at 
Edinburgh, in the year 1614, in a treaties entitled Canon Mirificum Logarithmo- 
rum; which was eagerly received by all the learned throughout‘urope. Mr. 
Henry Briggs, then professor of geometry at Gresham College, soon after the 
discovery, went to visit the noble inventer; after which, they jointly undertook 
the arduous task of computing new tables on this subject, and reducing them to 
a more convenient form than that which was at first thought of. But Lord Napier 
dying soon after, the whole burden fell upon Mr. Briggs, who, with prodigious 
labour and great skill, made an entire Canon, according to the new form, for all 
numbers from 1 to 20000, and from 90000 to 10100, to 14 places of figures, and 
published it at London, in the year 1624, in a treatise entitled Arithmetica Loga- 
rithmica, with directions for supplying the intermediate parts. Th 
This 
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tical progression, answering to another series of numbers in _ 
geometrical progression. 


Th Or dee: 3 4, 5, 6, Indices, or logarithms. 
dis 1, 2, 4, 8, 16, 32, 64, Geometric progression. 


O 0, 1, 2, 8 4, 5, 6, Indices, or logarithms. 
x 1, 3, 9, 27, 81, 243, 729, Geometric progression. 


a 


Or Ou ie aoe 3; 4, 5. Indices, or logs. 
1, 10, 100, 1000, 19006, 100000, Geom. progress. 


Where it is evident, that the same indices serve equally 
for any geometric series ; and consequently there may be an 





- This Canon was again published in Holland by Adrain Vlacq, in the year 
1628, together with the Logarithnas of all the numbers which Mr. Briggs had 
omitted; but he contracted them down to 10 places of decimals. Mr. Briggs 
also computed the Logarithms of the sines, tangeuts, and secants, to every de- 
gree, and centesm, or 100th part of a degree, of the whole quadrant; and an- 
nexed them to the natural sines, tangents, and secants, which he had before com- 
puted, to fifteen places of figures. ‘These Tables, with their construction and use, 
were first published in the year 1633, after Mr. Briggs’s death, by Mr. Henry 
Gellibrand, under the title of Trigonometria Britannica. 


Benjamin Ursinus also gave a Table of Napier’s Logs. and of sines, to every 
10 seconds. And Chr. Wolf, in his Mathematical» Lexicon, says that one Van 
Loser had computed them to every single second, but his untimely death pre- 
vented their publication. Many other authors have treated on this subject ; but 
as their numbers are frequently inaccurate and incommodiously disposed, they 
are now generally neglected. The Tables in most repute at present, are those 
of Gardiner in 4to, first published in the year 1742; and my own Tables in 8vo, 
first printed in the year 1785, where the Logarithms of all numbers may be ea- 
sily found from 1 to 10000000; and those of the sines, tangents, and secants, to 
any degree of accuracy required. . 


» 
Also Mr. Michael Taylor’s Tables in large 4to, containing the common loga« 
xithms, and the logarithmic sines and tangents to every second of the quadrant. 
And, in Franée, the new book of logarithms by Callet; the 2d edition of which, 
in 1795, has the tables still farther extended, and are printed with what are call- 
ed stereotypes, the types in each page being soldered together into a solid mass 

» or block, 


* 
Dodson’s Antilogarithmic Canon is likewise a very elaborate work, and used 
for fintling the numbers answering io any given logarithm 


endless 
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éndless variety of systems of logarithms, to the same common 
numbers, by only changing the second term, 2, 3, or 10, &c. 
of the geometrical series of whole numbers ; and by inter- 
polation the whole system of numbers may be made to enter 
the geometric series, and receive their proportional loga- 
rithms, whether integers or decimals. . 


It is also apparent, from the nature of these series, that if 
any two indices be added together, their sum will be the in- 
dex of that number which is equal to the product of the two 
terms, in the geometric progression, to which those indices 
belong. Thus, the indices 2 and 3 being added together, 
make 8; and the numbers 4 and 8, or the terms correspond- 
ing to those indices, being multiplied together, make 32, which 
is the number answering to the index 5. 


In hike manner, if any one index be subtracted from an- 
other, the difference will be the index of that number which 
is equal to the quotient of the two terms to which those indi-« 
ces belong. Thus, the index 6, minus the index 4, is == 2 ; 
and the terms corresponding to those indices are 64 and 16, 
whose quotient is = 4, whichis the number answering to the 
index 2. 


For the same reason, if the logarithm of any poahes be 
multiplied by the index of its power, the product will be equal 
to the logarithm of that power. Thus, the index or logarithm 
of 4 in the above series, is 2; and if this number be multi- 
plied by 3, the product will be =6; ; Which is the logarithm 
of 64, or the third power of 4. 


And, if the logarithm of any number be divided by the 
index of its root, ‘the quotient will be equal to the logarithm 
of that root. Thus, the index or logarithm of 64 is 6; and 
if this number be divided by 2, the quotient will be = 3 ; 
which is the logarithm of 8, or the square root of 64, 


The logarithms most convenient for practice, are such as 
are adapted to a geometric series increasing in a tenfold pro- 
portion, as in the last of the above forms; and are those 
which are to be found, at present, in most of the common 
tables on this subject. The distinguishing mark of this sys- 
iem of logarithms is, that the index or logarithm of 10 is i; 
that of 100 j is 2; that of 1000 is 3; &c. And, in decimals, 

the 
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the logarithm of «1 is ~1; that of -01 is +2; that of -60! 
is——3; &c. The log. of 1 being 0 in every system. Whence 
it follows, that the logarithm of any number between 1 and 10, 
must be 0 and some fractional parts ; and that of a number — 
between 10 and 100, will be 1 and some fractional parts ; and 
so on, for any other number whatever. And sinee the inte- 
gral part of a logarithm, usually called the Index, or Charac- 
teristic, is always thus readily found, it is commonly omitted 
in the tables ; being left to be supplied by the operator him- 
self, as occasion requires. 


Another Definition of Logarithms is, that the logarithm of 
any number is the index of that power of some other num- 
ber, which is equal to the given number. . So, if there be 
N =rm, then n is the log. of N.; where m may be either posi- 
tive or negative, or nothing, and the root r any number 
‘whatever, according to the different systems of logarithms. 
When nis = 0, then N is = 1, whatever the value of r is ; 
which shows that the log. of 1 is always 0, in every system 
of logarithms. Whena is = 1, then N is =r; so that the 
radix r is always that number whose log. is J, in every 
system. When the radix r is = 2°718281828459, &c. the 
indices n are the hyperbolic or Napier’s log. of the numbers 
N; so that 2 is always the hyp. log. of the number N or 
(2.718 &c.)n. 


But when the radix ris = 10, then the index nm becomes 
the common or Brigg’s log. of the number N: so that the 
eommon log. of any number 107 or N, is nthe index of 
that power of 10 which is equal to the said number. Thus 
100, being the second power of 10, will have 2 for its loga- 
rithm ; and 1000, being the third power of 10, will have 3 
for its logarithm : hence also, if 50 be == 101°69897, then is 
1-69897 the common log. of 50. And, in general, the fol- 
lowing decuple series of terms, 
viz. 104, 103, 103, 10°, 10°, 10-1, 10-2, 10-3, 10-4; 
or 10000, 1000, 100, 10, 1, °1, O01, -001, -0001, 
have 4, 38, Bie ise by 0, —1, —?, -—3, —4, 
for their logarithms, respectively. And from this scale of 
numbers and logarithms, the same properties easily follow, 
as above mentioned. 


PROBLEM 


LOGARITHMS._ 159 


PROBLEM. 


To compute the Logarithm to any of the Natural Numbers 
1, 2, 3, 4, 5, ge. 


~ RULE L* 


Take the geometric series, 1, 10, 100, 1000, 10000, &c. 
and apply to it the arithmetic series, 0, 1, 2, 3, 4, &c. as 
logarithms.—Find a geometric mean between 1 and 10, or 
between 10 and 100, or any other two adjacent terms of the 
series, between which the number proposed lies,—In like 
‘manner, between the mean, thus found, and the nearest ex- 
‘treme, find another geometrical mean ; and so on, till you 
‘arrive within the proposed linnt of the number whose loga- 
rithm is sought.—Find also as many arithmetical means, in 
the same order as you found the geometrical ones, and these 
will be the logarithms answering to the said geometrical 
means. 


¥% 
~ EXAMPLE. 


Let it be required to find the logarithm of 9. 
Here the proposed number lies between 1 and 10. 

First, then, the log of 10 is 1, and the log of Lis 0; 
theref. 1+ 0 = 2=1= +6 is the arithmetical mean, 
and 4/ 101 ==4/ 10 = 3°1622777 the geom. mean. 

hence the log, of 3: 1622777 ig +5. 

Secondly, the log. of 10 is 1, and the log. of 3°1622777 is.:5 ; 
theref. 1 +5 + 2= -75 is the arithmetical mean, 
and ,/ 10 X 3-1622777 = 5-6234132 is the geom. mean ; 
hence the log. of 5°6234132 is *'75. 

Thirdly, the log. of 10.is 1, and the log. of 5-6234132 is -75: 
theref. 1 + -75 — 2 = °$75is the arithmetical mean, 
and ,f 10 X 5°6235132 == 7-4989422 the geom. mean : 

hence the log, 7°4989422 is °875. 

Fourthly, the log. of 10 is 1, and the log, of 7°-4989422 is -875 ; 
theref. 1 4-875 -- 2 = °9375 is the arithmetical mean. 
and ./ 10 X 7-4989422 = 8-6596431 the geom. mean ; 
hence the log, of 8-6596431 is -9375. 





t naneies til 








‘ * The reader who wishes to inform himself more particularly concerning the 
history, nature, and construction of Logarithms, may consult the Introduction te 
my mathematical Tables, lately published, where he will find his curiosity amply 


gratified. 
Pifthly, 


160 LOGARITHMS. 


Fifthly, the log. of 10 is 1 and the log. of 8°6596431 is -9875 ; 
theref. 14:9: 9375 — 2 = -96875 is the arithmetical mean, 


and ,/ 10 X 86596431 =9- 3057204 the geom. mean ; 
hence the log. of 9°3057204 is 96875. 


Sixthly, the log. of 8°6596431 is -9575, and the ne: of 
9-3057204 is °96875 ; 


theref.--9375. eer -96875 —- 2 = -953125 is the arith. mean, 


and ,/ 6: 86596431 X 9°3057204 = 8- 9768713 the geome- 
tric mean ; 
hence the log. of 8:9768713 is 953125. 


And proceeding in this manner, after 25 extractions, it will 
be found that the logarithm of. 8+49999998 is 9542425 ; which 
may be taken for the logarithm of 9, as it differs so little from 
it, that it is sufficiently exact for all practical purposes. And 
in this manner were the logarithms of almost all the prone 
numbers at first computed. 


« 


RULE IL.*~ 


Let 6 be the number whose logarithm is required to be 
found ; and a the number next less than b, so that —a = 1, 
the logarithm of a being known; and let s denote the sum of 
the two numbersa-+ 6. Then 

1. Divide the constant decimal 8685889638 &c. by s, 
and reserve the quotient: divide the reserved quotient by 
the square of s, and reserve this quotient: divide this last | 
quotient also by the square of s, and again reserve the 
quotient: and thus proceed, continually dividing the last 
quotient by the square of s, as long as division can be 
made. 

2. Then write these quotients orderly under one another, 
the first uppermost, and divide them respectively by the odd 
numbers, 1, 3,5, 7, 9, &c. as long as division can be made ; 
that is, divide the first reserved quotient by 1, the second by 
3, the ‘third by 5, the fourth by 7, and so on. 

3. Add all these last quotients together. and the sum will 
be the logarithm of 6 — a; therefore to this logarithm add 
also the given logarithm of the said next less number a, so 
will the last sum be the logarithm of the number 6 proposed. 





%* For the demonstration of this rule; see my Mathematical Tables, p. 109, &e. 


That 
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That is, 
1 | 1 
Low of b is log. ob X (14 — oars) where 
3s? 5s4 736 


2 denotes the edt given decimal :8685889638, &c. 
EXAMPLES. 


Ex. 1. Let it be required to find the log. of number 2, 
Here the given number 0 is 2, and the next less number a is 
1, whose log. is 0; also the sum 24+-1=3=s, and its square 
s2==9. Then the operation will be as follows : 

3.) -868588964| 1 ) -289529654 ( +289529654 
9) :289529654| 3) 32169962 ( 10723321 





9) 32169962] 5) 3574440 714888 
9). 3574440] 7 ) 397160 56737 
9) 397160| 9 ) 44129 4903 
9) 44129] 11 ) 4903 ( 446 
9) 4903/13 ) oe 42 
9) 545/15 ) “i 4 
9 ) 61 ie 


log. of 2 - -301029995 
add log. 1-- -000000000 


ree 


log. of 2 -.+301029995 











Kx. 2. To compute the logarithm of the number 3. 

Here b=3, the next less number a=2, and the sum a+b 
==5=s, whose square s? is 25, to divide by which, always 
multiply by 04. Then the operation is as follows: _ 

‘5 ) -868588964; 1 °173717793 (-173717793 
25) :173717793| 3 6948712 ( 2316237 


95) 6948712] 5 277948 ( 55590 
95) 277948) 7 11118 ( 1588 
25 ) 11118] 9 ) 445 ( 50 
95 ) 445|11 ) 18 ( 2 

18 : —— 





log. of 3 - +176091260 
log. of 2 add -30i029995 


ee 


log. of 3 sought °477121255 











Then, because the sum of the logarithms of numbers, 
ives the logarithm of their product ; ‘and the difference of 
the logarithms, gives the logarithm of the quotient of the 

Vou. I. 22 numbers ; 
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numbers ; from the above two logarithms, and the logarithm 
of 10, which is 1, we may raise a great many logarithms, as 
in the following examples : 


EXAMPLE 3. EXAMPLE 6. 

Because 2 x 2 = 4, therefore|Because 32 = 9, therefore 
tolog. 2. - *3010299952 log. 3 - 47712125455 
add log. 2 - °3010299952| mult. by 2 2 


ep ee 








a 


sum islog.4 °6020599914| gives log. 9 -954242509 








EXAMPLE 4. | EXAMPLE 7. 
Because 2 X 3 = 6, therefore'Because 1° = 5, therefore 
to log. 2  - +*301029995 from log. 10 1:000000000 


add log. 3 - 477121255 | take log. 2 — -3010299952 








I 


_sum is log. 6 °778151250 | leaves log. 5 +6989700042 





ese 








EXAMPLE 5. EXAMPLE 8. 
Betause 2°= 8, therefore Because 3X 4 =12, therefore 
log. 2 - 3010299952] to log. 3 =. *477121255 
mult. by 3 3-| addlog.4 - -602059991 





a 


gives log. 8 °903089987 | gives log. 12 1°079181246 








And thus, computing, by this general rule, the logarithms 
to the other prime numbers, 7, 11, 13, 17, 19, 25, &c. and 
then using composition and division, we may. easily find as 
many logarithms as we please, or may speedily examine any 
logarithm in the table*. ‘i 





* There are, besides these, many other ingenious methods, which later writers — 
have discovered for finding the logarithms of numbers, in a much easier way than 
by the original inventor; but, as they cannot be understood without a knowledge 
of some of the higher branches of the mathematics, it is thought proper to omit them, 
and to refer the reader to those works which are written expressly on the subject. 
It would likewise much exceed the limits of this compendium, to point out all the 
particular artifices that are made use of for constructing an entire table of these 
numbers; but any information of this kind, which the learner may wish to ob- 
iain, may be found in my Tables, before mentioned. 


Description 


~ 


LOGARITHMS. M3 


Description and. Use of the TABLE of LOGARITHMS. 


Havine explained the manner of forming a table of the 
logarithms of numbers, greater than unity ; the next thing to 
be done is, to show how the logarithms of fractional quanti- 
ties may be found. In order to this, it may be observed, that 
as in the former case a geometric series is supposed to increase 
towards the left, from unity, so in the latter case it is sup- 
posed to decrease towards the right hand, still beginning with 
unit ; as exhibited in the general description, page 1 fa, 
where the indices being made negative, still show the loga- 
rithms to which they belong. Whence it appears, that as + 
1 is the log. of 10, so — 1 is the log. of ;!, or 1; and as + 
2is the log. of 100, so, — 2 is the log. of ;1, or ‘O1: and 
so on. 

Hence it appears in general, that all numbers which con- 
sist of the same figures, whether they be integral, or frac- 
tional, or mixed, will have the decimal parts of their loga- 
rithms the same, but differing only in the index, which will 
be more or less, and positive or negative, according to the 
place of the first figure of the number. 

Thus, the logarithm of 2651 being 3°423410, the iog. of 


go> OF zips OF za55, &c. part of it; will be as follows : 


Numbers. Logarithms. 
26 ob: <.. 3°423410 
26 5:1 2°423410 
2 6°5 1 1°423410 
2°65 1 0423410 
2°65: 1 —1°423410 
O265F% (——2'423410 
002651 —3°423410 


Hence it also appears, that the index of any logarithm, is 
always less by 1 than the number of integer figures which 
the natural number consists of ; or it is equal to the distance 


of the first figure from the place of units, or first place of in- - 


tegers, whether on the left or on the right, of it: and this 
index is constantly to be placed on the left hand side of the 
decimal part of the logarithm. , 

When there are integers in the given number, the index is 
always affirmative ; but when there are no integers, the index 
is negative, and is to be marked by a short line drawn before 
it, or else above it. Thus. 


A number haying _—1, 2, 3, 4, 5, &c. integer places, 
the index of its log. is 0, 1, 2, 3, 4, &c. or I less than those 
places. 


And 


od 
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And a decimal fraction having its first figure in the | 
Ist, 2d, 3d, 4th, &c. place of the decimals; has always 

— 1, —2, —3, —4, &c: for the index of its logarithm. 

It may also be ‘observed, that though the indices of frac- 
tional quantities are negative, yet the decimal parts of their 
logarithms are always affirmative. And the negative mark. 
(—) may be set either before the index or over it. 


1. TO FIND, IN THE TABLE, THE LOGARITHM TO ANY NUMBER. 


1. If the given Number be less than 100, or consist of only 
two figures; its log. is immediately found by inspection in 
the first page of the table, which contains all numbers from 
1 to 100, with their logs. arid the index immediately annexed 
in the next column. 

So the log. of 5 is 0698970. The log. of 23 is 1°361728. 
The log. of 50 is 1698970. And so on. 

2. If the Number be more than 100 but less then 10000 ; 
that is, consisting of either three or four figures; the deci- 
mal part of the logarithm is found by inspection in the other 
pages of the table, standing against the given number, in this 
manner ; viz. the. first three figures of the given number in 
the first column of the page, and the fourth figure one of 
those along the top line of it; then in the angle of meeting 
are the last four figures of the Fogarithm, and the first two 
figures of the same at the beginning of the same line ip the 
second column of the page: to which is to be prefixed the 
proper index, which is ein 1 less than the number of in- 
teger figures. 

So the logarithm of 251 is 2°399674, that is, the decimal 
-399674 found in the table, with the index 2 prefixed, be- 
cause the given number contains three integers. And the 
log. of 34°09 is 1°532627, that is, the decimal -532627 found 
in the table, with the index | prefixed, beeause the given 
number contains two integers. 

3. But if the given Number contain more than four figures ; 
take out the logarithm of the first four figures by inspection 
in the table, as before, as also the next greater logarithm, sub: 
tracting the one logarithm from the other, as also their cor¢ 
responding numbers the one from the other. Then say, 

As the difference between the two numbers, 

Is to the difference of their logarithms, 

So is the remaining part of the given number, 

To the proportional part of the logarithm. 


eo ce 


* See the table of Logarithms at flte end of the 2d volume. 


Which 
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Which part being added to the less logarithm, before taken 
out, gives the whole logarithm sought very nearly. 


EXAMPLE. 


To find the logarithm of the number 34:0926. 

The log. of 340900, as before is 532627, 

And log. of 341000 - - is 532754. 

The diffs. are 100 and 127 

Then as 100: 127 :; 26 : 33, the proportional part. 

This added to - - 532627, the first log. 

Gives, with the index, 1-532660, for the log. of 34-0926. 

4. ff the number consist both of integers and fractions, or 
is entirely fractional ; find the decimal part of the logarithm 
the same as if ali its figures were integral ; then this, having 
prefixed to it the proper index, will give the logarithm re- 
quired. — | 

5. And if the given number be a proper vulgar fraction : 
subtract the logarithm of the denominator from the logarithm 
of the numerator, and the remainder will be the logarithm 
sought; which, being that of a decimal fraction, must always 
have a negative index. 
_ 6. But if it be a mixed number ; reduce it to an improper 
fraction, and find the difference of the logarithms of the nu- 
merator and denominator, in the same manner as before. 











EXAMPLES. 

1. To find the log. of 37. 2. To find the log. of 1744 
Log. of 37 - 1-568202/First, 1734 = 495. Then 
Log. of 94 - 1:973128|Log. of 405 — - 2°607455 
—————|Log. of 23. - . 1:361728 
Dif. log. of 22. = =—1-595074 —_——- 

Dif. log. of 1734 == 1°245727 
Where the index 1 is negative. ornate eae tp 
Ii. TO FIND THE NATURAL NUMBER TO ANY GIVEN 
LOGARITHM. 


Tuts is to be found in the tables by the reverse method 
to the former, namely, by searching for the proposed loga- 
rithm among those in the table, and taking out the corres- 
ponding number by inspection, in which the proper number 
of integers are to be pointed off, viz. 1 more than the 
index. For, in finding the number answering to any given 
logarithm, the index always shows how far the first figure 

must 
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must be removed from the place of units, viz. fo the left hand, 
or integers, when the index is affirmative ? but to the right 
hand, or decimals, when it is negative. 


EXAMPLES. 


So, the number to the log. 1°532882 is 34°11. 


teesmene 


And the number of the log. 1°532882 is +3411. 


But if the logarithm cannot be exactly found in the table ; 
take out the next greater and the next less, subtracting the 
one of these logarithms from the. other, as also their natural 
numbers the one from the other, and the less logarithm from 
the logarithm proposed. ‘Then say, _ 

As the difference of the first or tabular logarithms, 

Is to the difference of their natural numbers, 

So is the differ. of the given log. and the least tabular log. 

To their corresponding numeral difference. 

Which being annexed to the Jeast natural number above taken, 
gives the natural number sought, corresponding to the peas 
posed logarithm. 


EXAMPLE. 


So, to find the natural number answering to the given am 
rithm 1:532708. 
Here the next greater and next less tabular logarithms, with 
their corresponding numbers, are as below : 
Next greater 532744 its num. 341000; given log. 532708 
Next less 532627 its num. 340900; next less 532627 











Differences 127 — 100 — 81 











Thén, as 127 : 100 :; 81 : 64 nearly, the numeral differ. 
Therefore 34-0964 is the number sought, marking :¢ two In- 
tegers, because the index of the hig logarithm is 

Had the index been negative, thus 1:532708, its corres- 
ponding number would have been -340965, wholly att 
mal. 


MULTIPLI- 
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MULTIPLICATION BY LOGARITHMS. 
RULE. 


Take .out the logarithms of the factors from the table, 
then add them together, and their sum will be the logarithm 
of the product required. Thon, by means of the table, 
take out the natural number, answering to the sum, for the 
product sought. 

Observing to add what is to be carried from the decimal 
part of the logarithm to the affirmative index or indices, or 
else subtract it from the negative. 

Also, adding the indices together when they are of the 
same kind, both affirmative or both negative ; but subtract- 
ing the less from the greater, when the one is affirmative and 
the other negative, and prefixing the sign of the greater to 
the remainder, , 


EXAMPLES. 
1. To Multiply 23-14 by 2. To multiply 2°581926 
5-062. by 3-457291, 
Numbers, Logs. Numbers. __ Logs. 
23°14-- 1°364363 2°581926 - 0°411944 
5°062 - 0°704322 3°457291 - 0°538736 


Product 117-1347 2-068685 | Prod. 8-92648 - 0-950680 


3. To mult. 3:902 and 597-16 | 4. Tomult. 3°586, and 2°1046, 
and -0314728 ali together. » and 0°8372, and 0:0294 all 


Numbers. Logs. together. 

3°902 - 0°591287 Numbers, Logs, 

597°16 - 2°776091 3°586 ~- 0°554610 

°0314728-——2°497935 2°1046 - 0°323170 
! pnt 0:8372—1°922829 
Prod. 73°3333 - 1:865313 0°0294—2- 468347 





Here the—2 cancels the 2, | Prod. 0°1057618-—~1-268956 
and the 1 to carry from the TS PRETO 
decimals is set down. | Here the 2 to carry can- 
| | cels the—2, and there re- 
‘mains the—1 to set down. 


DIVISION 
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DIVISION BY LOGARITHMS. 
RULE. 


From the logarithin of the dividend subtract the logarithra 
of the divisor, and the number answefing to the remainder 
. will be the quotient required. | 

Observing to change the sign of the index of the divisor, 
from affirmative to negative. or from negative to affirmative ; 
then take the sum of the indices if they be of the same name, 
or their difference when of different signs, with the sign of 
the greater, for the index to the logarithm of the quotient. 

And also, when 1 is borrowed, in the left-hand place of 
the decimal part of the logarithm, add it to the index of the 
divisor when that index is affirmative, but subtract it when 
negative ; then let the sign of the index arising from hence 
be changed, and worked with as before. 


EXAMPLES. 
1. To divide 24163 by :4567. |2. To divide 37:149 by 523-76 . 
Numbers. Logs. Numbers. Logs. 


Dividend 24163 - 4:383151 |Dividend 37-149 - 1:569947 
Divisor - 4567 - 3:659631 |Divisor 523:76 - 2°719132 


Quot. 5:29078, 0°723520 |Quot. -0'709275 — 2-850815 


SSS Sea ee eT 


3. Divide -06314 by -007241 |4. To divide ‘7438 by 12°9476 | 
Numbers. Logs. Numbers. Logs. 

Divid. :06314 — 2-800305 |Divid. +7438 —1:871456 

Divisor °007241 — 3:859799 |Divisor 12-9476 1-112189 


Quot. 8°71979  0-940506 |Quot. -057447 — 2°759267 








Here 1 carried frorm the} Here the 1 taken from the 
decimals to the — 3, makes it|—1, makes it become —2, to 
become —2, which taken from|set down. 
the other--—2, leaves O re- 
maining. 








Note. As to the Rule-of-Three, or Rule of Proportion, 
it is performed by adding the logarithms of the 2d*and 3d 
terms, and subtracting that of the first term from their sum. 
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INVOLUTION BY LOGARITHMS. 
RULE. * 


Taxe out the logarithm of the given number from the ta- 
ble. Multiply the log. thus found, by the index of the power 
proposed. Find the number answering to the product, and it 
will be the power required. | 


Note. In multiplying a logarithm with a negative index, by 
an affirmative number, the product will be negative. But 
what is to be carried from the decimal part of the logarithm, 
will always be affirmative. And therefore their difference 
will be the index of the product, and is always to be made of 
the same kind with the greater. ee 


peri EXAMPLES.. 
1. To square the number 2. To find the cube of 
2°5791. 3°07 146. 
Numb. Log. Numb. Log. 
Root 2°5791 - - 0411468 | Root 2-07146 - - - 0:-487345 
The index - - 2 The index -.- - 3 





Power 665174 0:822936 | Power 28-9758  1-462035 


omen 








3. To raise 09163 tothe 4th | 4. To raise 1-0045 to the 








power. 365th power. | 
Numb. Log. - Numb. ~~ Log. 
Root 09163 —2-962038 | Root 1:0045 - - 0-001950 
Theindex - - 4 The index - - 365 
Pow. -000070494—5-848152 ‘7 : 9750 
see ee ae J 11700 
Here 4 times the negative 5850 





index being —8, and 3 to car- | 
ry, the difference —5 is the | Power 5°14932* 7 OTE 1750 


index of the product. 





* This answer 5-14932 though found strictly according to the general rule, is 
not correct in the last two figures 32; nor can the answers to such questions relat- 
ing to very high powers be generally found true to 6 places of figures by the ta- 

_ ble of logarithms in this work : if any power above the hundred thousandth were 
required, not one figure of the answer found by the table of logarithms here given 
could be depended on. aes 

The logarithm of 1-0045 is 00194994108 true to eleven places, which multiplied 
by 365 gives -7117285 true.to 7 places, and the corresponding number true to 7 
place is 5°149067, Ed. 
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EVOLUTION BY LOGARITHMS. 


Taner the log. of the given number out of the table. 


Divide the log. thus found by the index of the root. 


Then | 


the number answering to the quotient, will be the root. 


Note. ‘When the index of the logarithm, to be divided, 
is negative, and does not exactly contain the divisor, without 
some remainder, increase the index by such a number as 
will make it exactly divisible by the index, carrying the units 
borrowed, as so many tens, to the left-hand place of the deci- 
mal, and then divide as in whole numbers. 


Ex. 1. To find the square root 
of 365. 
Numb. Log. 
Power 365 2) 2°562293 
Root 19-10496 1-2811462 








Ex. 3. To find the 10th root 


of 2 
Numb. Log. | 
Power 2 - - 10) 0°301030. 
Root 1:071773 





0°030103 


Ex. 5. To find ./ 093. 
Numb. Log. 
Power ‘093 2) 9.968483 
Root *304959 =~ 1:4842411 


Here the divisor 2 is con- | 
tained exactly once in the ne- 
gative index — 2, and there- | 


fore the index of the quotient 
is —1, 


Ex. 7. To find 3:1416 X 8 





Ex. 2. To find the 3d root of 


Power 


§- 
12345 3) 4091491. 
Root 


23-1116 1*3638302 © 








Ex. 4. To find the 365th root 
of 1:045. - | 

Numb. Log. - ~ 

Power 1:045 365 )0:019116 

Root 1-000121 0-0000525 








Ex. 6. To find the 3/ 00048. 
Numb. Log, | 
Power 00048 3)—4-681241 
Root "0782973 —-2°893747 


Here the divisor 3 not being: oinet: 
ly contained in —4, it is‘augmented b 
2, tomake up 6, in which the divisor 
contained just 2 times ; then the 2, thus 
borrowed, being carried to the decimal 
figure 6, makes 26, which divided ‘ie a 
gives 8, &e. 


eRe Gad 0a0ie X78 3°X gee 
Ex. 9. As ‘7241 : 3°58 3: 20°46: ? 
Ex, 10.A8 4/ 724 : af $3 37 6:927 =? 
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ALGEBRA. 


DEFINITIONS AND NOTATION. 


1. ears is the science of computing by idols It 
is sometimes also called Analysis ; and is a general kind of 
arithmetic, or universal way of computation. 

2. In this science, quantities of all kinds are represented 
by the letters of the alphabet, And the operation to be per- 
formed with them, as addition or subtraction, &c. are denoted 
by certain simple characters, instead of being expressed by 
words at length. 

3. In algebraical questions, some quantities are known or 
given, viz. those whose values are known : and others un- 
known, or are to be found out, viz. those whose values are 
not known. The former of these are represented by the 
* Jeading letters of the alphabet, a, b,c, d, &c. ; and the latter, 
or unknown quantities, by the final ‘letters, 2, Y, 2, u, &e. 

4, The characters used to denote the i chegocrt are chiefly 
the following: 

-+- signifies addition, and is named plus. 

— signifies subtraction, and is named minus. 

% or . signifies multiplication, and is named into. 

~~ signifies division, and is named by. 

of signifies the square root ; 3/ the cube root; 4/ the 4th 
root, &c. ; and 2/ the nth root. 

_ 322: signifies proportion. 
_ = signifies equality, and is named equal to. 

And so on for other operations. 

Thus a--6 denotes that the number represented by 0 is to 
be added to that represented by a. 

a@—b denotes, that the number represented by 0 is to be 
subtracted from that represented by a. 

aw 6 denotes the difference of a and b, when it is not known 
which is the greater. 

ab, or a X b, or a.b, expresses the product, by multiplica- 
tion, ‘of the numbers represented by a and 6. ee 

ab, 
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a@ 3 
a <= b, or>-, denotes, that the number represented by a is 


to be whe by that which is expressed by 6. 
a:b: c: d, signifies that a is in the same Proppriion to b, 
as c is to L. , 

z= a—b-++c is an equation, expressing that 2 is equal to 
the difference of a and 6, added to the quantity c. 

a> signifies that a is greater than 6. 

a<b signifies that a is less than 6. 


1 i 
af 4, or a®, denotes the square root of a; 2/a, or a®, the 
2 
cube root of a; and 3/a? or a* the cube root of the square of 
ar ' 
a; also”/ a, ora”, is the mth root, of a; and %/ a” PE te is 


the nth power of the mth root of a, or it 1s a to the m m “power. 
a? denotes the square of a: a3 the cube of a; a4 the fourth 
power of a; anda" the nth power of a. 


a+6 Xc, or (a-+b) ¢ ce, denotes the product of the anarieend 
quantity a + b multiply by the simple quantity c. Using the 
bar , or the parenthesis () as a vinculum, to connect 
several simple quantities into one compound. : 





- | 
ap iy ae a—b or ——p expressed like a fraction, means ihe . 


quotient o of a+6 divided by a—b. 
,/ab+ed, or (ab+ce4)2, is the square root of the compound 


quantity ab-+-ed. Ande 4/ ab + -cd, ore (ab + ed\s , denotes 
the product of c into the square root of the compound quan- 
tity ab+ed. 





a+b—c, “or (a-+-b—c)3, denotes the cube, or third power, 
of the compound quantity o--b—c. 
3a denotes that the quantity a is to be taken 3 times, and 4 
(a+b) is 4 timesa-++-6. And these numbers, 3 or 4, showing 
how often the quantities are to be feken, or multiplied, are 
called Co-efficients. 
Also 3a denotes that x is multiplied ~ 2; ; thus 2 x a OF 
ti 
5. Like Quantities, are those which consist of the same 
letters. and powers. As a and 3a; or 20b and 4a6 ; or 3a? be 
and —5a? be. 
6. Unlike Quantities, are those which consist of different 
letters, or different powers. As aand6; or 2a and a7; or | 
3ab? and 3abe. She | 


09 
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7. Simple Quantities, are those which consist of one term 
only. As 3a, or 5ab, or 6abe?. 

8. Compound Quantities are those which consist. of two or 
more terms. As a-++b, or 2a—3c, or a-++-2b—3c, 

9. And when the compound quantity consists of two terms 
it is called a Binomial, as a-+-6; when of three terms, it is a 
Trivomial, as a-+26—-3c ; when of four terms, a Quadrino- 
mial, ‘as 94—-3b-be-— 4d: ; and soon. Also, a Multinomial or 
Polynomial, consists of many terms. 

10. A Residual Quantity, is a binomial having one of the 
terms negative. As a—20. 
11. Positive or Affirmative Quantities, are those which 
are to be added, or have the sign +. Asaor +a, or ab: for 
when a quantity is found without a sign, it is understood to be 
positive, or have the sign -} prefixed. 

12. Negative Quantities, are those which are to be sub- 
tracted. As—a, or-2ab, oredab?. 

13. Like Signs, are either all positive (+-), or all nega- 
tive (—). 

14. Unlike Signs, are when some are positive (-+), and 
others negative (—). | 

15. The Co-efficient of any quantity, as shown above, is 
the number prefixed te it. As 3, in the quantity 3ab. 

16 The Power of a quantity (a), is its square (a2), or 
cube (a), or biquadrate (a*), &c ; called also, the 2d power, 
or 3d power, or 4th power, &c. 

17. The Index or Exponent, is the nnmber. which denotes 
the power or root of a quantity. So 2 is the exponent of the 
square or second power a? ; and 3 is the index of ne cube 


or 3d power ; and 3 is the index of the square root, a? or af 


a; and 1 is the piles of the cube root, az, or 3/a. 
‘18. A Rational Quantity, is that which hi no radical sign 
(Vv) or index annexed to it. As a, or 3ab. 


~19. An Irrational Quantity, or Surd, is that of which the 
value cannot be accurately expressed in numbers, as the - 
Square roots of 2,3, 5. Surds are commonly expressed by 
means of the radical sign 4/, as 4/2, «/a, Vaz, or ab?. 

20. The Reciprocal of any quantity, is that quantity in- 
verted, or nity. divided by it. So, the reciprocal of a, or 


a he] 1 f Y e ° i 
7 b> ee the reciprocal of2 en 18 se 
i a b e 


21. The 
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21. The letters by which any simple quantity is expressed, 
may be ranged according to any order at pleasure. So the 
product of a and 4, may be either expressed by ab, or ba; 
and the preduct of a, b,-and c, by either abc, or aeb, or bac, 
or dca, or cab, or cha; as it matters not which quantities are 
placed or multiplied first. But it will be sometimes found 
convenient in long operations, to place the several letters ac- 
cording to their order in the alphabet, as abc, which order 
also occurs most easily or naturally to the mind. 

22. Likewise, the several members, or terms, of which a 
compound quantity is composed, may be disposed in any or- 
der at pleasure, without altering the value of the signification 
of the whole. Thus, 3a—2ab-+-4abe may also be written 
3a+4abc—2ab, or 4abce+-3a—2ab, or —2ab4-3a--4abe, &c; 
for all these represent the same thing, namely, the quantity 
which remains, when the quantity or term 2a6 is subtracted 
from the sum of the terms or quantities 3a and 4abe. But it 
is most usual and natural, to begin with a positive term, and 
with the first letters of the alphabet. 


SOME EXAMPLES FOR PRACTICE. 


In finding the numeral values of various expressions, or 
combinations, of quantities. 


Supposing a=6, and b=5, and c=4, and d=1, and e=0. 
Then 

1. Will a? +3ab—c? =36-+90—16=110. | 

2. And 2a? —3a2b+-c2=432—640+64>——44, 

3. And a? Xa--b—2abc=36 X11 —240=156. 

ene ; 
4. And 5 4-¢2 = =*T + 16H 12+ 16=28, 
5. And Sashes or 2ac-+-c2 } Hehe 
be 

6. And ae ts 
, Vet Te 2a, peg? aie 245 
a?—./b?—ac 36—1 35 


1. An Cow 2a— ./p2 parry OE pres ve 


8. And fo? —a —ac+,/acbe? =14+8=9. | 
9. And ./b? —ac+-,/2ac-+-c? =,/25—244+8=3. 
10. And a?b-+-e—d=183. - | 
11. And 9ab— 1062 -+-c=24. 
12. And 
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ab 
12. And —— xX d = 45. 


a26 
15. And Ria ob e= 45. 





gah 
16. And ar KOO... 
17. And b—c Xd~e= 1, 
18. Anda+b —c—d= 68. 
(19. Andat+b—c—d=6. 
20.. And a?c X d3 = 144. 
21. And acd—d = 23. 
22, And ate+b2e-+-d=1. 


b—e a+b 
23. And SPS APOIO Nog 


@4, And /a?--b? —,/a? —b? =4:4936249. 
35. And 3ac? +-3/a3 —b3=292-497949. 
26. And 4a? —3a,/a? —3Zab = 72. 


—==——— 
ADDITION. 


Appitron, in Algebra, is the connecting the quantities to- 
wether by their proper signs, and incorporating or uniting inte 
one term or sum, such as are similar, and can be united. As, 
' Sa4-2b—2a=a+2b, the sum. 

The rule of addition in algebra, may be divided into three 
cases: one when the quantities are like, and their signs like 
also ; a second, when the quantities are like, but their signs 
unlike ; and the third, when the quantities are unlike. Which 
are performed as follows.* | dyes 


aa 





® The reasons on which these operations are founded, will readily appear, bya 
little reflection on the nature of the quantities to be added or collected mentee: 
or 
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CASE I. 


+ 


When the Quantities are Like, and have Like Signs. 


App the co-efficients together, and set down the sum i 
after which set the common Jetter or letters of the like quan- — 
tities, and prefix the common sign ++ or —. 








For, with regard to the first example, where the quantities are 3a and 5a what- 
ever a represents in the one term, it will represent the same thing in the other ; 
so that three times any thing and 5 times the same thing, collected together, must 
needs make 8 times that thing. As if a denote a shilling ; then 3a is 3 shillings; 
and 5a is 5 shillings, and their sum 8 shillings. In like manner, —2ab and —7ab, 
ad —2 times any thing, and —7 times the same thing, make —9 times that 
thing. ; We 


As to the second case, in which the quantities are like, but the signs unlike ; 
the reason of its operation will easily appear, by reflecting, that addition means 
only the uniting of quantities together by means of the arithmetical operations 
denoted by their signs +4- and —, or of addition and subtraction ; which bein 
of contrary or opposite natures, the one co-efficient must be subtracted from the 
ether, to obtain the incorporated or united mass. | 


As to the third case, where the quantities are unlike, it is plain that such quan- 
tities cannot be united into one, or otherwise added, than by means of their signs ; 
thus, for example, if.@ be supposed to represent a crown, and 6 a shilling; then 
the sum of a and 6 can be neither 2a nor 24, that is neither 2 crowns nor 2 shil- 
lings, but only 1 crown plus 1 shilling, that is a--8. 


In this rule, the word addition is not very properly used; being much too li- 
mited to express the operation here performed. .The business of this operation _ 
is to incorporate into one mass, or algebraic expression, different algebraic quan- 
tities, as far as an actual incorporation or union is possible ; and to retain the al- 
gebraic marks for doing it, in cases where the former is not possible. When we 
have several quantities, some affirmative and some negative; and the relation of 
these quantities can in the whole or in part be discovered; such incorporation of 
two or more quantities into one, is plainly effected by the foregoing rules. 


It may seem a paradox, that what is called addition in algebra, should some- 
times mean addition, and sometimes subtraction. But the paradox wholly arises 
from the scantiness of the name given to the algebraic process; from employmg 
an old term ma new and more et kas sense, Instead of addition, call it in- 
corporation, or union, or striking a balance, or any name to which a more exten- 
sive idea may be annexed, than that which is usually implied by the word addi- 
tion; and the paradox vanishes. ? Ae ee 

Thus, 


ADDITION. 


Thus, 3a added to 5a, makes 8a. 
And —2ab added to —7ab, makes —9ab. 
And 5a+-7b added to 7a+-3b, makes 12a-+-108, 


OTHER EXAMPLES FOR PRACTICE. 




















3a — Sha 
9a == 5ba 
5a. —4hz 
12a —2bx 
a — Thx 
2a om | Bee 
32a oe 22bx 
3z 3x? + Sry 
Yz za xy 
42 Qu?2-+-4ary 
z 5a? -+-2ry 
‘62 4x2-+-32ry 
152 1523+ ldzy 
axy — 12y? 
l4zy — Ty? 
Q2Qay — 2y? 
17xy — dy? 
lpacy —_— y3 
oxy — 3y? 


30—132? —32y 
23 — 102? — day 


10 ~ 16x22 —52y . 


16—20x?— xy 


(Meee sree 


bxy 
bay 
5bay 
bry 
Shay 
6bxry 





18bzry 





2ax— 4y 
4uxz— y 

ar By 
5ax— 5y 
Fax — 2y 





19a¢—15y 


ae oe 


4a—4b 
5a— 5b 
6a— b 
3a — 26 
2a—7b 
8a— b 


ate eentckt. 


5xy— 3x-+-4ab 
8xy —4a+-3ab 
3xy—5a-+5ab 

xy—2x-+- ab 
4ry— a-+Tab 


ener eta Se tr 


i749 


sy 
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CASE Il. 


_ When the Quantities are Like, but have Unlike Signs ; 


App the affirmative co-efficients into one sum, and all the 
negative ones into another, when there are several of a kind. 
Then subtract the less sum, or the less co-efficient, from the 
greater, and te the remainder prefix the sign of the greater, 
and subjoin the common quantity or letters. 


So + 5a and — 3a, united make + 2a. 
And — 5a and + 3a, united, make — 2a. 


OTHER EXAMPLES FOR PRACTICE. 














i 
09 
=} 
8 
ty) 


% 
2 
& 

& 


ak 
Dor 

R 8 

8 8 & 
Lo] bo nwt bo fmt 





4+-3ax? 
+4ax? 
— 8ax2 














+ 8x3-+3y 


— 5x3+-4y- 
— 1623+ 5y 


+ 30° —Ty 
+ 2x3 —2y 


—8x3-+3y 








+4ab-+ 4. 


— 4ab-+-12 
+-7ab —14 
+ ab+ 3 
—5ab—10 





Se Seibee 


1 
+3y+-4ax? 
— y—5ax? 
+ 4y+2ax? 
— 2y4+-6ax? 








CASE. 


ADDITI 


ON. 


CASE Ill. 


When the Quantities are Unlike. 
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Havine collected together all the like quantities, as in the 
two foregoing cases, set down those that are unlike, one after 


another, with their proper signs. 


3axy 
2ax 
—5zxy 
6ax 








—2ry + 8ax 





9x? y 
—TEe7y 
+3ary 
—Azty 









































EXAMPLES, 
Gay—122? 4ar—130-+32% 
— 4x2 +32y 522 +-3ax-+9a2 
4a? —Qay Txy —422-+-90 
—3ary +422 f/x+40 —6x? 
4xry —8x3 ‘Tax +822 +- Tay 
14ax— 2x? 9+4-10,/ax— 5y 
5axr-+ 3xy 22+ T./xy+5y 
8y2—4axr y+ 3,far—4y 
3x? +26 10— 4,/ar-+-4y 








A,/ x— 3y 
2.f xy + 14x 
3a + 

















Sa2-+- 9 + a2—4 
Qa — 8 +2a?—3x 
4x72 —2a2--18 —7 
—12 + a —3x?—2y 


ene AT EE 

















Add a+-b and 3a—56 together. 

Add 5a—8« and 3a—4a together. 

Add 62—5b--a+-8 to —5a—4«+4b—3. 

Add a+2b—3c—10 to 3b —4u-+-5c+10 and 5b—c. 
Add a+6 and a—b together. 
Add 3a+-b—10 to c~d—a and —4c+2a—3b—7. 
Add 3a? +-b? — c to 2ab —3a2-+-be—b. 

Add a?+-6?¢-~b? to ab2—abec-+-b?. 


Add 9a— 8b 


+10r—6d— 7c + 50 to 27 ~ 3a—— 5c + 4b + 6d 
—10. : : 


SUBTRAC- 


480 ALGEBRA, 


SUBTRACTION. 


Sr down in one line the first quantities from which the 
subtraction is to be made; and ubderneéath them place all the 
other quantitiés composing the subtrahend : ranging the like 
quantities under each other as in Addition. — 

Then change all the signs (-++ and —) of the lower line, or 
conceive them to be changed ; after which, collect all the terms 
together as in the cases of Addition.* 


























EXAMPLES. 
From 7a? —3b 9x2-—4y+8 8xy-——S-+-6e— 4 
Take 3a? — 8b 622 -+-5y—4 Ary—T—62—4y 
Rem. 4a? +-5b 3x? —9y+-12 4xy+4+ 120+ Sy 
From Sry—6 4y? —3y—4 —20—61—5axy 
Take-2ry-+-6 Qy2 +2y-+-4 Sry—9a+ 8—2ay 
Rem. Tay —12 Qy2 —5y—8 es ei Sxy-+- 2ay 





ea 





om TNT 








From 822y—6 5 fay Qa /ry Ta? +-2./x2— 18-+36 
Take—2¢ y+2 Tf xy+3—2xy 9x79 — 12 +5b+at 








ee — Sree or en eon 





Rem. 


=e ee ee ae See esse SSS SS eee tees ten ee Se 








* This rule is founded on the consideration, that addition and subtraction aré 
opposite to each other in their nature and operation, as are the signs 4 and =, 
by which they are expressed and represented. So that, since to unite a negative 
quantity with a positive one of the same kind, has the effect of diminishing it, or 
subducting an equal positive one from it, therefore to subtract a positive (which 
is the opposite of uniting or adding) is to add the equal negative quantity. In 
like manner, to subtract a negative quantity, is the same in effect as to add or 
unite an equal positive one. So that, by changing the sign of a quantity from 4- 
to —, or from — to +, changes its nature from a subductive quantity to an ad- 
ttitive oye ; and any quantity is in effect subtracted, by barely changing its sign. 


5ry 


MULTIPLICATION. is? 


5xy—30 7x3—2(a+6)  3ary? +-200,/(ry-+10) 
Wxy—50 Qa? —4(a+b) 4x2 y? + 12a./(ay-+ 10) 


— 

















From a+, take a—6. 
From 4a-+-46, take b-++a. 
From 4a—46, take 3a+-5b. 
From 8a— 12x, take 4a ~ 3x. 
From 27 ~— 4a— 2b-+5, take 8—~5b+-a4-6x. 
From 3¢+6+c—d—10, take c+2a—d. 
From 3a+b+c—d— 10, take 6 — 19-++-31., 
‘From 2ab-+-b? —4c+be—b, take 3a2—c-+6?. 
From a?+362c-++-ab2 —abc, take 6? +-ab? —abc. 
From 12x2-+6a—4b-+-40, take 4b6—3a-+-47-++- 6d — 10. 
From 2x —3a+4b + 6c -— 50, take 9a-+-27-+6b —6c-~ 40 
From 6a— 4b— 12c-+- 122, take 21—84+46— 5c. 


MULTIPLICATION. 


This consists of several cases, according as the factors are 
simple or compound quantities. 


CASE I. When both the Factors are Simple Quantities ; 


First multiply the co-efficients of the two terms together, 
then to the product annex all the letters in those terms, which 
will give the whole product required. 

_ Note.* Like signs, in the factors, produce + and unlike 
signs —, in the products. 


EXAMPLES, 








* That this rule for the signs is true, may be thus shown. 
1. When ++ ais tobe multiplied by 4+ c; the meaning is, that + a 4s to be 
taken as many times as there are units inc; and since the sum of any number 


of positive terms is positive, it follows that 4. a X -+- cmakes -- ac. 
2. When 
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EXAMPLES. 
10a = 3a 7a 
26 +26 —Ac —4a 
20ab —6ab = 28a | +240x 
4ac 9a2z. ae Qty ~4Axy 
a 3ab 4a 3xy? — xy 
— 12a2be 36a? x? —6r2y3 +- 4a? 4? 
— 3axr — ax +3ay —Saryz 
4x —6c —4 — Sar 
Cg 
CASE Il. if 


When one of the Factors is a Compound Quantity. 


Muutie.ty every term of the multiplicand, or compound 
quantity, separately, by the multiplier, as in the former case ; 
placing the products one after another, with the proper signs ; 
and the result will be the whole product required. S: 








2. When two quantities are to be multiplied together, the result will be exactly 
the same, in whatever order they are placed; for @ times c is the same as c times 
a, and therefore, when — a is to be multiplied by +c, or -- c by —a, this is 
the same thing as taking — a as many times as there are units in -. c; and as 
the sum of any number of negative terms is negative, it follows that — a x + ¢, 
or +--+ a K —c make or produce — ac. ; 

3.. When — a is to be multiplied by — c: here — a is to be subtracted as often 
as there are unitsin c: but subtracting negatives is the same thing as adding 
affirmatives, by the demonstration of the rule for subtraction ; consequently the 
product is ¢ times a, or +4- ac. . 

Otherwise. Since a—a=0Q, therefore (a—a) XK —c is also=0, because 
0 multiplied by any quantity, is still but 0; and since the first term of the produet, 
or @  —™ cis==— ac, by the second case; therefore the last term of the pro- 
duct, or — a X — ¢, must be -+ ac, to make the sum = 0, or — ac + ac =0; 


that is, —= a —¢ = ac. 
setyet a EXAMPLES. 























MULTIPLICATION. 
































EXAMPLES. 
5a——3¢ 3ac—46 — 
2a 3a 
10a? —6ac 9a? c—12ab | 
12%—2ac 25c— 76 
4a —2a 
Se? +x 10x? — 3y? 
Ary —4r? - 
CASE III. 
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9a2 —3c+5 


bc 








GISELE D 


~ Ga2be ~3be2 +5be 


EES 





4x ~-b6-+-3ab 
2ab 








= 





3a? =r? ~ 6b 
Qax? 











When both the Factors are Compound Quantities ; 


Muutiety every term of the multiplier by every term of 
the multiplicand, separately ; setting down the products one 
after or under another, with their proper signs ; and add the 
several lines of products all together for the whole product 
required,. | 










































































a+b 3a-+-2y 2x? -xry—2y? 
a+b Ax — by 3a — 3y 
a? --ab 12a? + 8ary : 623 -+-322y = 6xy? 
--ab-+-b? — loxy— 10y? — 6224 —3xy? +6y* 
a? +-2ab-+-b2 1202 —Try—10y? 6x3—3x32y— Ixy? +6y? 
a+b 2 -+-y a? +-ab+-6? 
amb x? Ly a—b 
a*+-ab_ xt -yx? | a? a2b+ab? 
— ab —b2 ‘ : +yx2?-+-y? 2h mab? —b? 
a? * $2 xe*+-Qyr+-y? as eo a bF 














tie 


Note, 
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Note. In the multiplication of compound quantities, it is 
the best way to set them down in order, according to the 
powers and the letters of the alphabet. And in multiplying 
them, begin at the left hand side, and multiply from the left 
hand towards the right, in the manner that we write, which 
is contrary to the way of multiplying numbers. But in set- 
ting down the several products, as they arise, in the second 
and following lines, range them under the like terms in the 
lines above, when there are such like quantities ; which is 
the easiest way for adding them up together. 

In many cases, the multiplication of compound quantities - 
is only to be performed by setting them down one after 
another, each within or under a vinculum with a sign of mul- 
tiplication between them. As (a+b) X (a—6) X 3ab, or 
a+b . a—b. 3ab. 


EXAMPLES FOR PRACTICE. 


i. Multiply lOac by 2a. | Ans. 20a?c, 
2. Muitiply 3a2~%b by 36. Ans. 9a*b— 6b?. 
3. Multiply 3a+26 by 3a—2b. Ans. 9a? — 462. 
4, Multiply «?—xy+y? by x+y. Ans. 23-+y?. 
5. Multiply a3+-a26-+-ab2-+-53 by a—b. Ans. at—d‘, 
6. Multiply a?-+-ab-++b? by a? --ab-+6?. 

7. Multiply, 32? —22y-++5 by 2?-+42ay—-6. 

8, Multiply 3a? —2ar+-52? by 3a? —4ax—‘7ax?. 

9, Multiply 323+ 2224? +3y3 by 225 —3x7y? +-3y%, 
10. Multiply a*-+-ab-+b? by a—26. 


DIVISION. 


Divisrow in Algebra, like that in numbers, is the conversé 
of multiplication ; and it is performed like that of numbers 
also, by beginning at the left hand side, and dividing all the - 
parts of the dividend by the divisor, when they can be so 
divided ; or else by setting them down like a fraction, the 
dividend over the divisor, and then abbreviating the fraction 
as touch as can be done.’ This will naturally divide into the 


following particular cases. 
ee CASE 
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CASE 1. 
When the Divisor and Dividend are both Simple Quantities ; 


Ser the terms both down as in division of numbers, either 
the divisor before the dividend, or below it, like the deno- 
minator of a fraction. Then abbreviate these terms. as 
much as can be done, by cancelling or striking out all the 
letters that are common to them both, and also dividing 
the one co-efficient by the other, or abbreviating them after 
the manner of a fraction, by dividing them by their common 
measure, | | | 

Note. Like signs in the two factors make + in the quo- 
‘tient ; and unlike signs make—; the same as in multipli- 
cation*, 


EXAMPLES. 


1. To divide 6ab by 3a, 


Here 6ab — 3a or 3a) 6ab ( ore = 2h, 


’ 


c abe o 
z. Also ¢ em 1; and were ay i? 
3. Divide 16x? by 8a. | Ans. 22. 
4. Divide 12a?z2 by — 3a?x. | Ans. — 42. 
5. Divide —-~ 15ay? by 3ay. _ Ans. — 5y. 
i es : 9xy 
' 6. Divide ~ 18ax?y by—8azz, cys th Ans. oe 





* Because the divisor multiplied by the quotient, must produce the dividend, 
Therefore, : 

1., When both the terms are -}-, the quotient must be ++ ; because ++ in the 
divisor % + in the quotient, produces + in the dividend. Bk 

2. When the terms are both—, the quotieut is also 4-; because—in the divi- 
80r y¢ -- in the quotient, produces — in the dividend. —__ 

3. When one term is -- and the other —, the quotient must be —; because + 
in the divisor % — in the quotient produces — in the dividend, or—in the divi- 
sor, X -$ in the quotient gives—in the dividend. siete 

So that the rule is general; viz, that like signs give --, and unlike signs give 
«=~, In the quotient. AES 


Vor I, 25 ‘ GASE 
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CASE IL 


When the Dividend is a Denpound aida and the Divison a 
Simple one : 


Divine every term of the dividend by the Aivisor, as in 
the former case. 


EXAMPLES. 


oh } 7: , 
1. (ab-+b2)-2-28, Sad ck = OP yap yp. 





26 
aia 15az 








yee (100b +1502) 5a, or =2b-|-32. 


ne abe 


9 


. (30az—48z)—~z, or 








=30a— 48, 
z 

. Divide 6ab—8ax-+-a by 2a. © 

. Divide 323 —15+6a-+6a by 3x. 

. Divide 6abc-+-12abr—9a?b by 3ab. 

. Divide 10a2a%—15a* —25z by 52x. 

. Divide 15a2bc— 15acx? -+-bad? by —b5ac. 

. Divide 15a-+-3ay— 18y? by 21a. 

. Divide —20ab-4-60ab* by —-6ab. 


QO OGHO> 


=i 


CASE Tif. 
When the Divisor and Dividend are both Compound Quantities ; 


. Ser them down as in common division of numbers, 
ine ‘divisor before the dividend, with a small curved line 
between them, and. ranging the terms according to the 
powers of some one of the letters in both, she higher powers 
before the lower. 

2. Divide the first term sf the dividend by the first term 
of the divisor, as in the first case, and set the result in the © 
quotient. 


3. Multiply the whole divisor by the term thus found, and ig) 


subtract the result from the dividend, 

4. To this remainder bring down as many* sesta of the 
dividend as are requisite for the next operation, dividing as 
before ; and so on to the end, as in common arithmetic. 

_ Note. 


DIVISION. es 48s 


Note. If the divisor be not exactly contained in the divi- 
dend, the quantity which remains after the operation is 
finished, may be placed over the divisor, like a vulgar frac- 
tion, and set down at the end of the quotient as in common 
arithmetic. | 


EXAMPLES. 


db) a? —2Qab-+-b? (a—~b 








a? = ab 
—ab+62 
—ab+63 
ac) a3——402 c-+- 4ac?—c? (aa—3ac-+c? 
. a%—azc 
—3a%ce+-4act 
—3a7%¢+3ac? . 
ac? —c* 
é ac?-—c3 





-) a—2) a? —6a2-+-120—8 (a2 —4a-+4 
i ee a? — 2a? 


— 4a? +12a 
—4a2-+- 8a 








4a—8 
Aa—§ 





a--z) a3--23 (a? —az-+2? 
| a?-+a2z : 





—azz + z3 
_ —artz —az3 


nz? +23 : 
azi--z3 


a-bx) 
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| Pay 
4 aad fated 2m 
ate) a 3a4 (@ aha Seen EY 
— at-bara N 
6 ¥q* 
—arx—3x* 
—O 9 Lm O72 £2 
a2 12 — 3x4 
a2 x? ax? 
—ar3—Sx* 


mn LF — 74 





= 2Qy4 


1 Seer neenes 





EXAMPLES FOR PRACTICE. 


. Divide a? 4+-4ar+-4z? by a+2z. Ans. a-+-2z.. 
. Divide a3 —3a2z-+4-3az? —z3 by a—z. 
Ans. a? —2az-+2z?. 

Divide 1 by 1-+a, Ans. 1—a--a? —a? + &c. 
Divide 12%4—192 by 31—6. 

Ans. 43-822 4160-132. 
. Divide a5 — 5a4b-+-10a2b? — 10a? b?-+- 5ab4 —b5 by a? ~ 
2ab+-b2. Ans. a? —3a?2b-+-3ab? —6.. 
. Divide 48z?— 96az? — 64a? 2-+-150a? by 2z—3a. 
Divide 6° — 36422 +-3b?24—ax® by b> — 36? 2-+-3bz? —x5, 
. Divide a7 —a7 by a—c. 
. Divide a3+-5a?2 + 5ax2-+- x3 by a-be. 
Divide a4 +-4a2b? — 32b* by a-+-26, 
. Divide 24a4—54 by 3a— 20. 


eS = 


fd f= = 
SOON TK Rw 


ALGEBRAIC FRACTIONS. 


Axcesraic Fractions have the same names and rules of 
operation, as numeral fractions in common arithmetic ; > as eps 
pears in the following Rules and Cases. 

’ GASE 
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CASE I. 
To reduce a Mixed Quantity to an Improper Fraction. 


Muttirty the integer by the denominator of the fraction, 
and to the product add the numerator, or connect it with its 
proper sign, -- or —; then the denominator being set under 
this sum, fee give the improper fraction required. 


EXAMPLES. 


.1. Reduce 34, and a—-— to improper fractions: 
x 


First, 34 OF ig oi te © the Answer. 
5 








the Answer. 





2 





a? 22a? , 
2. Reduce a+- om and a— oe to improper fractions. 


2 b 
First, TE lel lam the Answer. 


z2—a? a2—z2z%-+a2 2a—z? 

















And, a— =s . =—, —the Answer. 
3. Reduce 52 to an improper fraction. Ans, 35. 
4. Reduce lace to an improper fraction. “Ans. oe, 
Sue-bas 





8. Reduce 2a~- ig toan improper fraction. 





4x—18 : ; 
6. Reduce 12+— to an improper fraction. 


1—3a— , : 
7. Reduce x-+ es to an improper fraction. 


} ‘ 2 3 mi 
8. Reduce San alma 


Bq tO an improper fraction. 


| . CASE I. 
To Reduce an Improper Fraction to a Whole or Mixed Quantity. 


Divroe the numerator by the denominator, for the integral 
part; and set the remainder, if any over the denominator, 
for the fractional part ; the twe meee together will be the 
mixed quantity required. 

EXAMPLES: 
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EXAMPLES: 


eae 





1. To reduce ¢ and to mixed quantities. 


First, 4 ~=16+-3=—81, the Anser required. br? 
b ————_- . 
And, . Ce | moun baat 2 7 _ Answer. 


ae — 3a? Seek aes 


























2. To seduces —— and to mixed quantities. 
c aa 
: Qac—~ 3a 3a? 5 
First, ————~ = 2a0— 3a? + = 20 Answer. 
me 
3 4 PNT ER Ade eae 2 pe 
And — nae or Saas Ag! ed a 
. x oe apa 
Qax ~ Sx? 





33 Nee. ihe 
3. Reduce 2° and to mixed quantities. | 
é By g 
Ans. 63, and se y 
a2a ~9a2-+-2b2 


4 a 
4. Reduce and —— or pre whole or mixed quan 





tities. 
3x? —3y? 273 —2y3 ) 
5. Reduce = Oy Ag and oa ==" to whole or mixed quan- 





tities. 


10a? —4a-+-6 
6. Reduce 2 ay: 


empeeenen yd a mixed quantity. 
15a° 502) 
303-202 —2a—4 





7, Reduce ——- 





to a mixed: adantity: 


CASE Ii. 
‘To Reduce Fractions to a Common Denominator. 


Mu.trety every nuiherator, separately, by all the deno- 
minators except its own, for the new numerators; and all the: 
denominators together, for the common denominator. 

When the denominators have a common divisor, it will be 
better, instead of multiplying by the whole denominators, to 
multiply only by those parts which arise from dividing by the 
common divisor. And observing also the several rules” and 
directions as in Fractions in pay Fae meHC. . 


EXAMPLES. - 
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EXAMPLES, 


a b Vige, vai 
1. Reduce ay and re toa common denominator, © 
. az 


| is | 
Here. = and > ig = rE: and == yy multiplying the terms of the 
first fraction é z, and the terms of the 2d by z, 

So ag ee het 
2, Reduce yy and ~~ to acommon denominator, 


Tere ues <3: Bo abe cx? = 
Here ~~, eg and ~~ Se aD as dics , by moltplying the 


terms of the 1st cae by be, of the areca by cz, and of 


‘the 3d by bz. 


on a 
8. Reduce — and = * to a common denominator, 


4ac She 


2 Ss, Sh ek 
Ans. 2cz nd 5 ex 


f 


a ai | 
4. Reduce 5 and = ————= 9.2 common denominator. 


= 3ab 262 
‘Ans; “= be and 5 a isha 
he 


5a 3b 
«8. stedhce 3, z end o7 ‘e and 4d es a common 1 denominator. 


10ac_ She ~ Dhedy 
Ans. — - an an 


6cz bez 6cz -° 


FS nck TG a See 3a viet ok 
6. Reduce @ and 7 and 2b +-~, to fractions having 2 
| aye as Ane, 20 ana 28H? "4863 +-790 
Sopenen enominator, ns. G45 and gap and — Pe Tage 
hs 29... 208-459 
7. Reduce 5- and “7 an and — ooeke "to a common denomi- 


nator, 9 


3b ad ) 
8B: Radgee oe: ia® jai and = = and 3 aq toa common denominator. 


CASE 
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CASE IV. 


To Jind the Greatest Common Measure oft the rae nine a 
Ne raction. 


Divipe the greater term by the less, and the last divisor 
by the last remainder, and so on till nothing remains ; then 
the divisor last used will be the common measure required ; 
just the same as in commen numbers. 

But note, that it is proper to range the quantities according . 
to the dimensions of some letters, as is shown in division. 
And note also, that all the letters or figures which are com- 
mon to each term of the divisors, must be thrown out of them, 
or must divide them, before they are used in the operation. 





EXAMPLES. , 
ab-+-62 
1. To find the greatest common measure of eC OG 
ab-+-b? )ac? -+-be? 
or a+b )ac? -+-be? (c? 
ac? bine 
Therefore the greatest common measure is a--b. 
To find the greatest save Peseae 
2. To find the greates common measure 0 at + 2ab--b2 


a3 Teer, )a* ~ ab? (a 
a?+2a2b-+-ab2 





—2a2b —2ab? a3 + 2ab--b? 
or a+ 6 )a? Heian 





a2-+ ab 
ab Lbs 
ab--b? 
Therefore a-+-b is the greatest common divisor. 
2 4 
3. To find the greatest common divisor of sae bee 
Ans. dn 7. 


4. To 
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5 mn Gi.3 3 
kha 
Ans. a? = 52, 
a3x-+-2a2272-+-2ax3-+-4 
5a +-10a4x+5a2z?2 








5. Find the greatest com. measure Gece 


‘\ 


CASE V, 


To Reduce a Fraction to its Lowest Terms. 


- 


Fivp the greatest common measure, as in the last problem. 
Then divide both the terms of the fraction by the common 
measure thus found, and it will reduce it to its lowest terms at 
once, as was required. Or divide the terms by any quantity 
which it may appear will divide them both, as in arithmetical 
fractions. 


EXAMPLES. 


ab-+-b2 
1. Reduce tio. to its lowest terms. 
ab-+- b?) ac? -+-be? 
or a-+ b ) ac?+-be? (08 
ac? +-bc? 








- Here ab-+b? is divided by the common factor b. 
Therefore a-+-6 is the greatest common measure, and hence 


Pa eal ab+-62 b 


ae2 be? = ¢2’ is the fraction requied, 
C3 mew h2¢ 


2. To reduce ——— at bebe — to its least terms. 
e? -2bc-+-6? ) sso ne 
c3-+-2bc2 +-b2¢ 








_ = 2bc2 — 2b2c) 2 -+-2bce-+-b2 
or c-+b) c? ache (c-+-b 
c#-+- b 
pas i nee 
Re StL 


ee. Ne Therefore 
Von. 1. | 26. 
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Therefore c--b is the greatest common measure, and hence 








ci —b2c c2—bc. 
61) ae 28h + Bo os is the fraction required. 
— 43 c 2 bob* 
3; Reduce = FT to its lowest terms. Ans. eee : 
| . one . 1 
4. Reduce — = DR to its lowest terms. Ans. aoe 
a4—ph4 eth, 
& ~3.358h Sabet oe f S. 
5. Reduce —— 392-1306? = = to its lowest terms 
| Clas Gate} 3a%ct 
6. Reduce ——— ae 3a2e2 3a2¢2 1 3ac. cr RET ri to its lowest terms. 
. Red GF ath ee dey ones Seat 
Te e uce a2 2ab-- 6? O its lowest terms. 


CASE VI.” 


To add Fractional Quantities together. 


Ir the fractions have 2 common denominator, add all the 
numerators together ; then under their sum set the common 
denominator, and it is done. 


if they have not a common denominator; reduce oe to : 
one, and then add them as before. 


-... EXAMPLES. 


Pre a 1 Laie De gis 
1. Let = g and ‘ be given, to find their sum. 
Cl ONG a Ba Te | 
Here = 
stitae tis om 7B =z is the sum delaitel. 
oe 
. Given > —, =, and = , to find their sum. 


ee 
brary eS aae _sed-t bb bee 
Here it; +5= bed bed! bed bed 


required, 


the “su sun 


| 3. “Let 
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2 9 
* 3. Leta — = and b+ == be added together. 




















3 32? Qax Bex? Qabx 
Here a— 3 ae Tae eh om ee “Oct he 
. it cn Aes 
=a-+-b-- pia ; bedi -, the sum required. | 
c 
| g ABs) BE mn 20bx-+-6ax 
4, Add 30 and EB together. Ans. ies Pr 
5, mee *, + and ~- bagetivr Ans. 47a, 
6. Add ‘ a and a together. ) Ans. pare? 
7. Add 2a+ apes to 4a-++ afer? Ans. 6a-+ at 
) 8a? ath. 
8. Add 6a, and “4p and Ne together. 


3a+2 
7 


10. Add 2a, and a and 3+ = together. 





5a 6a. p | 
9. Add ry, and 7 and together. | 


: g , PF 
Ti. Add 8a-++ - and 2a — > together. 


CASE VII. 


* To Subtract one Fractional Quantity from another. 


Repvuce. the fractions to 2 common denominator, as in addi- 
tion, if they have not a common denominator 

_ Subtract the numerators from each other, and under their 

difference set the common denominator, and the work is done. 


o_o 





_ * In the addition of mixed quantities, it is.best to bring the fractional parts 

only toa common denominator, and to annex their sum to the sum of the inte- 

gers, with the proper sign, And the same rule may be observed for mixed 
_ quantities in subtraction also. va aig : op 
Dun ' EXAMPLES. 
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EXAMPLES. 


1. To find the difference of i and ss 


3a 4a 2Qla 16a we 


Here a= ee Se 
A 5 98 38 2 5 —is the difference required. 
—b 3a — 4b. 


2. To find the difference ofa and 35 
Qa —b ne 3a—4b _ 6ab —3bb 12ac—16be _ 
aes 4c 36 —t—=‘“<«<iN 12bc 
ab— — 12 166 
saratoga dia aed is the difference pe A 
12bc 








Here 








8. Required the difference of. ee and — = 
4. Required the difference of 6a and st 


6. se the difference of ie and = 





6. Babtraros vate ~ from it 


2a+6 ng 
from 5 e 


ets: from 4a-+- = 


7. Take 





8. Take 2a— ~ 





CASE VIIE. 


To Multiply Fractional Quantities together. 


_ Muutiety the numerators together for a new numerator, 
and the denominators for a new denominator.* 








* ] When the numerator of one fraction, and the denominator of the other, 
can be divided by some quantity, which is common to both, the quotients may be 
used instead of them. 

2. When a fraction is to be multiplied by an integer, the product is ey ei- 
ther by multiplying the numerator, or dividing the denominator by it ; and if the 
ne er be the same with the denominator, the numerator may taken for the 


roauct, 
EXAMPLES. 
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EXAMPLES. 


‘ ‘ 
i, Required to find the product of : and =. 


: 2 2 
Here ehacark ak ak the product required. 


2.. Required the product of me a and is 


: 3 Re 
aX3axX6a 18a? 3a? 3 
Bn ery aoe a the product required. 
‘ Qa a+b 
-R d th — ‘ 
3. Required the product of 5 and age 


@aX(a+b) aa+2ab 
PX (2acbey o dob-hes ee eet 
4, Required the prodact of ~ and = 
4b2 


oa 





Here 








5. Required the product of e and 


6. To multiply ts and a and a together. 


: : 2 
7. Required the product of 2a-+ e and ci | 


2a? — 262 An? -+2b2 





8. Required the product of at. and car sie 
‘ . 2a-+1 2a — 1 
9. Required the product of 3a, and eas and oaLb 
a. a3 


; 2 
10. Malti eee alishaaisty| SEM Ada hes Oy 
auply aes 4a? ae Qn 4a2 


CASE IX. 
To Divide one Fractional Quantity by another. 


Divape the numerators by each other, and the denomina- 
tors by each other, if they will exactly divide. But, if not, 
then invert the terms of the divisor, and multiply by it ex- 
actly as in multiplication.* : 

; EXAMPLES. 








* 1. If the fractions to be divided have a common denominator, take the nume- 
rator of the dividend for a new numerator, and the numerator of the divisor for 
the new denominator. _ hak . 

2. When a fraction is to be divided by any quantity, it is the same thing whether 


the numerator be divided by it, or the denominator multiplied by it. 
3. When 
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EXAMPLES. 


t. Required to divide 4 ve = 


a 3a a_ 8 ay 
Here Tae ae hake 3 “Teas 2 the quotient. 


2. Required to divide eo ng ake a 
3a 5c 3a 4a 12ad_ 6ad 
Here SRT ada Tak OS Era okee phe the quotient. 
Ne an Sa-+2b 
3, .To divide = a 5 OY ee Here, 


2a+b  4a-+b os leans 


3a. —2b Soa i 2 : i ed. 
5a—2b° 3a-+26 ie AB the quotient requir 








Sa? 2a PEON: la 
4. To divide. 5 ie a2 Ba by 2a ob" aw | 
uit skh oe X(a-+b) _. 3a 


Here, 73 =~ 1s the qu6- 


a2+-b3 ~ (a8-+-b8) Xa aaah Te 
tient Seal, : 
3x, 11 
. To-divide — by —. 
5. To. divide 4 bY To 
2 
6..To divide “2 by 32. 
se, 4% 
ere 
8. To divid by = 
° oO divide sons bf 3° 





TiTo divide 


ape hae: Seige 
9. To divide a” - , ig 
ma i 
“4 cd bys sd 
$j a4... bb4 6a3 +-5ab 
11 Divide gem aappaie PY ah 


10. To nee Nas 


INVOLU- 





3. When the two numerators, or the two denominators, can be divided by some 
common quantity, let that be done, and the quotients used ansteal of the fractions 
first proposed. 
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INVOLUTION. 


Invotution is the raising of powers from any proposed | 
root ; such as finding the square, cube, biquadrate, &c. of 
any given quantity. ‘The method is as follows ; 

* Muxrirry the root or given quantity by itself, as many 
times as there are units in the index less one, and the last 
product will be the power required.—Or, in literals, multi- 
ply the index of the root by the index of the power, and the 
result will be the power, the same as before, 

Note. When the sign of the root is +-, all the powers of it 
‘will be ++ ; but when the sign is —, all the even powers will 
be ++, and all the odd powers — ; as is evident from multipli- 
cation. 


EXAMPLES. | 


a, the root 
' g? = square. 
a? = cube 


a’ = 4th power 
a5 = 5th power 
&c. 





— 2a, the root 
+ 4a? = square 
— 803 = cube — 
--16a* = 4th power: 
—32a5 = 5th power 


Lge ae the root 








a?, the root 

a* = square 

a® = cube 

a® == 4th power 


a! °= 5th power 


&c. 





— 3ab?, the root 

+  9a3b4 == square 

— 27a3b& = cube 

+ 81latb? = 4th power 
= 24305619= 5th power 





| rs the root 
a2 
aur = Square 
3 
Gia = cube 


ace winind 
aera ian rate 





* Any power of the. product of two er more quantities, is equal to the same 
power of each of the factors, multiplied together. 


Aad any pow: 


er of a fraction, is equal to the same power of the numerator, di- 


vided by the like power of the denominator. ! 
ae ie or roots of the same quantity, are multiplied by one another, by 
adding their 


exponents ; or divided, by subtracting their exponents. 
“ aliorghie eee 


32 


at wy . a 
Thus a? % a? =: @°?4 = a5. And a? <a? or— = = 4. 


x = Cb 
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x= a = root 2--a = root 
























































t—a aa | 
. ? Re 
22 ax x2 Lax i? 
—azr-+a? > | +ar-+a? 
2 ~ 2an-+-a? square a? +-2ag-+a2 
x2 —a | xz +a 
xv? —2a72 +a22 x3+2az? atx ifs 
—ax? +2a2?7—a3 +ax? 49022? 
£3 — 3an2 +-3a2¢— 03 ee 4-3az2 +3a?2-+a8 























the cubes, or third powers, of s—a and z+-a, 


EXAMPLES FOR PRACTICE. 


1. Required the cube or third power of 3a?. 
2. Required the 4th power of Ya26. 

3. Required the 3d power of —4a?b3. 

a? 

4. To find the biquadrate of — a 

5. Required the 5th power of a—2z. 

6. 


To find the 6th power of % 202. 


Sir Isaac Newton’s Rute for raising a Binomsal to any 
Power whatever.* 


1. To find the terms without the Co-efficients. The index of 
the first, or leading quantity, begins with the index of the | 
given abies and in the succeeding terms decreases conti- 
nually by 1, in every term to the last; and in the 2d or 
following quantity, the indices of the terms are 0, 1, 2, 3, 4, 

_ &c. increasing always by 1. That is, the first term will con- 
tain only the first part of the root with the same mie or of 





~~ 


* This rule expressed in general terms is as follows; 
pois nh = dtc 
(apo) sarfn. ate pn, “a? 222. «= a 


(2—a)a=ar—n. amy en: ie gh y%_n . nd : in n—3,3 he. 


a? &o. 





Note. The sum of the co-efficients, j in every power, is equal to the number 2, 
when raised to that power. Thus 1 + 1= 2 in the first power; 1 4+ 2 4-1 


== 4 = 2% inthe square; hehe eS or Be a oS 
power; and s0 on. th 
% the 
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the same height as the intended power : and the last term of 
the series will contain only the 2d part of the given root, 
when raised also to the same height of the intended power ; 
but all the other or intermediate terms will contain the pro- 
ducts of some powers of both the: members of the root, in 
such sort, that the powers or indices of the Ist or leading 
member will always decrease by 1, while those of the 2d 
member always increase by 1. 

2. To find the Co-efficients. ‘The first co-efficient is always 
1, and the second is the same as the index of the intended 
power; to find the third co-efficient, multiply that of the 2d 
term by the index of the leading letter in the same term, and 
divide the product by 2; and so on, that is, multiply the co- 
efficient of the term last found by the index of the leading 
quantity in that term, and divide the product by the number 
of terms to that place, and it will give the co-efficient of the 
term next following ; whichrule will find all the co-efficients, 
one after another. 

‘ote. The whole number of terms will be 1 more than the 
index of the given power: and when both terms of the root 
‘are -+-, all the terms of the power will be ++ ; but if the se- 
cond term be —, all the odd terms will be ++, and all the 
even terms —, which causes the terms to be -+ and — alter- 
nately. Also the sum of the two indices, in each term, is 
always the same number, viz. the index of the required 
power: and counting from the middle of the series, both 
Ways, or towards the right and left, the indices of the two 
terms are the same figures at equal distances, but mutually 
changed places. Moreover, the co efficients are the same 
numbers at equal distances from the middle of the series, to- 
wards the right and left; so by whatever numbers they in- 
crease to the middle, by the same in the reverse order they 
decrease to the end. 


EXAMPLES. 


1. Let a+ be involved to the 5th power. 
The terms without the co-eflicients, by the ist rule, 
will be 
. a? a*a, atx? arxt lax, x*, 
and the co-efficients, by the 2d rule, will be 
5X4 10X3 10X2 5X1 
ee eee 
or. 15) 5y.10, 10, 5, I; 
Therefore the 5th power altogether is 
| a§ + 5a42-+ 10a32? +1002 23-+-baxt--ae. 
Vor. I. Q7 | 





But, 
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Bat it is best to set down both the co-efficienis and the 
powers of the letters at once, in one line, without the inter- 
mediate lines in the above example, as in the bay ae here 
below. 

2. Let a—x be involved to the 6th power. 

The terms with the co-efficients will be 
— Ga3 2+ 154422 — 2003734 1502 x4 —6axs tae. 

3s pone the 4th power of a—x. 

Ans. a4—4a3x-} 6022” — 4ax3-fa*. 

And thus any other powers may be set down at once, in the 
game manner ; which is the best way. 3 


/ 


- » 


EVOLUTION, ~ 


Evo.urion is the reverse of Involution, being the method 
of finding the square root, cube root, &c. of any given 4p 
tity whether simple or compound. 


CASE f.. i 


To find the Roots of Simple Quantities. 


- 


« Exrracr the root of the co-efficient for the numeral 
part ; and divide the index of the letter or letters, by the - 
index of the power, and it will give the root of the literal 
part; then annex this to the former, for the whole root 
sought.* 








* Any even root of an affirmative quantity, may be either -- or —: thus-the 

square root of -F a2 is either 4. a, or —a; because +-a X --a = nt 4, and 
—aX—a== - a2 also. 

But an odd root of any quantity will bas the same sign as the quantity itself: 
thus the cube root of +-a@3 is +a and the cube.root of a3 is —a; for FaX+ 
aX -a=-+a3, and —ax—aX¥—a=—a3. 

Any even root of a negative quantity is impossible: for neither tax t% 
nor —a x —a can produce —a2. 

Any root of a product, is equal to the like root of each of ihe detent multi lied 

together. - And for the root of a fraction, take the root of the numerator, and the 
root of the denominator. Cate 
EXAMPLES. 
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) “EXAMPLES, © Hh Pare ae 
i. The square root of 4a, is 2a. | 


3 
2. The cube root of 8a3, is 2a? or 2a. 
5a2b2- (ss a2? , ab 








3. The square root. of —— Br OF V-300? is Jf > 
sli 468 |. Qabs 
4. The cube geanbeth? E ” Ta 2 a/ 24a, 
5. To find the Dasa root of 20254, Ans. ab?,/2. 
6. To find the cube reot of — ei | Ans. —4ab?. 
we ° 2ab 2 

7. To find the square root of ° Ans. ao ae 
8. To find the 4th root of 81a‘ se Ans. 3ab 6. 
9. To find the 5th root of —32a5b6. Ans.—2ab 4/ 6. 


\ 


CASE II. 
To find the Square root of a Compound Quantity. 


Tuis is performed like as in numbers, thus : 

i. Range the quantities according to the dimensions of 
one of the letters, and set the root of the first term im the 
quotient. 

2. Subtract the square of the root, thus found, from the 
first term, and bring down the next two terms to the re- 
mainder for a dividend ; and take double the root for a di- 
visor. 

3. Divide the dividend by the divisor, and annex the result 
both to the quotient and to the divisor. 

4. Multiply the divisor thus increased, by the term last 
set in the quotient, and subtract the product from the divi- 
dend. 

_ And so on, always the same, as in common arithmetic. 


EXAMPLES. 


"4, Extract the square root of a! — 4a°b-+-6a?b? —4ab3-+b!. 
pat 4026-F Aa? 62 — 4ab3 +-b4(a? — 2a6-+-b? the root. 





- 2ab)— ‘4a3b-+602 2 
: —403b-+-4a2b3 


eesti a 





| 2a? —4ab-+b*) 20252 —4ab3-+b4 
‘ 202 b2 —4ab3-+-b4 


ESD 











2, Find 
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®, Find the root of a4+-4a2b-+-1002b?-4-12ab3-b4, 
— a4-+-4a3b+ 10a? 53 + 12ab3 4-964 (a? 4+-2ab-+-362 . 


a4 








2a? -++-2ab ) 4a3b-+-10a"b? 
4a°b-+- 4a7b2 














Qa2-+-4ab+3b2 ) 6a2b?-+-12ab3+-9b8 
6a? b?-++- 12ab3-+-9b4 








3. To find the square root of a4+4a3+6a2+4a+1. . 
: Ans. a2-+-2a-++1. 
4, Extract the square root of at —2a3-}+-2a? ~ a+1. 


1 
Ans x? —~2-+. 
5. Itis required to find the square root of a? —ab, 
A ae Si & 
ns. oa Ba 16a? Cc 


CASE Ill. » 


To find the Roots of «any Powers in General. 


Turis is also done like the same roots in numbers, thus : 
Find the root of the first term, and set it) in the quotient. 
—Subtract its power from that term, and bring down the 
second term for a dividend.—Involve. the root, last found, to 
the next lower power, and multiply it by the index of the — 
given power, for a divisor.—Divide the dividend by the di- 
visor, and set the quotient as the next term of the root.— 
Involve now the whole root to the power to be extracted ; 
then subtract the power thus arising from the given power, 
and divide the first term of the remainder by the divisor first 
found ; and so on till the whole is finished.* 
EXAMPLES. 








* As this method, in high powers, may be thought too laborious, it will not be 

improper to observe, that the roots of compound quantities may sometimes be ea- 
gily discovered, thus: 
__ Extract the roots of some.of the most simple terms, and connect them together 
by the sign -+ or —,asmay be judged most suitable for the purpose.—Involve 
the compound root, thus found, to the proper power; then, if this be the same with 
the given quantity, it is the root required.—But if it be found to difler only in some 
of the signs, change them from -+ to —. or from — to -f, till its power agrees 
with the given one throughout. 


Thue 
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EXAMPLES. 


' 4. To find the square root of at = 2a3b-+-3a252—2ab3--b¢, 
a* —203b+3a2b? — 2ab3-+-b4 (a? — ab-+-b? 

















as 

2a?) ~2a3b 

a* —2a3b--a? batch) 
2a?) 2a? 2 


a* —2a3b-+-302b? — 2ab3 +54 =(a? —ab-+-bs)%, 


SS 














2. Find the cube root of a$— §6a5+21a4 — 4403+ 6302 
— 54a-+-27. 

aS—— 6a5 +2144 —4403-+-63a? — 54a--27(a? —2a-+-3. 

aé 








3a*)—6a5 











a§ —6a5+12a4 — 8a3=)a2 — 2a) 








= Se eee SS 


3a4)+9a4 

















— af —6x5 +21a4 — 4403 +630? — 54a-4-27=(a? —2a — 3), 











3. To find the square root of a? — 2ab-+-2axr-+b2 —2Qbx 


Se Ans: a= b--z. 
~ 4. Find the cube root of a6—3a5-+-9a1 —13a3-+- 18a? — 
12a+8. Ans. a2 —a-+2. 


5. Find the 4th root of 81at—216a°b-+-216a?b2 — 96065 
+1664, Wi Ans. 3a—2b. 
6. Find the 5th root of a5 — 10a*-+- 40a? -—- 80a? 80¢ 
| Ans. a—~ 2, 
7. Required the square root of 1—<z?. 
8. Required the cube root of 1—zx°. 








Thus, in the 5th example, the root 3a— 2b, is the difference of the roots of the 
first and last terms; and in the third exam le, the root a— b -$ «, is the sum of 
the roots of the Ist, 4th,.and 6th terms. The same may also be observed of the 
Sth example, where the zoot is found from the first and last terms. 

SURDS. 
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» SURDS. 


Surps are such quantities as have not exact values in num. 
bers ; and are usually expressed by fractional indices, « or by, 


means of the radical sign /» . Thus, 3?, or a/ 3; denotes the 


square root of 3; and 93 or 3/22, or 3/4, the cube root of. 
the square of 2 ; ‘where the numerator shows the power to 
which the quantity is to be raised, and the denominator its root. — 


PROBLEM I. 


To Reduce a Rational Quantity to the Form of a Surd. 


Raise the given quantity to the power denoted by the bade 
of the.surd : then over or before this new quantity set the 
radical sign, and it will be the form required. 


EXAMPLES. » 


1, To reduce 4 to the form of the square root. ’ 
First, 42=4 X4=16; then ,/ 16 is the answer. 

2. To reduce 3a? to the form of the cube root. 
First 3a? X3a? X 30? =(3a?)8$=27a8 ; 


1 
then 3/27a* or (274°)? is the answer. 
3. Reduce 6 to the form of the cube root. 


’ Ans. (216)? or a/216. 
. Reduce Lab to the form of the square root. 
; Ans. La ei 
5, Reduce 2 te the form of the 4th root, Ans. (16)4 
6. Reduce a? to the form of the th root. ee wy 


7. Reduce a-+-x to the form of the square root. 
8. Reduce a—z to the form of the cube root. tale 


he 


PROBLEM I. 


To Reduce Quantities to a Common Index. 


1. Repuce the indices of the given quantities to a common — 
denominator, and involve each of them to the power denoted 
by its numerator; then ! set, over the common denominator: 
will form the common index. . Or, i 

“9. 
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2. If the common index be given, divide the indices of the 
iilantidies by the given index, and the quotients will be the © 
new indices for those uantities. ‘Then over the said quan- 
tities, with their new indices, set the given index, and they 
will make the sh ahha sural morent 


C23, i# 


“EXAMPLES. 


i Reduce 3 and Bb to a common index. 
Here dandi = 3; ie) 


ES ada 3Té and ‘ahs = (gs) nad ners 738 ai 1 
53 = 4/243 and «/ 25. : 


2. Reduce a? and b? to the same common index 1, 
Here. 3? = 4 =% X 2 = $ the Ist index, 
and 4 be b= 4X f= § the 2d index, 


Therefore (a*)! and (6 b3)?, or f as pe Jb are the quan- 
tities. 
3. Reduce 4? and 5? to the common index 3 i, 
Ans, 256?)# and 25%, 
4. Reduce a® and z* to Bike common index 2. 
| Ans. (a2 8 and (2°, 
5. Reduce a? and x3 to the same radical sign. 
_Ans, 4/a* and o/z®, 
_ 6. Reduce (atz)3 and (a—z)# to a common index. 
Fi Reduce (ate) and (a—b)* to a common index. 


jes 


PROBLEM Til. 
ato Reduce Surds to more Simple Tebhite 


> Frxp out the greatest power contained in, or to divide the 
given surd ; take its root, and sét it before the quotient or the 


them, quantities, with the proper radical sign between 
t em 


Bee EXAMPLES, 


i. To reduce 4/32 to simpler terms. 
Here ,/32=,/16 X2=,/16 x 4/2=4 X24 2. 
2, To reduce %/320 to simpler terms. 
R320 9/64 K B= 8/64 x F/ 54K = ee: 
a | . Reduce 


> 


is I » Fi Sh Pla mar ps EOP ea pe =. A! ’ ony -—# 
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3. Reduce 4/75 to its simplest terms. Ans. 54/3. 
4. Reduce ,/44 to simpler terms. Ans. 2,,/33. 
5. Reduce 3/189 to its simplest terms. Ans. 33/7. 
6. Reduce 3/13, to its simplest terms. Ans. $3710. 


7. Reduce 4/75a76 to its simplest terms. Ans. 5a,/3b. 


Note. There are other cases of reducing algebraic surds 
to simpler forms, that are practised on several occasions ; one 
instance of which, on account of its simplicity and usefulness, 
may be here noticed, viz. in fractional forms having com- 
pound surds in the denominator, multiply both numerator and. 
denominator by the same terms ‘of the denominator, but hav- 
ing one sign changed, from -++ to — or from — to +, which 
will reduce the fraction to a rational denominator. 
vereirte VotV3 

V3 WV 5+3’ 


3v 15— asthe ile 


15 P 65 
vw vt and it becomes bas 
65 =-35,/3  13— tp 

SetO pee ue 


Ex. To reduce —~—, multiply it by ——__—. 


16-447 15 
RE 





it becomes 





multiply it by ——— 


PROBLEM IV. 
To add Surd Quantities together. 


1. Brine all fractions to a common denominator, and re- 
duce the quantities to their simplest terms, as in the last prob- 
lem.—2. Reduce also such quantities as have unlike indices 
to other equivalent ones, having a common index.—3. Then, 
if the surd part be the same in them all, annex it to the sum 
of the rational parts, with the sign of multiplication, and it 
will give the total sum required. 

But if the surd part be not the same in all the quantities, 
they can only be added by the signs -+ and —. 


EXAMPLES. 


1, Required to add ,/18 and 32 together. _ 
First, ./18=,/9 X2=3 1/2; and 4/32=,/16X2=4y2: 
Thea, 3/2 +4 /2= (344) 2=7/2= sum required, 
. Itis required to add 4/ 375, and 3/192 together. | a 
First 3/375=3/125 X3=53/3; and 8/192=2/64X3=47/3: 
3 ‘hen, 53/3+-43/3=(5+-4)3/3=92/3= sum ie 5 
3. Requised 


4 





oy 


t ' ce % yet . »~ rs aN fi bs em 1 yy ‘ ” 
Ne NTS FN EV ol pey on pa Kat NA 
me | a + Jv \ > 
; 


\ pes D: 
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. Required the sum of ,/ 27 and v4 Ans, °7 VA so 
. Required the sum of ,/ 50 and vo sb Ans. 1147 2. 
. Required the sum of / } and 35 

Ans. "A as or +4; v, 15, 
. Required the sum of %/ 56 and 37 189, Ans. 5 27.7, 
. Required the sum of 2/ } and 2/7 3, Ans. 2 37 2, 
; Requiters the sum of 34/02h and b./ 160%, 


aoeugd> oar 


PROBLEM V., 


To find the Difference of Surd Quantities. 


Prerane the quantities the’ same way as in the last rule -; 


then subtract the rational parts, and to the remainder annex, 


the common surd, for the difference of the surds required, 
But if the quantities have no common surd, they can only 
be subtracted by means of the sign—. 


EXAMPLES. 


1. To find the difference between ,/ 320 and ,/ 80. 


First, 4/ 320=,/64 X5= 8,/5; and ,/80= =,/16 x 6 B=44/5,_ a, vom } pie 
Then 8,/5—4,/5=4,/5 the difference sought. SOM etl B 


2. To find the difference between {/ 128 and ¢/ 54. ny - ee 
First, 3/ 128 =3/64X2= 43/2; and 8/4=28/27 X 2 2==2/2. ' — 
| Then 43/2—33/2, =%/2, the difference required. — ‘ hae 
3. Required the difference of 4/75 and ,/48. Ans. ye ary f 
4, Required the difference of 37256 an hens Ans..23/4.44/7 che ey af Ge 
6, Required the difference of ¥ 3 and “Ans. 22/6, © 1 NG = 
mm opty OD 4 foes 


6. Reyuired the difference of 3/3 and 3/ 25. ADSomiee8/75. 
yf Pind the difference of ,/24a?5? and ,/546', 
‘Ans. (2ab—3b? )4/6, or (39? —2ab)4/6. 


PROBLEM VI.. 
To Multiply Surd Quantities together. 


Repuce the surds to the same index, if necessary; next 
multiply the rational quantities together, and the surds toge- 
ther; then annex the one product to the other for the whole 
“product required; which may,’ be reduces! to more simple ter ms 
if necessary. | 


| EXAMELES 
Vou. I, 28 
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EXAMPLES. 


1. Required to find the product of 44/12, and 34/2, 
Here, 4 X 3 X 4/12 X4/2=12,/12K2=12,/24= 12,74 X 
=12 x 2% / O-PA78: the product lak Ss 
2. Require to multiply } 3/2 by 1.27 2. 
Here 1 X 12/2X g/a=ail x 8/ feat x 3/13 KL KY/18 
= 1.37/18, the product required. 


x6 


. Required the product of 3,/2 and 2,/8. Ans. 24. 


3 

4. Required the product of 13/4 and 23712. Ans. 48/6. 
5. To find the product of 4 \/ 2 and 4/2. Ans. 334/15. 
6. Required the product of 23/14 and 33/4. Ans. 12/7. 
7 
8 
9 


. Required the product of Qa anda. Ans. 2a . 


. Required the product of (a--b)3 and (a-+-b)*. 
. Required the product of 2-4/6 and 2a—,/b. ° 


10. Required the product of (a+2./b)? and (a—-24/b)?. 
L £ ‘ 

11. Required the product of 2a" and 3x”. 
x L 

12. Required the product of 4%” and 2y”. 


PROBLEM VII. 


To Divide one Surd Quantity by anothers 


Repvce the surds to the same index, if necessary ; then 
take the quotient of the rational quantities, and annex it to 
the quotient of the surds, and it will give the whole quotient 
required ; which may be reduced to more simple terms if re- 
quisite. 


EXAMPLES. 


1. Required to divide 6,/96 by 3,/8. 


Here 6+3. ./(96-+8)= Se ylemey (4X9) 2X8 


_ 4,73, the quotient required. 

2. Required to divide 123/280 by 33/5. 
Here 12—-3=—4, and 280-—-5=56=8 X7=-23 7, 
Therefore Se IV is the Buste ns required. 


3.. Let 


ae. 
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S. Let 4 4/ 50 be divided by 2 y/ 5. Ans. 24/ 10. 
4. Let 6 2/7 100 be divided by 3-3/7 5. Ans. 2 3/7 20. 

5. Let 2 an > be divided by 2 et 2 Ans. 75 4f 5 

6. Let P 8/2. be divided by 2 Ans. 5 9/ 30. 

7. Let 4 en or sat, be divided by cad, - Ans. ba 

8. Let a® be divided by a®. 

1 
9. To divide 3a” by 4a,,. 


PROBLEM VIII. 


To Involve or Raise Surd Qaantities to any Power. 


Raise both the rational part and the surd part. Or mul- 
tiply the index of the quantity by the index of the power to 
which it is to be raised, and to the result annex the power of 
the rational parts, which will give the power required. 


EXAMPLES. 


. 1, Required to find the square of a2. 


First, (2)? =3 X2=,9,, and (a2)2 =a? ** a2 


Therefore (2a? )? =,9,a, is the square required. 


=a. 


2. Required to find the square of qas. 
2 4 
First, }X4=1 and (a°)?= a? =a 27a; 
Therefore OS Sie is the square required. 
3. Required to find the cube of 2,/6 or 2x6?. 3 
First, (2)3=2 X22 == 8, and (62)°= 6? =6,/6. 
Theref. (2,/6)2=, & X6,/6 =1°,/6, the cube required. 


4. Required the square of eet Ans. 43/4. 
5. Required the cube of 3, Or 4/3: Ans. 34/3. 
6. Required the 3d power of 14/3. Ans. 34/3. 
‘g Required to find the 4th power of 4 ,/2. Ans. j. 


8. Required 
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8. Required to find the mth power of ar. | . 
9. Required to find the square of 2+4/3. 


PROBLEM IX. 


To Evolve or Extract the Roots of Surd Quantities.* 


Exrracr both the rational part and the surd part. Or di- 
vide the index of the given quantity by the index of the root 
to be extracted ; then to the result annex the root of the ra- 
tional part, which will give the root required. 


EXAMPLES, 


i, Required to find the square root sh 
First, ./ 16=4, and (6#)F=6 g2r? ght 


theref. (16,/6)?=4 . 6i==44/6, is the oe root required. 
2. Required to find the cube suey of 5 . 


First, 3/ 7,1, and v3) = 32 ‘ui mat 

theref. (3, s)i=1 3 =18/3, is the cube root required. 
. Required the Lae Scout of 68. Ans. 6,/6. 
. Required the cube root of 1436. | Ans. Ja 3/Ag 


- Required the fourth root of 16a?. Ans. 26/ as 


Required to find the mth root of a, 
Required the square root of a? —6a,7b-+-9b. 


ID OP 





#* The square root of a binomial or residual surd, a+b, or a—b may be found 





thus * Take eck eb Wh 


and ./a—b= it a /S. 


Thus the square reot af 442 ee Sie Es Ss 
and the square root of 6—2 .f5=45—1 

Noie. For the cube root or any higher root see Hutton’s Dictionary under the 
word Binomial Surd, Newton’s Universal Arithmetic, and the treatises of Alge- 
bra by Mc. Laurin, Wood, and Ronnycastle. 








INFINITE 
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INFINITE SERIES. 


_ Aw Infinite Series is formed either from division, dividing 
by a compound divisor, or by extracting the root of a com- 
pound surd quantity ; and is such ds, being continued, would 
run on infinitely, in the manner of a continued decimal frac- 
tion. ale 
But by obtaining a few of the first terms, the law of the 
progression will be manifest ; so that the series may thence be 
continued, without actuajly performing the whole operation. 


PROBLEM I. 
To Reduce Fractional Quantities into Infinite Series by Division. 


Divive the numerator by the denominator, as in common 
division ; then the operation, continued as far as may be thought 
necessary, will give the infinite series required. 


EXAMPLES. 


Qab . a eed 
. A r into an infinite series. 





i. To change 


‘ me 952 Qs Oh 
a-+-b) 2Qab ve Gem S Gare gear &e. 











Gah4+-2h2 
em 25 2 
9 3 
Nope. 22" 
a 
253 
“4 “a * 
2b3  2h4 
a a? 
Qh4 
aoe ay 
lik 
Qh Bhs 
Sar a7 
Qp5 





2, Let 
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2. Let me be changed into an ‘infinite series. 














aie A as » (hater bat tatt &e. 
set be 
a 
a—a? 
a? 
a? > 
a? 
at—=¢,4 
a* 
Ba stats 
3. Expand into an infinite series. 
a-+-c 


5 ¢ . c# -¢3 


into an infinite series. 





a 
4. Expand a 


Rig ae Mes 5 + he. 


a a3 
‘20. Expand = pad ” into an infinite series. 
Ans. 1 —2a-+2a? a Qx3+4-274, &e. 





2 
6. Expand ai by into an infinite series. ES 
2h  3b?—. Aus 
Ans. Ls hares 


. 1 , aaa , 
7. Expand er enes into am infinite series» 


PROBLEM Ii. 


To Reduce a Compound Surd into an Infinite Series. 


Extract the root as in common arithmetic ; then the ope- 
ration, continued as far as may be thought necessary, will give © 
the series required. But this method is chiefly of use in ex- 
tracting the square root, the operation being too tedious for the. 
higher powers. 

EXAMPLES. 


INFINITE SERIES. ee ae 


EXAMPLES. fe 


i. Extract the root of a? —x? in an infinite series. 














3 2 a “a sl i Be, 
Sars (35 - as iéa® 12807 
a’ 
g3 
mn — oe £4 
2a : a : 
bs 
am [2 
x Pas 
x2 og* Fa 
targa) 4a2 
Puitae. (-\y x6 x? 
~ gaa Bat * Gaa® 
~2 ot 6 8 
tem 408 ©) Bas — baat 
x® x® 
8a? | i6ae 
5a 8 
Sia &ec. 





2. Expand /1+ 14/2, into an infinite series. 
Ans. 1--3—1+4-3.— 54, &c. 


3. Expand ,/1—1 into an infinite series. 
Ans. 1-3} —}— 5-757 Ke. 
4, Expand fa? bax into. an infinite series. 

5, Expand ,/a* —2bx—2? to an infinite series. 


PROBLEM ITI. 


To Extract any Root of a Binomial: or to Reduce a Binomial 
Surd into an Infinite Series. 


Tuts will be done by substituting the particular letters of 
the binomial, with their proper signs, in the following general 
theorem or formula, Viz. 


(e-+r0)* =e Tag : ea tt &c. | 





and 
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and it give will the root required : observing that p denotes the 
frst term, @ the second term divided by the first, — ~ the index 
of the power or root; and a, B, c. D, &., denote the several 
foregoing terms with their proper signs. 


EXAMPLES. 


1. To extract the sq. root of a?-+-b2, in an infinite series. 


b m 1 
Here p=a?, q =— and —=~—; therefore 
a 117 2 


3 


PrP a= 


™m r : 
a= (a2); = (a2)? =a=<, the Ist term 6f the series. 
2 


m 63 5) OF 
na AQ==5 Ka Xe OB, the 2d term. 





9 4 
6Q => Ron hae eae ee the 3d term. 


m—2n 1—4 64 ~—s ib 366 
ga OST Te Tames Sea eae 
62 b4 3.b6 ) 
Hence a+ en: Saas oa Gate or 
bs bs 5bs 


ote Bae Tease 1289? 


2. To find the value of 
aa 


——— &c. is the series required. 





, or its equal (a—x)™?, in 


an infinite series.* 








* Note. To facilitate the application of the rule to fractional examples, it 
is proper to observe, that any surd may be taken from the denominator of a frac- 
tion and placed in the numerator, and vice versa, by only changing the sign of_its 
index. ‘Thus, 


m1 Xe? or only x ? pend tas pgs 1XO+H) Rk 





x2 
a2 rs 

we, Ve ; and ——~ Gea, =a? (Gnhe 2) Faas ond =e ye ; also 

ote 00" +27 30 (a? —2?) 3, &e, 

{a —- 2 42 : 


Here 


INFINITE SERIES: 217, 


Here r=a, RA =—a7 2, and — fib x akira = 2; theref, 


a 1 
Pn =(a)7? = a as the ist term of the series, 








1 — Qu 

eS, AQ =a 2X — — xX = = = -— =2a7 928, the 2d term. 
n a a 
m—n Pigs —x 3x? s 

=i BQ=— 3X 2. gis gomemey =3a74x23=c, the 34. 

—2 ey sr 4x 
“ ca —4 x nals ome =4a"5x%<=p, 

3n a aé 
eee a7? feu Sata? +4a-523-+- &c. or 

Qe. 3x? 


a+ te as ial + &c, 1s the series required. 


3. To find the value of — 





, in an infinite series. 
—£ 


4 
Ans. ate &e, 





| 1 OPP Ta aK s 
4, To éxpand (a3 a8) or (qa?) in a series. 
* 1 EF. Dees 5x6 
Ans.— — —.-+-—= = Hf 
vee 2a3..8a5 1 a! sy 
> 6.16 expand (a or in an infinite series. 
rb 
Ans, += Tip iat ie aes 
6, To expand ,/a? — x? or (ates) im a series. 
; SA Fhe 5x8 
Ans, a= —-w.—__  , ———— &. 


2a, 8a 16a> 128a’7 


7. Find the value of 2/(a°—6*) or (a? = — 2) j in a series, 
wi ela ae a Th Se os tet be 5b). rbot 
5, ye nee Gaee Gok Bhue ns 


8. To find the value of 57 (as er) te Sf oe 18) i ina series. 


Pyro 6x15 
ABs. ap = bat ~ 2ba8 | 125014 


Vor. 1. agiy 99 9..To 


me 
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s 


| sb, \citeen ae 
9. To find the square root of “~~ in an infinite series. 


a+b 
xs 


Ans. ae qs &C- 


y 3 H 
10. Find the cube root of > eaey in a series. 


“63  2b& 1469 
—=—_ a lines pine Ob . 
Bae 3a, 31 9q0 S1a® oa 


ARITHMETICAL PROGRESSION. « 
— 


AnitumeticaAL Procressron is when a series of quantities 
have all the same common difference, or when they either 
increase or decrease by the same common difference. Thus, 
2, 4, 6, 8, 10, 12, &c. are in arithmetical progression, having 
the common difference 2; and a,a-+ d, a + 2d,a + 3d, 
a + 4d,a-+ 5d, &c. are series in arithmetical pr ogression, 
the common difference being d. 


The most useful part of arithmetical proportion is contain- 
ed in the following theorems : 


1. When four quantities are in Arithmetical Proportion, 
the sum of the two extremes is equal to the sum of the two 
means. Thus, in the arithmetical 4, 6, 7, 9, the sum 4+9 
=6+-7=13: ye in the’ arithineticals; a, atd, b, b+d, the 
sum a-+b-+-d=e+5-+d. 


i. In any continued arithmetical progression, the sum of 
the two extremes is equal to the sum of any two terms at an 
equal distance from them. 


Thus, 
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Thus, if the series be 1, 3, 5, 7, 9, 11, &c. 
Then 1-}11=3-4+9=5+-7= 12. 

2. The last term of any increasing axithene tines series, is 
equal to the first term increased by the product of the com- 
mon difference multiplied by the number of terms less one ; 
‘but in a deereasing series, the last term is equal to the first 
term lessened by the said product. 

Thus, the 20th term of the series, 1, 3, 5, 7, 9, &c. is = 
1+ 2(20— 1)=1+2 X19=1+4+38=39. 

And the nth term of a, a—d, a—2d, a—3d, a— 4d, &c, is 
=a—(n—1) Xd=a—(n—1)d. 

3. The sum of all the terms in any series in arithmetical 
progression, is equal to half the sum of the two extremes 
multiplied by the number of terms. 

Thus, the sum of 1, 3, 5, 7, 9, &c, continued to the 10th 
Veale ape peas tan 


And the sum se terms of a, ane d-+-2d, a-+-3d, to a--md, 
is =(a++a-+md) . - ~ =(a-+1ind) n. 


term, is = 


EXAMPLES FOR PRACTICE. 


i. The first term of an increasing arithmetical series is i, 
the common difference 2, and the number of terms 21; re- 
quired the sum of the series ? 

First, 14-2 X 20=1+-40=41, is the last term. 

1+-4] : 

Then 8 x20=21 X20=420, the sum required. 

2. The first term of a decreasing arithmetical series is 199, 
the common difference 3, and the number of terms 67; re- 
quired the sum of the series ? 

First, 199—3 . 66=199—198=1. is the last term. 








Then Al x 67 = 100 X 67 = 6700, the sum re- 
quired. 
3. To fina the sum of 100 terms of the natural numbers 


1, 2, 3, 4, 5, 6, &c. Ans. 5050. 


4. Required 
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4. * Required the sum of 99 terms of the odd numbers 

1, 3, 5,77, 8, sec. ie Ans. 9811. 

5. The first term of a decreasing arithmetical series is 10, 

the common difference 1, and the number of terms 21; re- 

quired the'sum of the series ? | | Ans. 140. 

6. One hundred stones being placed on the ground, ina 

straight line, at the distance of 2 yards from each other: how 

far will a person travel, who shall bring them one by one to 
a basket, which is placed 2 yards from the first stone ? © 

7 - Ans. 11 miles and 840 yards. 


APPLICATION OF ARITHMETICAL PROGRESSION 
TO MILITARY AFFAIRS. 


QUESTION L. 


A Triancurar Battalion. consisting of thirty ranks, 
in which the first rank is formed of one man only, the 
second 





* The sum of any number (7) of terms of the arithmetical series of odd nus- 


ber 1, 3, 5,7, 9, &c, is equal to the square (n) of that number. That is,¥ 
if1, 3, 5, 7, 9, &c. be the numbers, then will 
17, 27, 37, 47, 5°, &c. be the sums of 1, 2, 3, &c, terms. 
Thus, 0+1== 1or be the sum of 1 term, 
<4. \ 1+-3=e. 4 or 27, the sum of 2 terms, 
44.5=—- Yor $* the sum of 3 terms, 
94. 7== 16 or 4°, the sum of 4 terms, &c. 
For, by the 3d theorem, 1-4-2 (2-1) => 14-2n—2 = 2n—1 is the last term, 
when the number of terms is 7; to this last term 27” —1, add the first term 1, 
gives 2n the sum of the extremes, orn half-the sum of the extremes; then, by the 


4th theorem, n Xn ==n” is the sum of all the terms. Hence it appears in ge- 
neral, that half the sum of the extremes, is always the same as the number of 
the terms; and that the sum of all the terms, is the same as the square of the 
game number, n°”. Soar 


See more on Arithmetical Progression in the Arithmetic, p. 111. _ b 
_ + By triangular battalion, is to be understood, a body of troops, ranged in the 


form of a triangle, in which the ranks exceed each other by an equal number of 
| _ men: 


ARITHMETICAL PROGRESSION. 221 


second of 3, the third of 5, and so on: What is the strength 
of such a triangular battalion ? Answer, 900 men. 


ri 


QUESTION II. 


A detachment having 12 successive days to march, with 
erders to advance the first day only 2 leagues, the second 31, 
and so on increasing 11 league each day’s march: What is 
the length of the whole march, and what is the last day’s 
march ? ; 

Answer the last day’s march 1s 181 leagues, and 123 leagues 
is the length of the whole march. 


QUESTION III, 


A brigade of sappers,* having carried on 15 yards of sap 
the first night, the second only 13 yards, and so on, decreasing 
2 yards every night, till at last they carried on in one night 
only 3 yards: What is the number of nights they were em- 
ployed ; and what is the whole length of the sap ? 

Answer, they were employed 7 nights, and the length of 
the whole sap was 63 yards. 





men ; if the first rank consist of one man only, and the difference between the 
ranks be also 1, then its form is that of an equilateral triangle? and when the 
difference between the ranks is more than 1, its form mey then be an insoceles 
or scalene triangle. The practice of forming troops in this order, which is now 
laid aside, was formerly held in greater esteem than forming them in a solid 
Square as admitting of a greater front, especially when the troops were to make 
simply a stand on all sides. ? 


* A brigade of sappers, consists generally of 8 men divided equally into two 
parties. While one of these parties is advancing the sap, the other is furnishing 
the Gennes fascines, and other necessary implements, and when the first party is 
tired, the second takes its place, and go on till each man in turn has been at the 
head of the sap. A sap is a small ditch, between three and four fect in breadth 
and depth; and is distinguished from the trench by its breadth only, the trench 
having between 10 and 15 feet breadth. As an encouragement to sappers, the 
pay for all the work carried on by the whole brigade, is given to the survivors. 


QUESTION 
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QUESTION IV. 


A number of gabions* being given to be placed in six 
ranks, one above the other, in such a manner as that each 
rank exceeding one another equally, the first may consist of - 
4 gabions, and the last of 9: What is the number of gabions 
in the six ranks ; and what is the difference between each 
rank ? | 

Answer, the difference between the ranks will be 1, and 
the number of gabions in the six ranks will be 39. 


QUESTION Y. 


Two detachments, distant from each other 37 leagues, and 
both designing to occupy an advantageous post. equi-distant 
from each other’s camp, set: out at different times; the first 
detachment increasing every day’s march 1 league and a half, 
and the second detachment increasing each day’s march 2 
leagues: both the detachments arrive at the same time; the 
first after 5 days’ march, and the second after 4 days’ march : 
What is the number of leagues marched by each detachment 
each day ? | | 
The progression ¥7;, 2;2;, 375, 55, 675, answers the con- 
ditions of the first detachment : and the progression 14, 3, 
5%, 72, answers the conditions of the second detachment. 


QUESTION VI. 


A deserter, in his flight, travelling at the rate of 8 leagues 
a day ; anda detachment of dragoons being sent after him, 
with orders to march the first day only 2 leagues, the second 
5 leagues, the third 8 leagues, andso on: What is the num- 
ber of days necessary for the detachment to overtake the de- 
serter, and what will be the number of leagues marched be- 
fore he is overtaken ? - , | 

Answer, 5 days are necessary to overtake him ; and conse- 
quently 40 leagues will be the extent of the march. 


’ ® Gabions are baskets, open at both ends, made of ozier twigs, and of a cy- 
lindrical form; those made use of at the trenches are 2 feet wide, and about 3 
feet high; which, being filled with earth, serve as a shelter from the enemy’s fire ; 
and those made use of to construct batteries, are generally higher and broader. 
There is another sort of gabion, made use of to raise a low parapet; its height 
is from 1 to 2 feet, and 1 foot wide at top, but somewhat less at bottom, to give 
room for placing the muzzle of a firelock between them ; these gabions serve in- 
stead of sand bags.’ A sand bag is generally made to contain about a cubical 


foot of earth. QUESTION 


~ 


k 
ee) 


PILING OF BALLS. rs 


QUESTION VII. 


A convoy * distant 35 leagues, having orders to join its 
camp, and to march at the rate of 5 leagues per day ; its 
escort departing at the same time, with orders to march the 
first day only half a league, and the last day 91 leagues ; and 
both the escort and convoy arriving at the same time: At 
what distance is the escort from the convoy at the end of each 

march? 


OF COMPUTING SHOT OR SHELLS IN A FINISHED PILE. 


SHor and shells are generally piled in three diiferent forms, 
called triangular, square, or oblong piles, according as their 
base is either a triangle, a square, or a rectangle. 





azcn, fig. 1, is a triangular pile, 
EFGH, fig. 2, is a square pile. 





ascper, fig. 3, is an oblong pile. 





* By convoy is generally.meant a supply of ammunition or provisions, convey- 
ed toa town orarmy. The body of men that guard this supply is called escort, 


A triangnlay 
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A triangular pile is formed by the continual laying of trian- 
gular horizontal courses of shot one above another, in such 
a manner, as that the sides of these courses, called rows, de- 
crease by unity trom the bottom row to the top row, which 
ends always in 1 shot. fy be, 

A square pile is formed-by the continual laying of square 
horizontal courses of shot one above another, in such a man-— 
ner, as that the sides of these courses decrease by unity from 
the bottom to the top row, which ends also in 1 shot. 

In the trangular and the square piles, the sides or faces 
being equilateral triangles, the shot contained in those faces 
form an arithmetical progression, having for first term unity, 
and for last term and number of terms, the shot contained 
in the bottom row ; for the number of horizontal rows, or 
the number counted on one of the angles from the bottom to 
the top, is always equal to those counted on one side in the 
bottom: the sides or faces in either the triangular or square 
piles, are called arithmetical triangles ; and the numbers con- 
tained in these, are called triangular numbers : asc, fig. 1, ere, 
fig. 2, are arithmetical triangles. 

The oblong pile may be conceived as. formed from the 
square pile ascp: to one side or face of which, as ap, a 
number of arithmetical triangles equal to the face have been 
added: and the number of arithmetical triangles added to the 
square pile, by means of which the oblong pile is formed, is 
always one less than the shot in the top row ; er, whichis the 
same, equal to the difference between the bottom row of the 
xreater side and that of the lesser. . 


; ~ . 


QUESTION VIII. 


To find the shot in the triangular pile ascp, fig. 1, the bot- 
tom row az consisting of 8 shot.. 


“SOLUTION. 


The proposed pile consisting of 8 horizontal courses, each 
of which forms an equilateral triangle ; that is, the shot con- 
tained in these being in an arithmetical progression, of which 
the first and last term, as also the number of terms, are known ; 
it follows, that the sum of these particular courses, or of the 
8 progressions, will be the shot contained in the proposed pile ; 
then 


The 
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The shot of the first or lower 2-0 90=2=«CO 

triangular course will be © 8+ 1X 4 = 36 
the second - — se Te 1 XK Bi 28 
the third 9) (ee Face e216 eK Sie 
the fourth — Pilg baie ties ay 5+ 1X 23> 15 
the dtneets Begs piled hoa 4+1X2=10 
the sixth BE apm 8 - - 3+ 1 x= 6° 
the seventh . - . . 2+1xX1i= 8 
the ‘eighth ley ase sie aie RAS wih j= J 





Total. 120 shot 
in the pile proposed, 
QUESTION IX. 

To find the shot of the square pile ercu, fig. 2, the bottom 

roW EF consisting of 8 shot. 

SOLUTION. 

The bottom row containing 8 shot, the second only 7; that 
is, the rows forming the progression 8, 7, 6, 5, 4, 3, 2, 1, in 
which each of the terms being the square root of the shot 
contained in each separate square course employed in forming 
the square pile, it follows, that the sum of the squares of 
these roots will be the shot required: and the sum of the 
squares of 8,7, 6,5, 4,3, 2, 1, being 204, expresses the shot 


in the proposed pile. 
QUESTION X. 


To find the shot of the oblong pile shave fig. 3s 


which Br=16, and Bo=7, 
' SOLUTION. 


The iablong pile proposed consisting of the square pile 
Agcp, whose bottom row is 7 shot; bésides 9 arithmetical 
triangles or progressions, in which the first and last term, as 
also the number of terms, are known ; it follows that, 


if to the contents of the square pile - 140 
we add the sum of 9 times the progression- 252 
their total gives the contents required —- 392 shot. 


REMARK I. 
The shot in the triangular and the square piles, as also 


the shot in each horizontal course, may at once be ascer- 
Vor. I. 30 tained 
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tained by the following table: the vertical column a, con- 
tains the shot in» the bottom row, from 1 to 20 inclusive ; 
the column 8 contains the triangular numbers, or number 
of each course; the column contains the sum of. the 
triangular numbers, that is, the shot contained in a triangular 
- pile, commonly called pyramidal numbers ; the column p 
contains the square of the numbers of the column a, that is, 
the shot contained in each square horizontal course ; and the 
column £ contains the sum of pein squares or shotin asquare 
pile. | 








Cc B A D E 
Pyramidal | Triangular Natural eanane ye aly : 
numbers, {| numbers. numbers. of fee mans 
numbers 
1 1 i Ba GNA 
4 3 A 4 a3) 
10 6 3 9 - 14 
20 10 4 16 30 
1. Bs 15 Be 25 BS 
56 21 6 36 91 
84 28 " 49 140 
120 36 8 64 204 
165 45 9 $1 285 
220 55 10 100 385 
286 66 11 121 506 
364 78 12 144°} 650 
455 91 See 169 BS 
560 105 14 196 | 1015 
680 120. 15 995 | 4240 
816 136 16 256 | 1496_ 
969 153 17 24s. 289 1786 
1140 171 18 - 324 2109 
1330 | 190 419 361 2470 


¥ 





1540 210 | .20 || 400 | 2870 


Thus, the bottom row in a triangular pile, consisting of 9 
shot, the contents will be 165; and when of 9 in the square ~ 
pile, 285.—In the same manner, the contents either of asquare 
or triangular pile being given, the shot in the bottom row may 
be easily ascertained. 

The contents of any oblong pile by the preceding table 
may be also with little trouble ascertained, the less side not 
exceeding 20 shot, nor the difference between the less and 
the greater side 20. Thus, to find the shot in an oblong Paes 

Cerny eae 


PILING. OF BALLS. 207 


the less side being 15, and the greater 35, we are. first ‘to 
find the contents of the square pile, by means of which the’ 
oblong pile may be conceived to be formed; that is, we are 
to find the: contents of a square pile, whose bottom row is 
15 shot; which being 1240, we are, secondly, to add these 
1240 to the preduct 2400 of the triangular number 120, 
answering to 15, the number expressing the bottom row of 
the arithmetical triangle, multiplied by 20, the number of 
those triangles; and their sum, being 3640, expresses the 
number of shot in the proposed oblong pile. 


REMARK I. 


~The following algebraical expressions, deduced from the 
investigations of the sums of the powers of numbers in 
arithmetical progression, which are seen upon many gunners’ 
callipers*, serve to compute with ease and expedition the 
shot or shells in any pile. toe FB 
That serving to compute any triangular ) n+ 2X2+1X a 
pile, is represented by | Geo gen 
That serving to compute any square pile, 9 n-+-1X2n-+1xX a 
is represented by +B: 

Tn each of these, the letter » represents the number in the 
bottom row: hence, in a triangular pile, the number in the 
bottom row being 30; then this pile will be 30-+-2X30-+1 , 
X 3° = 4960 shot or shells. .In a square pile, the number 
in the bottom row being also 30; then this pile will be. 
30-+ 1 60-+ 1 X 3°= 9455 shot or shells. : 

That serving to compute any oblong pile, is represented by 
li Lat 0 Be sald in which the letter n denotes the 




















_ * Callipers are large compasses, with bowed shanks, serving to take the di- 
ameters of convex and concave bodies. The gunners’ callipers consist of two 
thin rules or plates, which are moveable quite round a joint, by the plates folding 
one ovef the other: the length of each rule or plate is 6.inches, the breadth about 

_linch, It is usual to represent, on the plates, a variety of scales, tables, propor-_ 
tions, &c. such as are esteemed useful to be known by persons employed about 
artillery ; but, except the measuring of the caliber of shot and cannon, and the 
measuring of saliant and re-entering angles, none of the articles, with which the 
callipers are usually filled, are essential to that instrument. 


4 
¢ 
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number of courses, and the letter m the number of shot, 
jess one, in the top row: hence, in an oblong pile the num- 
ber of courses being 30, and the top row 31 ; this pile will 


be 60-+-1-++-90 X 30+ 1 X 4°= 23405 shot or shells. 


PROPORTION AND GEOMETRICAL PROGRESSION. 


‘Proportion contemplates the relation of quantities con- 
sidered as to what part or what multiple one is of another, or 
how often one contains, or is contained in, another.—Of two 
quantities compared together, the first is called the Antece- 
dent, and the second the Consequent. ‘Their ratio is the 
quotient which arises from dividing the one by the other. 


Four Quantities are proportional, when the two couplets 
have equal ratios, or when the first is the same part or mul-' 
tiple of the second, as the third is of the fourth. Thus, 
3, 6, 4, 8, and a, ar, b, br, are geometrical proportionals, 
‘br 


For $=3= 2, and — —=— 
b 
cA% 


=r. And they are stated thus, 
3 406.2 8, &c. | : 
Direct Proportion is when the same relation subsists be- 
tween the first term and the second, as between the third vs 
the fourth: As in the terms above. But Reciprocal, 
inverse Proportion, is when one quantity increases in the 
same proportion, as another diminishes: As in these, 3, 6, 8, 
4; and these, a, ar, br, 6. 


Quantities are in geometrical progression, or continuous 
proportion, when every two terms have always the same ratio, 
or when the first has the same ratio to the second, as the 
second to the third, and the third to the fourth, &c. ‘Thus, 
2, 4,8, 16, 32, 64, &c, and a, ar, ar?, ars, art, ar’, &c. are 
series in geometrical progression, 

The most useful part of Proportion and Geometrical Pro: 
portion is sontained in the following theorems. — _ 

| 1. When 
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1. When four quantities are in proportion, the prdaudl of the 
two extremes is equal to the product of the two means. As 
in these, 3, 6, 4, 8, where 3X8=6 X4=24 ; and in these, 
a, ar, 6, be. where ‘oxbesanhhaabr: 3 


2. When four quantities are in proportion, the product of 
the means divided by either of the extremes gives the other 


6.x 4 
extreme. Thus if 38:6 :; 4: 8, then 3 ==8, and : = : 








a3 5 also if ys stan b: br, then te ==br, agen =a. And 


br 
this is the foundation of the Rule of Three. 


3. If any continued geometrical progression, the product 
of the two extremes, and that of any other two terms, equally 
distant from them, are equal to each other, or equal to the 
square of the middle term when there is an odd number of 
them. Soin the series, 1, 2, 4,8, 16, 32, 64, &c. it is 1x64 
=2X32=4X16=8 X8=64. 


4, In any continued geometrical series, the last term is 
equal to the first multiplied by such a power of the ratio as 
is denoted by 1 less than the number of terms. Thus, in the 
series, 3, 6, 12, 24, 48, 96, &c. itis 3X2°=96. 

5. The sum of any series in geometrical progression, is 
found by multiplying the last term by the ratio, and dividing 
the difference of this product and the first term by the dif. 
ference between 1 and the ratio. ‘Thus, the sum of 3, 6, 12, 


. 192X2—3 
24, 48, 96, 192, is ~ a an =364—3 = 381. And the 


sum of m terms of the series, a, ar, ar?,ar?, ar+, &c. to 

at RL Xr—-a arn—a r—t} 
ar” , is = 
rel r—1 r—l 











6. When four quantities, a, ar, b, br, or 2, 6, 4, 12, are 
proportional ; then any of the following forms of those quan- 
tities are also proportional, viz. 


> Direethy a sari:t 6: b¥ 3 or 296 1542 12) 
. Inversely; ar: a2>6r:b; or 6:2 ::12: 4. 
. Alternately, a:6 2: ari br; or2:4:: 6: 12, 
. Compoundedly, a: a--ar :: b: b--br; or 2:83; 4: 16. 
. Dividedly, a sara 3:6: br—b,or2:4 3; 4: 8. 
6. Mixed, 


Gr & OO tO 
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6. Mixed, ar--o :ar—a ty br+b: br} 5 unis 45216: 8. 
v; Multiplication, ac:are:: be: bre; ne 2B 6.3; Sk ‘¥2: 


“Bs Division, —:—":; b: bry or 1 Bish ike. 


9. The numbers a, 5, c, d, are in harmonical proportion, 
pene) ade aD 6:3 cn d. 


EXAMPLES: 


i. Given the first term of a geometric series 1, the ratio 
%, and the number of terms 12; to find the sum of the series ; 
First, 1 X2)!'=1 X 2048, is the last term. 


2048 XKX2—1 4096 —1 
Then pai ee =4095, the sum required. 








2. Given the first term of a geometrical series 1, the ratio 
,and the number of terms 8 ; to find the sum of the series ? 
Fist, A % (3 2) Se Xebe=cha is the last term. k 
Then, { Gasie*s) + 0—-)=G 7) = Tbe BES 
~ the sum required. 
3. Required the sum of 12 terms of the series, 1, 3, 9, 9 
31, &c. Ans, 265720. 
4. Required the sum of 12 terms of the series 1, 4, 4, 3; 
ahr, ke. Ans. 499745. 
5. Required the sum at 100 terms of the series 1, 2, 4, 8, 
16. 32, &e. Ans. 1267650600228229401496703205375. 
See more of Proportion in the Arithmictig, “ 
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SIMPLE EQUATIONS. 


An Equation i is the expression of two equal uigsaieien. with - 
the sign of equality (==) placed between them. Thus, t0— 
A=6 is an equation, ee ci the equality of the casa anes 
10—4 and 6. 

- Equations 
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_ Equations, are either simple or compound. A Simple 
Equation, is that which contains only one power of the un- 
known quantity, without including. different powers. Thus, 
e—ma=b-b ¢,or ax?=b, is a simple equation. contatuing only | 
one power of the unknown quantity. But x2?-—2ar—2 ig 
@ compound. one. 15 | 


GENERAL RULE. 


Reduction of Equations, is the finding the value of the 
unknown quantity. And this consists. in disengaging that 
quantity from the known ones; or in ordering the equa- 
ion so, that the unknown letter or quantity may stand 
alone on one side of the equation, or of the mark of equality, 
without a co-efficient: and all the rest, or the known quan- 
tities, on the other side.—In general, the unknown quantity 
is disengaged from the known ones, by performing always 
the reverse operations. So if the known quantities are con- 
nected with it by + or addition, they must be subtracted; if 
by minus. (—), or subtraction, they must be added; if by 
multiplication, we must divide by them; if by division, we 
must multiply ; when it is in any power, we must extract 
the root; and when in any-radical, we must raise it to the 
power. As in the following particular rules; which are 
. founded on the general principle of perorming ‘equal opera- 

tions on equal quantities ; in which’ case it is evident that 
the results must still be equal, whether by equal additions, 
or subtractions, or multiplications, or divisions, or roots, or 
powers. — ) Ba a | 


PARTICULAR RULE I. 


Wen known quantities are connected with the unknown 
by -+- or — ; transpose them to the other side of the equation, 
and change their signs. Which is only adding or subtracting 
the same quantities on beth sides, in order to get all the un- 
known terms on one side of the equation, and all the known 
ones on the other side.* . if 

‘ . Thus, 


oe 


t A 





% Here it is earnestly recommended that the pupil be accustomed, at every line 
or step in the reduction of the equations, to name the particular operation to be 
performed on the equation in the line, in order to produce the next form or state 
of ihe equation, in applying each of these rules, according as the particular forms 
of the equation may require; applying them saccotdiag to the order in which they 

ae 
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Thus, if «+-5=8; then transposing 5 gives 4=8—5=3. 
And, if s—3-+7=9; then transposing the 3 and 7, gives 


x=9+-3~-—7=5. | 
Also, if a—a-+-b=cd: then by transposing a and 5, it is 
e=a—b+cd, . aig 


In like manner, if 52-—-6=4a-+-10, then by transposing 6 
and 42, it.is ba—4x2=10-+6, or a=16. Aptoe} 


RULE TQ. 


Wuen the unknown. term is multiplied by any quantity ; 
divide all the terms of the equation by it. 

Thus, if ax=ab—4a; then dividing by a, gives x=b—4, 

And, if 32-+-5=20 ; then first transposing & gives 32=15 ; 
and then by dividing by 3, it is «=5, 5 

In like manner, if az-+-3ab==4c? ; then by dividing by a, it 

ig 2 

is r+3b= and then transposing 3), gives sare —3b. 


RULE IIL. 


Wuew the unknown 4terin is divided by any quantity ; Wwe 
must then multiply all the terms of the equation by that di- 
visor ; which takes it. away. 3 Rare 


Thus, if; =3-+2: then mult. by 4, gives n=12-+-8=20, _ 


And, if = =3b4+2e—d: 
then by mult. a, it gives x=3ab-++2ac—ad. 
$ 3 ; : 
Also, if = -3=542 


Then by transposing 3, il is $2=10. 
And multiplying by 5, it is 37>=50. 
Lastly dividing by 3 gives 216%. 


ree 





— 


are here placed; and beginning every line with the words Then by, as in the 
following specimens of Examples; which two words will always bring to his 
recollection, that he is to pronounce what particular operation he is to perform on 
the last lme, in order to give the next; allotting always a single line for each 
operation, and ranging the equations neatly just under each other, in the several 
lines, as. they are successively produced. et 

RULE 
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RULE IV. 


Wuen the unknown quantity is included in any root or 
surd ; transpose the rest of the terms, if there be any, by 
Rule. 1; then raise each side to such a power as is denoted 
by the index of the surd ; ; viz. Square each side when it is 
the square root; cube each side when it is the cube root ; 
&c. which clears that radical. 

Thus, if 4/s—3=4 ; then transposing 3, gives of x==7 ; 

And squaring both sides gives 2=49, 


And, if y 22-+10=8 ; t 
Then by squaring, it becomes Qa-+-10=64 é 
And by transposing 10, it is 2254 ; 
Lastly, dividing by 2, iit G27. 
Also, if 3/32+4+3= 
Then by transposing 3, it is 5 8/SnF4=3 | 
And by cubing, it is 32-+-4=37 ; 
Also, by transposing 4, itis 32=93 ; 
Lastly, dividing by 3, gives =72 


RULE ¥. 
‘lie 


Wuen that side of the equation which contains the un: 
known quantity is a complete power, or can easily be reduced 
to one, by rule 1, 2,or 3; then extract the root of the said 
power on both sides of the equation; that is, extract the 
square root when it is a square power, or the cube root wher. 
itis a cube, &c. 

Thus, if 2?-++-8x-+16=36, or (x4)? ame SBS 

Then by extracting the roots, it is <+4=6 ; 

And by transposing 4, it is r= 6 4=2. 

And if 342 — 19-=21-435. 

Then, by transposing 19, it is 5a? =75 ; 

And dividing by 3, gives «2 =25 ; 

And extracting the root, gives x=5. 

Also, if 322 —6==24. 

Then transposing 6, gives 32? =30 ; 

And multiplying by 4, gives 32? = 120; ; 

Then dividing by 3, gives 2?=40 ; 

Lastly, extracting the root, gives 124/40 =6'324555, 
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RULE V1. 


"Wuen there is any analogy or proportion, it is to be 
changed into an equation, by multiplying the two extreme 
terms together, and the two means together, and making the 
one product equal to the other, 

Thus, 22 7-9'<). 3:5. 
Then, mult. the extremes and Figen? gives esi ft 
And dividing by 10, gives z= 2,4 

And if 32x: a3? BB: 2c. 

Then mult, extremes and means gives 3cx=5ab ; 

And multiplying by 2, gives 3cx=10ab ; 
10ab 

Se 





Lastly, dividing ce Oe, bhi L= 


Also, if 10-2: ee EA? i | 
Then mult. eee Me means, gives 10-224; 
And transposing x, gives 10=3z2 ; 

Lastly, dividing by 3 3, gives 3L=z, 


RULE VII. 


Wuen the same quantity is found on both sides of an equa- 
tion, with the same sign, either plus or minus, it may be left 
out of both: and when every term in an equation is either 
multiplied or divided by the same greats it may he aera 
out of them all. | 

Thus, if 32+2a=—2a+): 
Then by taking away 2a, it is 32=b. | 
And dividing by 3, itisw=10. 
Also if there he Aaw-t-Gab= Jac. 

Then striking out or dividing by a, gives de+-6b= 70. 

Then, by transposing 68, it becomes 42=7¢ — 6b ; 

_ And then dividing by 4 gives r= je—3 Bb.) > 
Again, if 2¢—i=19—1. 

Then, taking away the 7, it becomes 21 =1); 

And taking away the 3’s, it is 2a=10; 

Lastly, dividing by 2 gives a=5. 


MISCELLANEOUS EXAMPLES. 


1. Given Tz —18=42-+6 ; to find the value of x. 
First, transposing 18 and 5x gives 3a=24 ; 
Then dividing by 3, gives 2=8. 
9, Given 


C3) 


; Given 
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Sr 


. Given 20— 427 —12=92— 10x; to find x. 


First transposing 20 and 12 and 102, eres 6x=84 ; 
Then dividing by 6, gives «= 14. 


. Let dar —5b6=3d2+2c be given ; to find z. 


First, by trans. 56 and 3dz, it is far —3da—B0-42e 
5b-+-2e 


Then dividing by 4a—3d, gives OT eae” 


. Let 5x? —124=92-+2x? be given ; to find x. 


First, by dividing by x, it is 5a — 12=9-+- 22; 


Then transposing 12 and 22, gives 34=21 ; 


Lastly, dividing by 3, gives c=7. 


. Given 9ax? —15abx2 = 6ax*-+-12ax? ; to find x. 


First, dividing by 3ax?, gives 3a — bas 2n-d + 
Then transposing, 6b and 2x, gives x=56-+4. © 


x 


. Let aaa dS 5 = 2 be given, to find x. 


First, multiplying by 3, gives x—3ax-+-3a=6 ; 
Then multiplying by 4, gives e+ Yr=24. 
Also multiplying by 5, gives 172= 120. 
eae dividing re 17, gives s=7;%, 


—10 





ep Sis 


First, ate by < gives x—5-+ ee 
Then transposing 5 and x, gives 2x-+32==51 ; 
And multiplying by 2, gives 7r=102. 





Lastly, dividing by 7, ‘gives e144, 


: Let 2e+2/ai = 


. Let = +7=10, be given ; to find «. 


First, transposing 7, gives ./37=3 ; 
Then squaring the equation, gives j2=9 ; 
Then dividing by 3, gives 12=3; 

"ene multiplying by 4, gives a= 12, 


* 


607 
Jota? 
First, Sine by 4/03 a2 x? , gives 2n/a? a2 +22 -+202-+-242 


be given; to find zx. 


Then: cae Qa2 and 222, gives 2a ,/a? 4-2? =3a? — 2x3 ; 


Then 
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Then by squaring, it is 422 Xa2-+-22 =2a2 938", 
That is, 4a?x?-++-4¢4=904—1202429+-4e4; 

By taking 424 from both sides, it.is 40222 = =9a4— 1202? ; 
Then transposing 12077, gives 16a*x?, ==90*% 
Dividing by a?, gives 1622 =9a? ; 

And dividing by 16, gives x2= = fa? 

Lastly extracting the root, gives n=2a. 


EXAMPLES FOR PRACTICE. 


. Given 2x—54+16=21 ; to find x. Ans, 225. 








1 
2. Given 9x— 15=a2+6; to find x. Ans. 2=28. 
3. Given 8—3a2+12=30- 5244; to find x. Ans. c=7« 
4. Given z+1a—12=13; tofinds, Ans. = 12. 
5. Given 3a-+-10+2=b2—4; to finds. Ans, #==4. 
6. Given 4ax+-1la—2=ar—bz ; to find z. 7 
’ ‘ 6—a 
ns, 2 EE 
7. Given t2—1a-+-1a=1; to find a. _ Ans. 2=34. 
8. Given ,/4-+-27==4—,/z; to find x. Ans, 2==21. 
2 ; 
9. Given 4a--2= 4 rot to deter. x. Ans. c=— 2a. 
10. Given ,/4a2+22= =4/4b4 a8 -¢*; to find x. 
bt —4a* 
Ans, sa eats 7 ere 
il. Gi ef 2a ep Bind 
. Given ,/x- abe == § to find 2; 
heed J a-n’ | | 


. ? Ans. r==20, - 
[oy Given ooh tons ; 
chen 190 Ton ; : | 
| Fy sie 
Ans. gh. 
7 b 
43. Given o--a=,/a? +2 / 4b? +22; to find x. 
2 
. Ans. z= —— i. 
; a 


OF 
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OF REDUCING DOUBLE, TRIPLE, &c. EQUATIONS, CONTAINING 
TWO, THREE, OR MORE UNKNOWN QUANTITIES. 


PROBLEM I. 


To Exterminate Two Unknown Quantities ; Or, to Reduce the 
Two Simple Equations containing them, to a Single one. 


RULE I. 


Finn the value of one of the unknown letters, in terms of 
the other quantities, in each of the equations, by the methods 
already explained. Then put those two values equal to each: 
other for a new equation, with only one unknown quantity in 
_ it, whose value is to be found as before. 

Note. It is evident that we must first begin to find the 
values of that letter which are easiest to be found in the two 
proposed equations. 





EXAMPLES. 
: Qxe-+-3y=17 
1. Given ; ays ; to find x and y¥. 
’ : 17% 
In the 1st equat. transp. 3y and div. by 2, gives <= decey , 
: | , : 14--2y 
In the 2d transp. 2y and div. by 5 gives 2= be 2. 





Putting these two values equal, gives ——— hh _M=5y, 

Then mult. by 5 and 2, gives 28--4y=85— 1 By ; 

Transposing 28 and 15y, gives 19y=57 ; 

And dividing by 19, gives y=3. 

And hence «=4, 

Or, to do the same by finding two vakoke of y, thus: 
17—2 

In the Ist equat. tr. 2x and div. by 3, gives yo 
sx— 14 

In the 2d tr. 2y and 14, and div. by 2, gives ieee 


Se —14_17—2r 
eaohe aR EN EP EES PIR 


| 2 3 
Mult. by 2 and by 3, gives 15x -42=34—4z ; 


Putting these two values equal, gives 
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. Transp. 42 and 4z, gives isdn fetes 
Dividing by 19, gives 2=4, LG TN 
Hence y=3, as before. iw 


2. Given sf je} 2y= aed to find z ae Yo 


40 — 2y=h 
Ans. s=a-+6, and yet it 
3. Given 3x-+y=22, and 3y+2=18; to find x and y, 


Ans. 2=6; and y=4. 
4. Given ; ee: ei to find x and y. 
: 30 py=3y . 
Ans. z=6, and y=3. 

5. Given = aot, and ple ; to find x and y. 
hus, 2=3, and ya=4. 

6. Given x+2y=s, and x? —4y2=d? ; to find a and y. 

; 32 +3 . s? 8 
Ans. «= ey and a 








As 
7. Given x—2y==d, and a : yt Sa: 6; to find & se ye 
Ans. add and ota 4 
op as a— ob 
RULE I, 


Fivp the value of one of the unknown letters, in only one 
of the equations, as in the former rule ; and substitute this 
value instead of that unknown quantity in the other equation, 
and there will arise a new equation, with only one unknown 
quantity, whose value is to be found as before. 

Note. Itis evident that it is best to begin first with that let- 
ter whose value is easiest found in the given equations. 


1 


EXAMPLES. 


i. Given ; pani td t to find x and y. 


This will admit of four ways of solution ; “thus : First, 
In the Ist eq. trans. 3y and div. by 2, gives <= are i 
JP his yal. dubs. for xin the 24, gives, ki y= 145 
"Mult. by 2, this becomes 85— 15y—4y=28 ; 


Transp. 
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Transp. 15y and 4y and 28, gives abet : 
And Ah by 19, gives at ke 


‘17— a es 


2 
: he 1 
2dly, in the 2d on oy and div. by 5, gives pend, 


Then z= =A, 





pgs GRE Pie oa: we 
This subst. for « in the Ist, gives Sint +-3y== 17: 


Mult. by 5, gives 28-+-4y-+ 1 5y=85 ; 
Transpos. 28, gives 19y=57 ; 
And Belting by 19, gives y=3. 


3 “Then 2 = — =4, as before. 





3dly, in the Ist trans: 2z and div. by 3, gives y= ee WR 


34 — 
This eptak fut y in the 2d, gives, ot— os 4s =14; | 





Mattiplying by 3 gives ‘Loa —34--4e=42 ; 
‘Transposing 34, gives 192=76 ; 
And dividing by 19, gives a= 4, 
AT—2z 
‘Hence y=. so 





=3;) as before. 


athly, in me 2d tr. 2y and 14 and div. by 2, a “ae 5 








| This subetituted i in the Ist, gives Ont 


| Muluplying by 2, gives 190 4294 
_. Transposing 42, gives 192=7 
And means BY, 19, gives r—=4. 


eRe == 3, as before, 





Hence en 


2. Given 25-+34=29, and 32 —2y==11; to find x and y. 
Ans. x= 7, and yx. 


3. Given oe f to find x and y. 
oS ec Ans. ‘a8, and y==6, 


4, Given 
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~~ 


wf ay ee Be eck 
4, Ring ee ant to find x and y. og 
Ans. r==6, and yas 


§. Given = T3y= 91, and = Tes 29 ; “to find x nes y: 
Ans. w=9, and y= 6 6. 


6. ‘Given Ose e es, and —— pp Stags sae 
; to find x and y. | Salat x==8, and y=6. 


7. Given a: y+; 4:3, and 7343 =37 ; ; to find and y. 
| Ans. 2=4, and y=3. 


RULE IIL. 


Ler the given equations be so multiplied, or divided, &c. 
and by such numbers or quantities, as will make the terms 
which contain one of the unknown quantities the same in 
both equations ; if Ane are not the same when first pro- 

osed. 
: Then by adding or gublraetine the equations, according as 
the signs may require, there will remain a new equation, with 
only one unknown quantity, as before. T'hat is, add the two 
equations, when the signs are unlike, but subtract them when 
- the signs are alike, to cancel that common term. 

Note. 'To make twe unequal terms become equal, as above, 
multiply each term by the co-efficient of the piner, 


EXAMPLES. 


Giten ; verily ; to find x and y. | 
Here we may either make the two first terms, containing 
‘az, equal, or the two 2d terms, containing y equal. To make 
the two first terms equal, we must multiply the 1st equation 
by 2, and the 2d by 5; but to make the two 2d terms equal,’ 
we must multiply the Ist equation by 5, and the 2d by 3; as 


fi ollows. | 
Re , 
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1. By making the two first terms equal : 
Mult. the Ist equ. by 2, gives 107—. 6y=18; 
And mult. the 2d by 5, gives 10x-- 25y=80 ; 
Subtr. the upper from the under, gives 31y=62 ; 
And dividing by 31, gives y= 2. 


3 
Hence, from the Ist given equ. z ete 3. 


to 


. By making the two 2d terms equal : 
Mult. the Ist equat. by 5, gives 25a—15y=45 ; 


_ And mult. the 2d by 3, gives 62-+-15y=48 ; 
_ Adding these two, gives 312z=93 ; 
And dividing by 31, gives r= 3; 


4 





Hence, from the Ist equ. y= rine 2. 


MISCELLANEOUS EXAMPLES. 


S 1 6y-=21, and ee + 52 == 23; to find x 





1. Given ar 











and y. ‘Ans. z==4, and y=3. 
2. Given att 10= 13, and Bs 4+5==12; to finds 
and y. Ans. x=5, and y =3. 
3. Given =o ee == 10, nde +2 = 14; to find 
x and y iy K a and y=—4. 


4, Piven Set dy = 38, and 4a—3y = 9; to find x and Ye 
_ Ans. «= 6, and y= 5. 


PROBLEM II. 


To Exterminate Three or More Unknown Quantities ; Or, to 
Reduce the Simple Equations, containing them, to a Single 
one. 


RULE, 


Turs may be done by any of the three methods in the last 
problem : viz. 

1. Arrer the manner of the first rule in the last problem, 
find the value of one of the unknown letters in each of the 
given equations: next put two of these values equal to each 
other, and then one of these and a third value equal, and so 
on for all the values of it ; which gives a new set of equations, 

Vou. I. 32 with 
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with which the same process is to be repeated, and so on till 
there is only’ one equation, to be reduced by the rules for a 
single equation. 

2. Or, as in the 2d rule sf the same problemi, find the va- 
lue of one of the unknown quantities in one of the equations 
only ; then substitute this value instead of it in the other 
equations ; which gives a new set of equations to be resolved 
as before, by repeating the operation. 

3. Or, as in the 3d rule, reduce the equations, by multi- 
plying or dividing them, so as to make some of the terms to 
agree: then, by adding or subtracting them, as the signs may 


require, one of the letters may be exterminated, &c. as 
before. 


'- EXAMPLES. 


a+ yt z= 9 
1. Given x-+-2y+-3z2=16 ) ; to find a, y, and z. 
f x+-3y+4z2==31 


i. By the ist method: 
Transp. the terms containing y and z in each equa. gives _ 
x= 9— Y-— 2, 
r= 16 —2y—3z, 
e321 —3y— 42 ; 
Then putting the. Ist and 2d values equal, and the 2d and 3d 
values equal, give 
G— y— 2=16—2y—3z, 
16 —2y — 3z=21— 3y —4z ; 
In the Ist trans. 9, 2, and 2y, gives y=7—2z ; 
In the 2d trans. 16, 3z and 3y, gives y=5— z; 
Putting these two equal, gives 5—-z=7—2z ; 
Trans. 5 and 2z, gives z=2. 
Hence y=5—z=3, and <=9—y—z=4. 


Qdly. By the 2d method : 
From the Ist equa. s=9—y—z ; 
This value of x substit. in the 2d and 3d, gives © 
9+ y+2z=16, 
9-+-2y-+3z=21; 
In the Ist trans. 9 and 2z, gives y= 7 — 22 ; 
This substit. in the last, gives 23—z=21 ; 
Trans. z and 2i, gives 2=z. 
Hence again y==7 = 2z=3, and sy ce 


3dly. By 
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Sdly. By the 3d method ; subtracting the Ist a from 
the 2d; and the 2d from the 3d, gives 


; y+22=7, 
. yh 25; - 
Subtr. the latter from the former, gives z=2. 
Hence y=5—z=3, and <=9—y—z=4. 


at yt z= 18 
2, Given ¢ «+3y+22=38 ) ; to find x, y, and z. - 
a-+ty+iz=10 


4 


Ans. c=4, y=6, z=8. 


aay 3 | 
3. Given ¢ #+1y-4-1z=20 5 ; to find #, y, and z. 
x--ly-+iz=16 7 


Ans. r=1, y= 12, z=60. 
4. Given x—y=2, x—z=3, and y+-z=9 ; to find a, y, 
and z. Ans. x=7; y=5; z=4, 
2x-+-3y+42=34 
5. Given jsctartsnact ; to find x, y, and z. 
42-+-6y+82=58 - 


A COLLECTION OF QUESTIONS PRODUCING SIMPLE 
EQUATIONS. ° 


Quest. 1. To find two numbers, such, that their sum shall 


be 10, and their difference 6. 
Let x denote the greater number, and y the less.* 
Then, bythe ist condition z+ y=10, 


And by the 2d - - “£— y= 6, 
Transp. y in each, gives r=10— y, 
and x= 6-++ y; 
“Put these two values equal, gives 6-Fy=10 —y ; 
- Transpos. 6 and —y, gives - 2y=4; 
Dividing by 2, eyes - - y=2. 
And hence - -  2==6+y=8. 





* In all these solutions, as many unknown letters are always used as there are 
unknown numbers to be found, purposely the better to exercise the modes of reduc- 
ing the equations: avoiding the short ways of notation, which though giving a. 
shorter solution, are for that reason less useful to the pupil, as affording less exer- 
cise in practising the several rules in.reducing equations. 


Quest. 2, 
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Quest. 2. Divide 1001. among a, 8, c, so that 4 may have 
201. more than 8, and 8 10/. more than c. 
Let «=a’s share, y==,’s, and z==¢’s. 
Then a+y-++ 2100, 
my 120, 

—=2z-+- 10. 
In the Ist substit. y+-20 for x, gives oy-+2-+20=100 ; 
In this substituting z+ 10 for y, gives 3z-+-40=100 ; 
By transposing 40, gives - -  3z==60; 
And dividing by 3, gives - - 2—=20. 
Hence y=z-+ 10= 30, and + =y-+-20= 50. 


Quest. 3. A prize of 500. is to be divided between two 
persons, so as their shares may be in proportien as 7 to 8 ; 
required the share of each. : 

Pat a and y for the two shares ; then by the question, 

7:8::a2: y, or mult. the extremes 
and the means, 7y=8z, 

and 2-+-y=5900 ; 
Transposing y, gives x= 500—y ; 
This subtituted in the Ist, gives 7y—=4000 — 8y ; 
By transposing 8y, it is 15y 4000 ; 
By dividing by 15, it gives y==2662 ; 
And hence 2=500—y= 2331. 


Quest. 4. What number is that whose 4th part exceeds its 
5th part by 10 ? . 
Let x denote the number sought. 
Then by the question j}2—ja==10 ; 
By mult. by 4, it becomes 2 —42—=40 : 
By mult. by 5, it gives x= 200, the number sought. 


Quest. 5. What fraction is that to the numerator of which 
if 1 be added, the value will be 1; butif one be added to the 
denominator, its value will be 2 ? 


Let ~ denote the fraction. 


orl ah 
Then by the quest. ; =}, and — oan =1, 
The Ist mult. by 2 and y, gives ont Oy ; ; 
The 2d mult. by 3 and y+-1is3z=y+1; - 
The upper taken from the under leaves r—2= I - 
By transpos. 2, it gives x==3. 
And hence y==2x-+ 2=8 ; and the fraction is 2. 


Quest. 6. 
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Quasr. 6. A labourer engaged to serve for 30 days on 
these conditions; that for every day he worked, he was to 
receive 20d, but for every day he played,. or was absent, he 
was to forfeit 10d. Now at.the end of the time he had to re- 
eeive just 20 shillings, or 240 pence. It is required to find 
how many days he worked, and how many he was idle ? 


Let x be the days worked, and y the days idle. 

Then 20z is the pence earned, and 10y the forfeits ; 
Hence, by the question - 2+y=30, 

and 20x— 10y==240 ; 

The Ist mult. by 10, gives 10x-+ 10y==300 ; 
These two added give - 302=—540; ! 
This div. by 30, gives - x= 18, the days worked ; 
Hence- - - - - y==30—2=12, the days idled. 


Quest. 7. Out of a cask of wine, which had leaked away 1. 
30 gallons were drawn ; and then, being gaged, it appeared 
to be half full ; how much did it hold ? | 


Let it be supposed to have held x gallons, 

Then it would have leaked 32 gallons, 

Conseq. there had been taken away 14-430 gallons. 
Hence 12=12+30 by the question. 

Then mult. by 4, gives 27-=r-+-120 : 

And transposing x, gives x 120 the contents. 


hd 
® Quest. 8. To divide 20 into two such parts, that 3 times 
the one part added to 5 times the other may make 76. 
Let x and y denote the two parts. 


Then by the question > - r+. y==20, 
| and 37-+-5y= 76. 
Mult. the Ist by 3, gives - - 3x-+-3y=60 ; 
Subtr. the latter from the former gives, 2y=16 ; 
And dividing by 2, gives - > . ae 
Hence, from the Ist, - - r= 20 —y=12. 


Quest. 9. A market woman bought in a certain number 
of eggs at 2 a penny, and as many more at 3 a penny, and 
sold them all out again at the rate of 5 for two-pence, and by 
so doing, contrary to expectation, found she lost 3d. ; what 
number of eggs had she ? 


Let x= number of eggs of each sort. 
Then will a= cost of the first sort, 
And ix= cost of the second sort ; 
But 
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But 5: 2°: 2x (the whole number of eggs) 2 4a 5. 

Hence ne price.of both sorts, at 5 for 2 pence; 

Then by the question joblem4a=3; 

Mult. by 2, gives” - r+er—3e=6 ; ; 

And mult. by 3, gives 5a — 782185 0 

Also mult. by ry gives == 2290, the number of eggs: of 
each sort. 


Quest. 10.. Two persons, a and Bs, engage at play. ‘ Be- 
fore they begin, a has 80 guineas, and & has 60. After a 
certain number of games won and lost between them, a rises 
with three times as many guineas as 8B. Query, how many 
guineas did a win of B ? 


Let « denote the number of guineas a won. 
Then a rises with 80-+2, 
And B rises with 60—x ;- _ 
Theref. by the quest. 804--7==180— 3z ; 
Transp. 80 and 32, gives 4x=100 ; 
And dividing by 4, gives 2= 25, the guineas won. 


QUESTIONS FOR PRACTICE, 


1. To determine two numbers such, that their difference 


may be 4, and the difference of their squares 64. 
Apa 6 and 10. 


2; To find two numbers with these conditions, viz. that, 
half the first with a 3d part of the second may make 9, and that @ 
a4dth part of the first with a 5th part of the second may 
make 5. Ans. 8 and 15. 


3. To divide the number 20 into two such parts, that a 3d 


of the one part, added to a fifth of the other, may make 6. 
Ans. 15 and 5. 


4. To find three ater such, that the sum of the Ist 
and 2d shall be 7, the sum of the Ist and 3d 8, and the sum of 
the 2d and 3d 9. _ Ans. 3, 4, 5. 


5. A father, dying, bequeathed his fortune, which was 
28001. to his son and daughter, in this manner ; that for every 
half crown the son might have, the daughter was ig bave a 
shilling. What then were their two shares ? 

Ans. The son 20001. and the donations 3001. 


6. Three persons, a, B, c, make a joint contribution, 
which in the whole amounts to 400/.: of which sum B con- 
tributes 
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tributes twice as much as a and 20]. more; and c as much 
as aands together. What sum did each contribute ? | 

Ans, A 601. 81401. and c 200], 


7. A person paid a bill of 100/. with half guineas and 
crowns, using in all 202 pieces ; how many pieces were there 
of each sort ? Ans. 180 half guineas, and 22 crowns. 


8. Says. a to B, if you give me 10 guineas of your money 

I shall then have twice as much as you will have left: but 

says B to a, give me 10 of your guineas, and then | shall have 
3 times as many as you. How many had each ? , 

Ans. a 22, 8 26, 


9. A person goes to a tavern with a certain quantity of 
money in his pocket, where he spends 2 shillings; he then 
borrows ag much money as he had left, and going to another 
tavern, he there spends 2 shillings also; thea borrowing 
again us much money as was left, he went to a third to tavern, 
where likewise he spent 2 shillings ; and thus repeating the 
game at a fourth tavern, he then had nothing remaining. 
What sum had he at first ? Ans. 3s, 9d, 


10. A man with his wife and child dine together at an inn. 
The landlord charged 1 shilling for the child; and for the 
woman he charged as much as for the child and } as much as 
for the man ; and for the man he charged as much as for the 
woman and child together. How much was that for each ? 

Ans, The woman 20d, and the man 32d. 


11. A cask, which held 60 gallons, was filled with a mix- © 
ture of brandy, wine, and cyder, in this manner, viz. the 
cyder was 6 gallons more than the brandy, and the wine was 
as much as'the cyder and 1 of the brandy. How munch was 
there of each. Ans. Brandy 15, cyder 21, wine 24. 


12. A general, disposing his army into a square form, finds 
that he has 284 men more than a perfect square ; but increas- 
ing the side by 1 man, he then wants 25 men to be a complete 
square. ‘Then how many men had he under his command ? 

} | | Ans, 24000, 

13. What number is: that, to which if 3, 5, and 8, be 
severally added, the three sums, shall bein geometrical pro- 
gression ? Ans. i, 


14. The stock of three traders nmbuhted to 760]. the 
shares of the first and second exceeded that of the third 
by 
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by 240; and the sum of the 2d and 3d exceeded the first by 
960. What was the share of each? hs 
Ans. The Ist 200, the 2d 300, the 3d 260. 


15. What two numbers are those, which, being in the ratio 
of 3 to 4, their product is equal to 12 times their sum ? 
Ans. 21 and 28. 


16. A certain company at a tavern, when they came to 
settle their reckoning, found that had there been 4 more in 
company, they might have paid a shilling a-piece less than 
they did; but that if there had been 3 fewer in company, 
they must have paid a shilling a-piece more than they did. 
What then was the number of persons in company, what each 
paid, and what was the whole reckoning ? 

Ans. 24 persons, each paid 7s. and the whole 
reckoning 8 guineas. 


17. A jocky has two horses: and also two saddles, the ene 
valued at 18/1 the other at 31. Now when he sets the better 
saddle on the Ist horse, and the worst on the 2d, it makes the 
first horse worth double the 2d: but when he places the bet- 
ter saddle on the 2d horse, and the worse on the first, it 
makes the 2d horse worth three times the Ist. What then 
were the values of the two horses? | 

Ans. The ist 61. and the 2d 9/. 


18. What two numbers are as 2 to 3, to each of which if 
6 be added, the sums will be as 4 to 5? Ans. 6 and 9. 


19. What are those two numbers, of which the greater is 
to the less as their sum is to 20, and as their difference is to 
10? Ans. 15 and 45. 


20. What two numbers are those, whose difference, sum, 
and product, are to each other, as the three numbers 2, 3, 5? 
Ans. 2 and 10. 


21. To find three numbers in arithmetical progression, of 
which the first is to the third as 5 to 9, and the sum of al! three 
is 63? Ans. 15, 21, 27. 

22. It is required to divide the number 24 into two such 
parts, that the quotient of the greater part divided by the less, 
may be to the quotient of the less part divided by the greater, 
as 4to 1. Ans. 16 and 8. 

93. A gentleman being asked the age of his two sons, 
answered, that if to the sum of their ages 18 be added, 
the result will be double the age of the elder; but if 6 be 

taken 
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taken from the difference of their ages, the remainder will 
be equal to the age of the younger. What then were their 
ages ? Ans. 30 and 12. 
24. To find lige numbers such, that the sum of the Ist, 
2d, and 3d, shall be 13 ; the sum of the Ist, 2d, and 4th, 15; 
the sum of the 1st, 3d, and 4th, 18 ; anil lastly the sum of 
the 2d, 3d, and 4th, 20. . | Ans. 2, 4, 7, 9. 
25. To divide 48 into 4 such parts, that the Ist increased 
by 3, the second diminished by 3, the third multiplied by 3, 
and the 4th divided by 3, may be all equal to each other. 
Ans, 6, 12, 3, 27, 


QUADRATIC EQUATIONS. 


Guank ric Equations are either simple or compound. 

_A simple quadratic equation, is that which involves the 
square of the unknown quantity only. As oz?=d. And the 
solution of such quadratics has been already given in simple 
equations. 

- A compound quadratic equation, is that which contains the 
square of the unknown, quantity in one term, and the first 
power in another term. As ax?-+-ba=c. 

All compound quadratic equations, after being properly 
reduced, fall under the three following forms, to which they 
must always. be reduced by preparing them for solution, 

Fe hpte 1. w?-bax=6b 
2. at —axr=b 
| 3. 22 —-ar= 6. 

“The general duethiod of solving quadratic equations, is by 

what's is called completing the square, which is as follows : 


1. Rasuce the proposed equation to a proper s simple form, 
as usual, such as the forms above ; namely, by franeposiog 
all the terms which contain the uuknown quantity to one 
side of the equation, and the known terms to the other ; 
placing the square term first, and the single power seconds ; 
; Sey dividing 
Vou, i 33 
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dividing the equation by the co-efficient of the square or 
first. term, if it has one, and changing the signs of all the 
terms, when that term happens to be negative, as that term 
must always be made positive before the solution. Then 
the: proper tna ag is by completing the pe ebres as ies 
Wig SS 
2. Complete fhe Sees side.to a square, in iid: man- 
ner, viz. Take half the co-efficient of the second term. and 
square it; which square add to both sides of the equation, 
then that side which contains the unknown quantity will be a 
complete square. 
3. Then extract the square root on both sides of the 
equation,* and the value of the unknown quantity will be 
determined, 








* As the square root of any quantity may be either +- or —, therefore all quad-- » 
ratic equations admit of two solutions. Thus, the square root of ++ 2 is ei- 
ther ++ n or—n; for + nX -. nand—n X —n are each equal to +n. 
But the square root of — 7, or ae , is sarees or impossible, as neither 
-}- 2 nor — 7, when squared, gives —n”- 


So, in the first form, 2* -+aa=b, where 2--% a is found =o b+ 4a*, the 


root may be either + /b-L 1a", or —\/b- 4a?, since either of them being 
multiplied by itself produces 6+ $ ta? And this ambiguity is expressed by writ- 
ing the uncertain or double sign -+ eens V/ b+4a" 3 this ws a VS fi) $30" 
— 40. 3 
In this form, where a= <b \/b+ te —za, the first value of 2, xb tee 
Jf b+4-20? _ ha, is always affirmative ; for since £42 4h is greater than—Za?, 
the greater square must reine! have the greater root; therefore Sbo+ta 


willalwaysbe greater than,/ + 4”, or itsequal $a;and consequently +7b+4 ae 
—— Ja will alway! s be affirmative. 


The second value, viz. «= — b+ 7 a*—4a will always be negative, be- 
cause it is pei es of two negative terms. . Therefore when «* par), we 


shall have = £/b+¢ a? — 4a forthe affirmative value of %, Ba aa os 
«/ b-}-4a? — 1a for the negative value of x. i be 
int the second form, where «== ++ 4/b 4 $ a* a? 4a the first as viz. 
by b+-4 a? -+4a is always affirmative, since it is composed of two affirmative, 
terms. But the second Nel Viz. 2 ==-— of, ba? +4 2a, ‘will aires be ne- 
gative ; for since b +3 4 a® is greater than } a*, therefore vite a® will be 


greater than At +a”, or its equal $a; and consequently — eit pa Ja 
is always a negative quantity. 





* 


, * Pherefore, 
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determined, making the root of the known side either +- or 
=, which will give two roots of the equation, or. two values 
of the unknown quantity. | 


Note, 1. The root of thie first side of the equation, is 
always equal to the root of the first term, with half the ¢o- 
efficient of the second term joined to it; with its sign, whe- 
ther -+- or =.) . 


2. All equations, in which there are two terms including 
the unknown quantity, and which have the index of the one 
just double that of the other, are resolved like eat dota by 
Ramp leting the square, as above. 


Thus, zttax2==b, or x2°+-ax"= b, or e--axt—=b, are the 
game.as quadratics, and the value of the unknown quantity 
may be conan accordingly. 








Therefore, when x?=-ar==b, we shall have 2=-4/b-+ 4a? 4-4 for the 
affirmative value of x; and e=-—wW/b-+-4a" + 4a for the negative value of 23 so 
that in both the first and second forms, the unknown quantity has always two va- 
lues, one of which is positive, and the other negative. ~~ 


But in the third form, where x= +/ 3a? —b-}- 4a, both the values of » tng 
be positive when 4a? is greater than b. For the first value, viz. a= ++, /}a? — 
b-+- 3a will then be affirmative, being composed of two affirmative terms. 


The second value, viz. ==— /ia* —b-}-4a is affirmative also; for since 1? 
- is greater than dq? 6, therefore Va? or a is greater than 4/507 —b; and 
-eonsequently — ./ $a? —b 4- $a will always be an affirmative quantity. So that, 

when 2*—+aa== 6, we shall have a= 4 pA a and also # == — 


of 4a” —b.4.34, for the values of x, both positive. 
P 


But in this third form, if § be greater than 4a? , the solution of the proposed 
question will be impossible. For since the square of any quantity (whether that 
quantity be affirmative or negative) is always affirmative, the square root of a 
negative quantity is impossible, and cannot be assigned. But when 6 so 


than ja?, then q 74° —b is a negative quantity; and therefore its root 4/}a?--~8 
is impossible, or imaginary; consequently, in that case, r—=ya-b »/ fa? —b, or 
the two roots or values of x, are both impossible, or imaginary quantities. 


EXAMPLES, 
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EXAMPLES. 


1. Given 1?-++4r== - to find x. 


First, by Capua the square nt +4} do 
Then by extracting the root, x--+-2=+8; © 
Then, transpos. 2, gives, x==6 or —10, the two roots. 


. Given x? bro: 65; to find x. 


First trans. 10 gives 2? —6a==55 ; 

Then by complet. the sq. it is x? ~62-+-9==64 ; 
And by extr. the root, gives 7-348 ; 

Then trans. 3; gives z=11 or —5. 


. Given Pu2 +8a— 30-60; to find x. 


First by transpos, 20, it is 27?-+82==90 ; 
Then div, by 2, gives 1?-++-4a—=465 ; 
And by compl. the sq. it is 2? -+42-4-4= 49 ; 


Then extr. the root, it is c+2=—=+7 ; 


And transp. 2, gives a==5 or —9. 


. Given 3x2 —3x-+9=8! ; to find x. 


First div. by 3, gives 32 ahges aus 
Then transpos. 3, gives 2? -—a= —3 ; 
And compl. the sq. gives «* —x--j—= ; 
Then extr. the root Byes er Pc ak : 
And transp. 1, gives a==2 or 1 


- Given 12? — 1e-+-304= 522, to find x. 


First by transpos. 303, itis 1a? —1a= 222 ; 
Then mult. by 2, gives x? —27= 441 ; 
And by compl. the sq. it is a? —jo+4=4 44: 
Then extr. the root, gives r—1=— +62 ; 
And transp. 1, gives <=7 or —61. 


. Given ax? —br=c ; to find x. 


f prvi b 
First by div. by a, itis 2? -- —¢= hah ; 





a 
if c , be 
Then compl. the sq. gives x? -- aa = ree t 
4 2 
And. extrac. the root, gives x— — =4/ sie : 
B:". : 4ac+b2 b 
Then transp. 5a’ Bives r=t,/ Pree: 


¥. Given x4 —2ax?=b ; to find 2. 


First by compl, the sq. gives x4 - 2ax2-+-a2==a? 46; : 
5 : Bess #8 
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And extract. the root, gives x? ~a=+,/a? +6 ; 
Then transpos._a, gives a?=+,/a?-+b-+a; | 
And extract. the root, gives z= +,/a+,/a?-+b. 


And thus, by always using similar words at each line, the 
pupil will resolve the following examples. 





i { 


“i EXAMPLES FOR PRACTICE. 


1. Given x3 —6x—7=33 ; to find x. Ans. x=10. 
2. Given «2 —5x—10=14 ; to find z. Ans. x=8. 
3. Given 52?+42—90=114; to find x. Ans. «<=6, 
4. Given 1r?~17+2=9; to find x, Ans. x==4, 
5. Given 3a4~—222=40; to find x. Ans. 2==2. 

6. Given tx—1,/xe=14 ; to find x. Ans. c=9, 
7. Given 42?-+22=2 ; to find x. Ans, 2=°727766. 
8. Given r°+473=12; to find x. 


Ans. 7==8/2==1°259921. 
$8. Given 22+ 4z=a?+2 ; to find x. 
Ans. 2=,fa?+6—_2, 


QUESTIONS PRODUCING QUADRATIC EQUATIONS... , 


1. To find two numbers whose difference is 2, and product 80). - 


Let x and y denote the two required numbers*. 
Then the first condition gives r—y=2. 
And the second gives zy=80. 
Then transp. y in the Ist gives x=y+2; 
This value of « substitut. in the 2d, is y? --2y=86 
_ Then comp. the square gives y2-+2y-+-1==81 ; 
And extrac. the root gives y+1==9 ; 
And transpos. 1 gives y=8 ; 
And therefore z=y+2=10. 





* These questions, like those in simple equations, are also solved by using as 
many unknown letters, as are the numbers required, for the better exercise in rea 


ducing equations; not aiming at the shortest modes of solution, which would not 
afford so much useful practice. 


2. To 


54 


ALGEBRA. 0 > 


é 
2. To divide the number 14.into two such parts, ae 


product may be 48, | 


Let « and y denote the two numbed.’ 

Then the ist condition gives hades 

And the 2d gives ay=48. 

Then transp. 7 in the ist gives ay etek 
This value subst. for « in the 2d, is 14y— yiamAB 5 


, Changing all the signs, to make the square positive, 


gives y? —14y—=— 48 ; 
Then compl. the square gives y? — 14y+-4921 ; 
And extrac. thé root gives y~ 7= 1; 
Then transpos. 7, gives y= 8 or 6, the kwo parts. 


3. Given the sum of two numbers == 9, and the sum of 


their squares == 45; to find those numbers, . 


\ 


Let x and y denote the two numbers 


‘Then by the Ist condition x-+-y=9. 2 achat ayo 


And by the 2d 22-++-y?= 45. 

Then transpos. y in the Ist gives z= 9—y; 

This value subst. in the 2d gives 81 ~ 18y-+-2y?==46 ; 
Then transpos. 81, gives 2y? —18y=—36 ; 

And dividing by 2 gives y? BCA 18 i 

Then compl. the sq. gives y?—~ 9y+- 3 

And extrac. the racis gives y—3=+3 . Bey 
Then transpos. £ gives y=6 or 3, the two numbers. 


4, What two numbers are those, whose ‘sum; product, ang 


difference of their squares, are all equal to each other? 


Let « and 4 denote the two nuihbers! 

Then the 1st and 2d expression give aty=ny 

And the Ist and 3d give af y=x? 

Then the last equa. div. by wry; gives speed 

And transpos. y, gives y+-1l=a ; 

This val. substit. in he Ist gives yl? +y; ae 
And transpos. 2y, gives ee —Y 5 

Then complet. the sq. gives § ie —y+l; . 

And extracting the root gives 1,/5=y —}4 ; te 
And transposing 4 gives 1 /b+4 =y; | 


_ And therefore «=y-+- 1=h/5-+2. 
And if these expressions be turned into numbers, by ex- 


tracting the root of 5, &c. they give s=2: east and 
eas 6180+. 


. There are four numbers in arihineaee progression, of 7 
whic 
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which the product of the two witeeiiias is 22, and that of the 
“means 40; what are the numbers ? 


Let x == ‘the less extreme, © 

and y == the common difference ; 
Then 2x, e-+y, x-+2y, x-+3y, will be the four numbers. 
Hence by the ist condition x?-+-32y-—=22, 


And by the 2d a? +-32y+2y? 40, 


Then subtracting the first ever the 2d gives Dy 18 ; 
And dividing by 2 gives y?== 


- And extracting the root gives Ge 3. 
- ‘Then substit, 3 for y in the Ist, gives r2-++97>= 


And conipieting the square gives x? 4-92} t1= i 8 a 
Then extracting the root gives z-++-3=='¥ ; 


And transposing 2 gives «=2 the least number, 


Hence the four numbers are 2, 5, 8, 11. 


6. To find 3. numbers in geometrical progression, whose 
sum:shall be 7, and the sum of their squares 21. 


Let x, y, and z, denote the three numbers ought. 
Then by the Ist condition zz=y?, 


_ And by the 2d aty+2z=7, 


And by the 3d x? fy?t22— al. 
Transposing y in the 2d gives x--z==7—y ;: 


_ Sq. this equa. gives 2? + Qxz +22-++ —49— ee ; 
Substi., 2y? for 2xz, gives 1? 2y2 + 22=='49 — 14y-+y3 ; 


Subtr. y? from each side, leaves 22 +-y? +-z?= 49 — 14 ; 
Putting the two values of x2-+- y?-+ 2? | ae 

equal to each other, gives en ys 
Then transposing 21 and 14y, gives 14y==28 ; 


. And dividing by 14, gives y=2, 


Then substit. 2 for y in the ist equa. gives i eleeA 


‘And in the 4th, it gives x4-z=5; 


Transposing z in the last, gives p—=h—2 p 


_ This substit. in the next above, gives 5z—z2=<4 ; 


Changing all the signs, gives z? ~bz==—4 ; 


_ Then completing the square, gives 2? ~52-+2 Sos 
_ And extracting the root gives z—3==2 3 ; 
| Then transposing § gives z and «=4 and 1, the twe 


i. 
427 


_ other numbers ; 
So ir by three numbers are 1, 2, 4. 


- QUESTIONS FOR PRACTICE, 


Waar nomber i is that which added to its square makes 


Ans. 6, 
2. To 
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. To find two numbers such, that the less may be to the 
ee as the greater is to 12, and that the sum of their 


squares may be 45. Ans. 3 and 6. 
3. What two numbers are those, whose difference is 2, and 
the difference of their cubes 98 ? Aes and 5. 
4. What two numbers are those whose sum is 6, and the 
sum of their cubes 72 ? Ans. 2 and 4. 
5. What two numbers are those, whose product is 20, and 
the difference of their cubes 61; | Ans. 4 and 5, 
6. To divide the number 11 into two such parts, that the 
product of their squares may be 784. Ans. 4 and 7. 


7. To divide the number 5 into two such parts, that the 
sum of their alternate quotients may be 41, that is of the two 
quotients of each part divided by the other. 


Ans. 1 and 4, 
8. To divide 12 into two such parts, that their product may 
be equal to 8 times their difference. Ans. 4 and 8. 


9. To divide the number 10 into two such parts, that the 
square of 4 times the less part, may be 112 more than the 
square of 2 times the greater. Ans. 4 and 6. 

10. To find two numbers such, that the sum of their squares 
may be 89, and their sum multiplied by the greater may pro- 
duce 104. Ans. 5 and 8. 

11. What number ts that, which being divided by the pro- 
dact of its two digits, the quotient is 5}; but when 9 is sub- 
tracted from it, there remains a number ‘having the same digits 
inverted ? - Ans. 32. 

12. To divide 20 into three parts, such that the continual 
product of all three’may be 270, and that the difference of 
first and second may be 2 less than the difference of the 
second and third. +X, SRS ig Gy 2. 

13. To find three numbers in arithmetical progression, such 
that the sum of their squares may be 56, and the sum arising 
by adding together once the first and 2 times the second and 
3 times the third, may amount to 28. Ans. 2, 4,:6, 

14, To divide the number 13 into three such parts, that 
their squares may have equal differences, and that the sum of 
those squares may be 75. Ans. 1, 5, 7. 

15. To find three numbers having equal differences, so that 
their sum may be 12, and the sum of their fourth powers 962. 

Ans. 3, 4, 5. 

16. To find three numbers having equal differences, and 
such that the square of the least added to the product of the 
two greater may make 28, but the square of the greatest add- 
ed to the product of the two less may make 44. 

Ans. 2, 4, 6, 
17. Three 
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17. Three’ merchants, a, B,.c, on comparing their gains 
find, that among them all they have gained 14441. ; and that 
B’s gain added to the square root of a’s made. 9201. ; but if 
added to the square root of c’s it made 912. What were 
their several gains ? Ans. a 400, B 900, c 144. 


18. To find three numbers in arithmetical progression, so 
that the sum of their squares shall be 93 ; also if the first be 
multiplied by 3, the second by 4, and the third by 5, the sum 
of the products may be 66. Ans. 2, 5, 8. 


19. To find four numbers such, that the first may be to the 
second as the third to the fourth; and that the first may be 
to the fourth as 1 to 5; also the second to the third as 5 to 9; 


and the sum of the second and fourth may be 20. 
| | Ans. 3, 5, 9, 15. 


20. To find two numbers such that their product added to 
their sum may make 47, and their sum taken from the sum of 
their squares may leave 62. | Ans. 5 and 7, 


RESOLUTION OF CUBIC AND HIGHER 
EQUATIONS. 


_ A Conic Equation, or Equation of the 3d degree or power, 
is one that contains the third power of the unknown quantity. 
As £2 az? --br—=c. 


A Biquadratie, or Double Quadratic, is an equation that 
contains the 4th Power of the unknown quantity : 
As x4 — ax°-bbhx® —cx=d, 


An Equation of the 5th Power or Degree, is one that con- 
tains the 5th power of the unknown quantity : 


As x? anther’ — cx? --dr=e. 
| And 
Von: I. 34 
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And so on, for all other higher powers. ,. Where it is to be 
notedy however, that all the powers, or terms in the equa~ 
tion, are supposed to be freed from surds or fractional expo- 
nents. . 


¥ 


There are many particular and prolix rules usually given 
for the solution of some of the above-mentioned powers or 
equations. But they may be.all readily solved by the follow- 
ing easy rule of Double Position, sometimes called Trial-and- 
error. 


RULE. - 


i. Finn, by trial, two numbers, as near the true root as 
you can, and substitute them separately in the given equation, 
instead of the unknown quantity ; and find how much the 
terms collected together, according to their signs +- or —, 
differ from the absolute known term of the equation, marking 
whether these errors are in excess or defect. 


2. Multiply the difference of the two numbers, found or 
taken by trial, by either of the errors, and divide the pro- 
duct by the difference of the errors, when they are alike, 
but by their sum when they are unlike. Or say, As the 
difference or sum of the errors, is to the difference of the 
two numbers, so is either error to the correction of its sup- 
posed number. 


3. Add the quotient, last found, to the number belonging te 
that error, when its supposed number is too little, but subtract 
it when too great, and the result will give the true root 
nearly. 


4, Take this root and the nearest of the two former, or 
any other that may be found nearer ; and, by proceeding in 
hike manner as above, a root will be had still nearer than . 
before. And so on to any degree of exactness required. 


Note 1. It is best to employ always two assumed numbers 
that shall differ from each other only by unity in the last 
figure on the right hand; because then the difference, or 
multiplier, is only 1. It is also best to use always the least 
error in the above operation. 


Note 2. It will be convenient also to begin with a single 
figure at first, trying several single figures till there be found 


the 
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the two nearest the truth, the one too little, and the other 
too great; and in working with them, find only one more 
figure. Then substitute this corrected result in the equation, 
for the unknown letter, and if the result prove too little, 
substitute also the number next greater for the second sup- 
position; but contrariwise, if the former prove to great, 
then take the next less number for the second supposition ; 
and in working with the second pair of errors, continue the 
quotient only so far as to have the corrected number to four 
places of figures. Then repeat the same process’again with 
this last corrected number, and the next greater or less, as 
the case may require, carrying the third corrected number to 
eight figures ; because each new operation commonly doubles 
the number of true figures. And thus proceed to any extent: 
that may be wanted. 


EXAMPLES. 


Ex. 1. To find the root of the cubi¢c equation 13-+-z2--» 
==100, or the value of = in it. 


Here it is soon found that| Again, suppose 4:2 and 4:3 ; 
a lies between 4 and 5. As-jand repeat the. work as fol- 
sume therefore these two num-|lows : 
bers, and the operation will be 
as follows : 























ist Sup. 2d. Sup.jist Sup. - 2d Sup. 
4 - x ne 5 BD oe ee ies RIES 
Wisi ea oe 25 17-64 - 22 - 18°49 
64 - $5 2 iin 125 74:088 =)... a3. - °79:507 
x 84 - sums - 155 f 95:928 sums  102°297 
100. but should be. 100} 100 100 
—16 ; - errors Sf +55} —4-072 errors -+ 2-297 — 
the sum of which is 71.. | the sum of which is 6-369. 
Then as 71: 1:: 16:-2. | As 6-369: 1 23 2-297 : 0-036 
Hence z= 4-2 nearly. This taken from - 4:300 


ST SED 


leaves x nearly =4°264 





Again, 
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Again, suppose 4264, me 4:265, and work as Haw: 


é 














4°64 -. =  4:265- 
18°181696 .- 72 - 48190925 
74¢°526752 a x3 ° 77°581310 
99:972448 - sums - 100: 036535 
100 ry 100 | ; 
—(0)°027552 - errors - -+-0:036535 


the sum of which is :064087. 
Then‘as :064087 : -001 :; -027552 : 0:0004299 
To this adding - 4:°264 





gives x very nearly = 4:2644299 


The work of the example above might have been much 
shortened, by the use of the Table of Powers in the Arith- 
metic, which would have given two or three figures by in- 
spection. But the example has been werked out so aan 
larly as it is, the better to show the method. : 


Ex. 2. To find the root of the equation 2? — 1502-+ 632 
==50, or the value of z in it. ! 


Here it soon appears that 2 is very little above 1. 


Suppose therefore 1° and 1°1)Again, suppose the two num- 


and work as follows: bers } 03 and 1°02, &e. as 
) follows : : 

1:0 - " - as 1:03 - a - 1:02 
Y63°0 -7,,) 6827; - 4 6953 64°89 - 63a 64:26 

wee 5 one | 5? —18°15 |—15°9135 —1522 ~ 15°6060 

nn ane xe - a5. 1°092727 x? 1:061208 
49 ~-* sums - 62°481) 50069227 sums ‘49° Mf 15208 
50 OA Pn BO 50 


 -+-:069227 exrore: “ “284792 
"284792 © 





=| + errors - 42-481 , 
3481 sum of the errors. 

As3°481:1::1:-O3 correct. | 

1-00 As °3 “354019 : Ol 2: °069227: © 
eeemtal 0019555 

Hence x == 1-03 nearly | This taken from 1-03 


j 











leaves x nearly == 1:02804 


Note 8. 
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' Note 3. Every equation has as many roots as it contains 
dimensions, or as there are units in the index of its highest 
power. hat is, a simple equation has only one value of the 
root; but a quadratic equation has two values er roots, a 
cubic equation has three roots, a biquadratic equation has 
-four roots, and so on. 


And when one of the roots of an equation has been found 
by approximation, as above, the rest may be found as follows. 
Take, for a dividend, the given equation, with the. known 
term transposed, with its sign changed, to the unknown side 
of the equation; and, for a divisor, take x minus the root 
just found. Divide the said dividend by the divisor, and the 
quotient will be the equation depressed a degree lower than 
the given one. 


Find a root of this new equation by approximation, as 
before, or otherwise, and it will be a second root of the ori- 
ginal equation. Then, by means of this root, depress the 
second equation one degree lower, and from thence’ find a 
third root, and so on, till the equation be reduced to a quad- 
ratic; then the two roots of this being found, by the method 
of completing the square, they will make up the remainder 
of the roots. Thus in the foregoing equation, having found 
one root to be 1:02804, connect it by minus with zx for a divi- 
sor, and the equation for a dividend, &c. as follows : 


¢ — 1°02804) x? — 1507 + 63x — 50 (22 — 13-971960 4 
7 : 48-63627—=:0 


Then the two roots of this quadratic equation, or —— — 
x? —13°97196 «= -~ 48-63627, by completing the square, are 
6°57653 and 7°39543, which are also the other two roots of 
the given cubic equation. So that all the three roots of that 
equation, viz. x3 —15 2? 4-632=50. 


are 1:02804 
and 6°57653 
and 7:39543 


and the sum of all the roots is found to be 
15, being equal to the co-efficient of the 
2d term of the equation, which the sum of 
the roots always ought to be, when they are 
right. 





sum 15.00000 


Note, 4. It is also a particular advantage of the foregoing 
rule, that it is not. necessary to prepare the equation, as for 
_ other rules, by reducing it to the usual final form and state of 

| ; equations. 
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equations.. Because the rule may be applied at once to an 
unreduced equation, though it be ever so much embarrassed 
by surd and compeune pide As in she Pym e.g 
ample : inh 


Ex. 3. Let.it be keauttea Go to find the root z of the equation 


nf 14402 — (23 + 20)2 + te — (2? + “ae =114, or the 
value of x in it. 














By a few trials, it is soon found that the value of x is but 
little above 7. Suppose therefore first that x is eal and then 


First, when 2=7. eb he Second, wile xz=8. 





47-906. -  \4402 — (a2 +20) - 46-476 





(65°384 - gf 19627 = (@3--24)2 © ~ 69-283 








344 3:290.0~ the wumdsatthesenus/ 2. eel 








114-000. - the true number - «114:000° ~ | 
—0O:710 - the two errors © - +1:759 
+-1°759.. - . ) VTE Ie 





As 2-469: 1::0°710;0-2 nearly  < 
7:0 





Therefore 2=7°2 nearly 


oy 


Suppose again x==7-2, and then, because it turns out too great 
suppose # also =7-1, &c. as follows : 


Supp. a=7-2 | ; Supp: estes 








47-990 - af 14402—(2294+20)2 -. 47-973 











f 
66-402 - 4f 1962? —(a9-+24)3 = 65-904 





es 











114:392 - the sums of these- - 113°877 
114000 - thetrue number - 114-000 © 
-+0°392 - the two errors ~ 0123 
0123 on 








As 
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As °515:°1::°123: -024 the correction, 
7-100 add 





Therefore z= 7:124 nearly the root required. 


Note 5. The same rule also among other more difficult 
forms of equation, succeeds very well in what are called 
exponential ones, or those which have an unknown quantity 
in the exponent of the power; as in the following example : 

Ex. 4. To find the value of x in the exponental equation 


© 
%. 2=100; 

For more easily resolving such kinds of equations, it is 
convenient to take the logarithms of them, and then compute 
the terms by means of a table of logarithms. Thus, the lo- 
garithms of the two sides of the present equation are x x log. 
of x==2 the log. of 100. Then, by a few trials, it is soon 
perceived that the value of x is somewhere between the two 
numbers 3 and 4, and indeed nearly in the middle between 
them, but rather nearer the latter than the former. Taking 
therefore first s==3-5, and then 3-6, and working with the 
logarithms, the operation will be as follows : 


First supp. 23-5 Second Supp. « =3°6 
Log. of 3:-5=0-544068 Log. of 3°6=0°556303 
then 3:5 Xlog. 3-5 =1-904238|then 3-6 Xlog. 3°6 =2°002689 
the true number 2-000000 the true number 2.000000 
error, toolittle,—-095762 error, too great-{-"002689 
"002689 oe 


1098451 sum of the errors. Then, 








As :098451: +1: : 002689 : 0°00273 the correction 
. - taken from 3:60000 


leaves - 3°59727=~ nearly.* 





“aa ‘ nome 


Ex. 5. To find the value of z in the equation #3 +1022 
52260. - | Ans. 2= 4:1179857. 





Ex. 6. To ind the value of x in the equation 7° = 27= 50. 
Ans. 3°8648854. 





* By-repeating the operations with a larger table of logarithms, we find a= 
359728502354, Ed, r 
TUK. 4s 
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Ex. 7. To find the value of x in the equation 22-4272 


23 x70. Ans. 2==5:13457. 
Ex. 8. To find the value of x in the equation x° — 173+ 
542350. _ Ans. 'a==14-95407. 
Ex. 9. To find the value of x in the equation x4 —322 — 
75a ==10000. Ans. 210-2609. 
Ex. 10. To find the value of x in the equation2r4 — 16x +- 
40x? —30¢==—1. Ans. 2==1°284724. 
Ex. 1f. To find the value of x in the equation 25 -+ 274 + 
323+ 4x2 + 5a==54321. Ans. x==8°414455. 
Ex. 12. To find the value of z in the equation = 
123456789. Ans. 2==8-6400268. 


Ex. 13. Given 27— ToS 1108 = 3411, to find x. 
Ex. 14. To oie the vaiue of «in the phen Lve 


(322— 24/x-+ 1)>—(x3 —42./0+34/2) = 56. 
Ans. x==18+360877. 


To resolve Cubic Equations by Carden’s Rule. 


Tuoveu the foregoing general method. by the application 
ef Double Position, be the readiest way, in real practice, of 
finding the roots in numbers of cubic equations, as well as of 
allthe higher equations universally, we may here add the par-- 
ticular method commonly called Carden’s Rule, for resolving 
cubic equations, in case any person should choose occasionally 
to employ that method. . 


The form thata cubic equation must necessarily have to 
be resolved by this rule, is this, viz. z?4-az=6, that is, 
wanting the second term, or the term of the 2d power z?. 
Therefore, after any cubic equation has been reduced down 
to its final usual form, 23 -- px? +- gx = r, freed from the 
- co-efficient of its first term, it will then be necessary to take 
away the 2d term px? ; which is to be done in this manner : 
Take 4p, or 4 of the co-efficient of the second term, and 


2 


« 


annex it with the contrary sign to another unknown letter 
z, thus z—{p; then substitute this for x, the unknown letter 
in the original equation x? + pe? + gx =r, and there will 
result this reduced equation 2% +- az=6. of the form Sibson 
for applying the following, or Carden’srule. Or take e==1 

and d==1b, by which the reduced equation takes this form 28 
+-3c 2 =2d, 


Then 
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Then substitute the values of ¢ and d in this 


form z= = 3/d+/(d? 2 +c) + Vda Gy 12-+c3), 
oF z= yd+/(d (d?-+¢?) — Vara, 


and the value of the root z, of the reduced equation 2?-+- 
az=b, will be obtained Lastly, take a=z—1p, which will 
give the value of x, the required root of the original equa- 
tion «*-++-px?-+-qar=r, first proposed. 

One root of this equation being thus obtained, then de- 
pressing the original equation one degree lower, after the 
manner described p. 260 and 261, the other two roots of that 
equation will be obtained by means of the resulting quadratic 
equation. 

Note. When the co-efficient a. or c, is negative, and c3 is 
greater than d?, this is called the irreducible case. because 
then the solution cannot be generally obtaied by this rule. 

Ex. To find the roots of the equation «?~—~62?-+- 10x = 8, 

First, to take away the 2d term, its co-efficient being — 6, 
its 3d part is—2; put therefore x—z-+2, then _ 


=23-+622 + 122-+-8 
—6e2= —6227—~242--94 
+-107= ~~ + 10z-++20 





theref. the sum z? *. —2@z+4=8 
ons or 2? & —2z=4 
Here then a=-—-2, b=4, c=>~—2,d=2. 
Theref. Vit / (a oat i 8/2-+ /(A—2)= Vit a 98 xis 
Vere 2-1 By seat, 
and Vind te) = = 9/2 — <A H¥2= / = 
3/2 19,73 =0-42265 
then the sum of these two is the value of z—2. 
Hence x = 2+-2 = 4, one root of x in the eq. #°~6x? + 
102 — 8. 
To find the two other. roots, perform the division, &c. as 
in p. 261, thus ; 
e—4)z2— 6x4 + 102—8(2* —25+2= =0 
LF — 4x2 











272 +102 
= Qr27+ Bx 





\Qn—8 
27 —8 





You. lI. 36 Hence 
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Hence x? —2z=—2, or x2? —2z7-+-1=>—1, ‘ait cm dot 
J/—-i; «=I1+,/—1 or =1—,/—1, the two other sought. 
Ex. 2. To find the roots of x3—922+287=30. 
is) Ans eee 3 OF, = a Ae naee or aaah ope 
Ex. 3. To find the roots of «3 — 7x2 +1420. - 
Ans, s=5, or =14/- 3, or =1= 3. 


OF SIMPLE INTEREST. 


As the interest of any sum, for any time, is directly pro- 
portional to the principal sum, and to the time; therefore 
the interest of 1 pound, for | year, being multiplied by any 
given principal sum, and by the time of its forbearance, in 
years and parts, will give its interest for that time. That is, 
if there be put 

7 == the rate of interest of 1 pound per annum, 

p = any principal sum tent, : 

t = the time it 1s Jent for, and 

a = the amount or sum of principal and interest; then 
is prt = the interest of the sum p, for the time #, and conseq. 
ptprt or pX(1+rt)=a, the amount for that time. 

From this expression, other theorems can easily be de- 
duced, for finding any of the quantities above mentioned : 
which theorems collected together, will be as below : 

Ist, po Ae the amount, 


24s. p a= , the principal, 


oe 


3d, cou the rate, 
Bas 


Ath, ple pit ky the time. 


For Paaunple Let it be required to. find, in what time 
any principal sum will double itself, at any rate of simple in-_ 
terest. 

In this case, we must use the first theorem, a= p -+- prt, 
in which the amount a must be made — 2p, or double the 
principal, that is, p--prt == 2p, or prt =p, or rt == 1; an 


hence t= — 
“Here, 
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Here, r aie the interest of 1/. for 1 year, it follows, that 
the doubling at simple interest, is equal to the quotient of 
any sum divided by its interest for 1 year. So, if the rate of 
interest be 5 per cent. then 100=-5==20, is the time of 
doubling at that rate. | 

Or the 4th theorem gives at once 


pa me 2—1 1 
(SPE the same as before. 


COMPOUND INTEREST. 


ecainea: the quantities concerned in Simple Interest 
namely, 
p = the principal sum, 
y = the rate or interest of 11. for 1 year, 
a = the whole amount of the principal and interest, 
¢ = the time, 
there is another quantity employed in Compound Interest, 
viz. the ratio of the rate of interest, which is the amount of 
Me for 1 time of payment, and which here let be denoted by 
Viz. 
R=1-++r, the amount of 11. for 1 time. 

Then the particular amounts for the several times may be 
thus computed, viz. As 1l. is to its amount for any time, so 
ig any proposed principal sum, to its amount for the same time ; 
that is, as 

1l.: R::p  : pR, the Ist year’ s amount, 
l.: R::pR_ : pR?, the 2d year’ s amount, 
1l.: R:: pR2 : pR8, the 3d year’s amount, 

and so on, 

Therefore, in general, pR'=a is the amount for the ¢ year, 
ort time of payment. Whence the following general theo- 
rems are deduced : 

Ast, cay the amount, 


2d, Pe ;> the principal, 


3d, bee. the ratio, 


__log. of a—log. of Pp 
log. of R 











Ath, t= , the time. 


From 
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From which, any one of the quantities sprit be found, when 
the rest are given. 


As to the whole interest, it is found by barely subtracting 
the principal p from the amount a 
Example. Suppose it be required to find, in how many 
years any principal sum will double itself, at any proposed 
rate of compound interest. 
In this case the 4th theorem must be employed, making 
a=2p ; and then it is, 
__ log. a—log. ‘Pi _log. ¢p—log. p _log. 2 
log. R> tog. R ~ log. R 
So, if the rate of interest be 5 per cent. per annum; then 
R =1+°05=1°05; and hence 


log. 2 °301030 ee : 
get di Tk et bG 214. 2067 nearly ; 
that is, any sum doubles itself in 143 years nearly, at the rate 
of 5 per cent. per annum compound interest. 
Hence, and from the like question in Simple fatarest; 
above given, are deduced the times in which any sum doubles 


itself, at several rates of interest, both simple and Ship a ma 
VIZ. 





























At ( At Simp. Int.; At Comp. Int. 
2 in 60 =| - In 35-0028 
23 AO 28-0701. 
3 331 23°4498 © 
31 | per cent. per annum 998 -- 99-1488 | 
4 | interest, 11. or any’ 5. 49-6730 

| an other sum, will 002 15-7473 | 
nj double. itself in the 90. 2 14: 2067 § : 
6 following years. ig62 @ |. 44-8987 % 
7 142 10-2448 
8 4 121 9°0065. 
9 12 8-0432 

10 J 10 


T2725 


The 
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The following Table will very much facilitate calculations 
of compound interest on any sum, for any number of yeares 
at various rates of interest. . 


The amounts of iL. in any number of years. 


af ef ft CS 


1 1.0350 | 1.0400 | 1.0450 | 1.0500 | 1.0600 
1.0712 | 1°0816 | 1.0920 | ».1025 |°1.1236 
1:1087-| 1.1249 | 1.1412 | 1.1576 | 1.1910 
1.1475 | 1.1699 | 1.1925 | 1.2155 | ¥.2625 
1.1877 | 1.2167 | 1.2462 | 4.2763 | 1.3382 
1.2293 | 1.2653. | 1.3023 | 1.3401 | 1.4185 
1.2723 | 1.3159 | 1.3609 eres 1.5036 
1.3168 | 1.3686 | 1.4221 | 1.4775 | 1.5939 
1.3629 | 1.4233 | 1.4861 | 1.5513 | 1.6895 
1.4106 | 1.4802 | 1.5530 | 1.6289 | 1.7909 
1.4600 | 1.5895 | 1.6229 | 1.7103 | 1.8983 
1.5111 | 1.6010 | 1.6959 | 1.7959 | 2.0122 
1.5640 |. 1.6651 | 1.7722 |} 1.8856 | 2.1329 
1.6187 | 1.7317 | 1.8519 | 1.9799 | 2.2609 
1.6753 | 1.8009 | 1.9353 | 2.0789 | 2.3966 
| 1.7340. | 1.8730 | 2.0224 | 2.1829 | 2.5404 
1.7947 | 1.9479 | 21134 | 2.2990 | 2.6928 
1.8575 | 2.0258 | 2.2085 | 2.4066 | 2.8543 
1.9225 | 2.1068 | 2.3079 | 2.5270 | 3.0256 
1.9898 | 21911 |. 2.4417 | 2.6533 | 3.2071 - 








7 


The use of this Table, which contains all the powers, rt, 
to the 20th power, or the amounts of 1/. is chiefly to catlces 
late the interest, or the amount of any principal sum, for any 
fime, not more than 20 years. 


For example, let it be required to find, to how much 52 31. 


wil amount in 15 years, at the rate of 5 per cent. per annum 


cotnpound interest. 
In the table, on the line 15, and in the column 5 per cent. 





~~. js the amount of 11. viz. - . 2.0789 - 
this multiplied: by the principal - B23 
gives the amount - - -,° 1087.2647 

Bedi) a ‘+ - - 10871. 5s. 3id. 

and therefore theinterestis - | - 5641. 5s. 31d. 


Note 1. When the rate of interest is to be determined to 
any other time than.a year ; as suppose to 2a year, orl a 
year, &c; the rales are still the same; but then 7? will 


express . 


@ 


oh ce Oe AG 


express that time, and rn must be taken the ‘amount for that 
time also. 

Note 2..° When the compound’ interest, or. aruisitele of. any 
sum, is required for the parts ofa year ; it may be determin- 
edn the following manner : 

Ist, For any time which is some aliquot. part of a year ‘— i— 

Find the amount of 11. for 1 year, as before ; then that root 
of it which is denoted by the aliquot part, will be the amownt 
of il, This amount being multiplied by the principal sum, 
will produce the amount of the given sum as required. 

2d. When the time is not an aliquot part of a year :—Re- 
duce the time into days, and take the 365th root of the amount 
of 11, for | year which will give the amount of the same for 
Iday. Then raise this amount to that power whose index is 
equal to the number of days, and it will be the amount for 
that time. Which amount being multiplied by the principal 
sum, will produce the amount of thatsum as before.—And in 
these calculations, the operation by ee “er be very © 


useful. 


OF ANNUITIES. 


Annuity is a term used for any periodical income, 
arising from money lent, or from houses, lands, salaries, 
pensions, &c. payable from time to‘time, but mostly by, an- 


nual payments, 

Annuities are divided ant those that are in Possession, 
and those in Reversion: the former meaning such as have 
commenced; and the latter such as will not begin till some 
particular event has happened, or till alter some certain 
time has elapsed. 

When an annuity is forborn for some: years, or the pay- 
ments not made for that time, the annuity is said to- be in 
Arrears. 

An annuity may also be for a certain number of years ; 
or it may be without any limit, and then it is called a Perpe- 
tuit 
The Amount of an annuity, forborn for any number of 
years, is the sum arising from the addition of all the annui- 
ties for that number of years, together with the interest due 


upon each after it becomes due. 
The 


\ 


ANNUITIES. Wha 


The Present Worth or Value of an annuity, is the price or 
sum which ought to be given for it, apporine it to be Rout 
_@ff or paid all at once. 


_ Let a=the annuity, Geneibn, or r yearly pant 
- m==the number of years forborn, or lent for ; 


=the amount of 1/. for 1 year ; 
m=the amount of the annuity ; 
 v=sits value, or its present worth. 


Now, 1 being the present value of the sum pr, by propor- 
tion the aaa value of any other sum a, is thus found : 


agRn:l::a: = the present value of a due 1 year hence. 


F ~) j a a i! 4 4 

In like manner — is the present value of a due 2 years, 
a a eo AHa es 

hence; for r:1::—:—. Soalso—, —, —, &c. will be 
RR? Re Rey Re 


the present values of a, due at the end of 3, 4, 5, &c. 

years respectively. ine age) in ban of all these, or 
G@ a 

he eb Ge, = & I- 

oop oe + be, Ct ot ate he.) X a, conti 

nued to m terms, will be the BESS UA ine of all the » years’ 


annuities. And the value of the perpetuity, is the sum of 


the series to infinity. 
But ~ series, it is evident, is a geometrical progression, 
having | both for its first term and common ratio, and the 


number of its terms 7 ; therefore the sum v of all the terms, 
or the present value of all the annual payments, will be 





ii We er | 
ee ae eae R°e—1 a 
= — Xa, or = — 


be ate 
oR i 
When the annuity is a perpetuity ; » being infinite, n® is 


1 
also infinite, and therefore the quantity —; — becomes = 0. 


theres eres = also==0; gonsequently the expressionthen 
7 : becomes 
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becomes barely = ae that is, any acnales divided by the 


interest of 11. for I year, gives the value of the perpetuity. 
So, if the rate of interest be 5 per cent. ~ 

Then 100a + 5 = 20a is the value of the perpetuity at 5 
per cent: Also 100a -+ 4 = 25a is the value of the perpe- 
tuity at 4 per cent: And 100a = 3 = 3334 is the value of the 
perpetuity at 3 per cent: and so on. 

Again, because the amount: of I. in » years, is Rk”, its 
increase in that time will be n°—1; but its interest for one 
sibel year, or the annuity answering to that increase, is 

; therefore as x—T1 is to n"—i, so is.a to m; that is, 


; ece | 
nm 





‘ Xa. Hence, the several cases relating to An- 


nuities in Arrear, will be resolved by. the following equa- 
Soe 























R-* 
m== ——~ KX avr? 
Row 
R°—l a om. 
i= —=— ; 
R=~1}°- RR? BR 
R—1 - 
pier CS Nadiad is eek vale 
ae mR ~ m--a 
_ log. m—log. 0 
AS se Oe we eo te A Rite bie 
ond log. m—log. v 
Log. pee See aa . 
1 I a 
m= Go cy Pai 


In this Jast theorem, r denotes the present alee of an 
annuity in reversion, after p years. or not commencing till 
after the first p years, being found by taking pe difference | 

RP on 1 a RP — 


1 ; 
between the two values — << and ——- X—, forn years 
R R—1} "RP. ! 





rm» 


and p years. 


But the amount and present value of any ane for any oe 


number of years, up to 21, will be most rea found by re : 
two following tables. . . | 


. TABLE 


ANNUITIES. 


‘ 


TABLE I. 


The Amount of an Annuity of Il. at Compound Interest. 





Vis. jal: at 3 perc. |! (2 
~T | 1.6000 
2) 2.0300 
3 3.0909} 
4 | 4.1836 
5 | 5.3091 
6 | 6.4684 

Ag 7.6625 

‘8 |. 8.8923 

4 9 | 10.1591 
10 | 11.4639 
21 | 12,8078 
12 | 14.1920 
‘13 | 15.6178 
14 | 17.0863 
15 | 18.5989) 
16 | 20,1569, 
17°|-.21 7616) 
18 | 23.4141) | 
19 B41169) 
20 26.8704, 
21 t 28.6765 


24 gh POT 


“Ta000 
2.0350 
3.1062 
4,2449 
5.3625 
6.5502 
1.7794 
9.0517 
10.3685 
11.7314 
13,1420 
14.6020 
16.1130 
17.6770 
19,2957 
20.9710 
22.7050 
24.4997 
26-3572 
28.2797 
30.2695 


4 4 per. e. 4} 
7.0000)" 
2.0400 
3.4216 
4.2465 
5.4163} 
6.6330) 
7.8983 
9.2142 

10,5828 
12,0061 
13,4864, 
15,0258 
16.6268 
18,2919 
20.3236 
21.8245 
23.6975 
25.6454 
27.6712 
29.7781 
31.9692 





33.7831 


z per c.) 5-per ¢. 


“ 7.0000] 71.0000 
2.0450) 2.0500 
3.4370) 3.8525 
4.2782) 4.3301 


5 4707) §.5956 


67169} 6.8019 
8.0192] 8.1420 
9.3800} 9.5i91 
10.8021] 11.0266 
12.2882] 12.5779 
13.8412) 14.2068 
15.4640] 15.917: 
17.1599] 17.7130 
18.9321} 19.5986 
20,7841] 21.5786 
22.7193! 23.6575 
24.7417; 25.8404 
26,8551! 28 1324 
29.0836} 30,5390 
31.3714): 33.0660 
35.7193 








6 per c. | 





1.0000! 
2.0600 
3.1836; 
4.3746 


5.6371} | 


6.9753 
8.5935 
9.8975 


11.4913] © 


13.1808. 
14.9716 
16.8699 
18.8821 
Q2t.015k 
23.2760 
25.6725 
28.2129 
30.9057, 
33.7600 
36.7856 
39.9927; 





TABLE If. The present Wale of an Annuity of We 





Yrs. jat3 perc.34 pere.)4 perc. Ag per c., 5 perc. 


0.9569 | ~ 0.9524 
1.8727, 1.8594 
2.7490, 2.7333 
5. 5875 | 3.5460 
4.3900) 4.3295 
5.1579 9 5 0757 
| 5.7864 
6.5959 6 4632 
7.2688| 7.1078 
7.9127 | TAI217 
8.3054 

9,1185| 8.8633 
9.6829} 9.3936 
10.22:28; 9.8986 
10.7396, 10.3797 
11.2340: 10.8378 


11.7072! 11,9741 


12.1600] 11.6396 
12 5933} 12.0853 
13.0079| 12.4622 


13.4047) 12.8212 





1 | 09709) 0.9682} 0.9615 
2 | 1.9135] 1.8997} 1.8861 
3 | 2.8286} 28016] 2.7751 
4 | 3.7171) 3.6731} 3 6299 
5.| 45797) 4.5151} 44518 
6 | 5.4172) 5.3286] 5.2421 

7 | 6.2303) 6.1145] 6.0020] 5.8927 
8 | 7.0197} 6.8740] 6.7327 
9 | 7.7861) 7.6077] 7.4353 
10 | 8.5302} 83166] 8.1109 

11 | 9.2526} 9.0116] 8.7605} 8.5289 
12} 9.9540) 9.6633} 9 3851 
13 | 10.6350] 10.3027) ~9.9857 
14 | 11.2961) 10,9205] 10.5631 
15 | 11.9379) 11.5174) 11 1184 
} 16 | 125611) 12.0941} 11.6523} 
17 | 13.1661) 12.6515} 12.1657 
18 | 13.7535) 13.1897} 12.6593 
19 | 14.323] 13.7098] 13.1539 
20 } 14.8775] 14.2124]. 13.5903 
Zi { 15,4150! 14.6980} 14.0292 
Wont. 36 





6 per c. 
0.9434 
1.8334 
2.6730 
3.465! 
4.2124 
4AY173 
5.5824 
6.2098 
6.8017 
7.3601 
7.8869 
$.3838 
8.8527 
9.2950 
9.7123 

10,1059 
10.4773 
{0,8276 
11.1581 
11.4699 
11.7641 
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To find the Amount of any annuity forborn a certain number of 
years. 


Taxe out the amount of 1/. from the first table, for the 
proposed rate and time ; then multiply it by the given annui- 
ty ; and the product will be the amount, for the same number 
of years, and rate of interest.—And the converse to find the 
rate or time. 

Exam. To find how much an annuity of 50/. will amount to 
in 20 years, at 34 per cent. compound interest. 

On the line of 20 years, aud in the column of 31 per cent. 
stands 28-2797, which is the amount ef an annuity of 1. for 
the 20 years. Then 28.2797 x 50 gives diet nid 14131. 
19s. 8d. for the answer required. 

To find the present Value of any annuity for ab number of 
years.—Proceed here by the 2d table, in the same manner as 
above for the Ist table, and the present worth required will 
be found. 

Exam, 1. To find the present value of an annuity of 501. 
which is to continue 20 years, at 3) per cent.—By the table, 
the present value of 1/. for the given rate and time, is 
14-2124; therefore 14°2124 x 50=710-62/. or710l. 12s. 4d. 
the’present value required. 

Exam. 2. To find the present value of an annuity of 201. 
to commence 10 years hence, and then to continue for 11 
years longer, or to terminate 21 years hence, at 4 per cent. 
interest.—In such cases as this, we have to find the difference 
between the present values of two equal annuities, for the 
two given times; which therefore will be done by subtract- 
ing the tabular value of the one period from that of the other, 
and then multiplying by the given annuity. Thus, 

tabular value for 21 years 14-0292 
ditto for - - 10 years 81109 





the difference 5.9183 
multiplied by 20 





gives - .- 118-3661. : 
or - - - 118l. 7s. 31d. the answer. 


END OF THE ALGEBRA. 


GEOMETRY. 


DEFINITIONS. 


11. AA POINT is, that which haa’ position, 
but no magwuitude, nor dimensions ; neither 
length, breadth, nor thickness. 

2. ALine is length, without breadth or thick- 
ness. 

3. A Surface or Superficies, is an extension 
er a figure, of two dimensions, length and 
breadth ; but without thickness. 

4. A Body or Solid, is a figure of three di- 
mensions, namely, length, breadth, and depth, 
or thickness. 


Es 


5. Lines are either Right, or Curved, or ee 


Mixed of these two. 

6. A Right Line, or Straight Line, lies all in 
the same direction, between its extremities ; and 
is the shortest distance between two points. 

When a line is mentioned simply, it means a 
Right line. 

7. A Curve continually changes its direction 
between its extreme points. 

8. Lines are either Parallel, Oblique, Per- 
pendicular, or Tangential. 

9. Parallel Lines are always at the same per- 
pendicular distance; and they never meet though 
ever so far produced. 

10. Oblique lines change their distance, and 


would meet, if produced on the side of the 
least distance. 


11. One line is Perpendicular to another, 
when it inclines not more on the one side than 
the 
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the other, or when the sficles on both sides 
of it are equal. 

12. A line or circle is Tangential, or a 
Tangent to a circle, or other curve, when it 
touches it, without cutting, when both are pro- 
duced. 

13. An Angle is the inclination or opening 
of two lines, having different directions, and 
meeting in a point. 

14 Angles are Right or Oblique, Acute or 
Obtuse. 


15. A Right Angle is that which is made by 
one line perpendicular to another. Or when , 
the angles on each side are equal to one an- |. 





other, they are right angles. 

16. An Oblique Angle is that which is belie 
by two oblique lines; and is either less or 
greater than a right angle. 

17. An Acute Angle is less than a right 
angle. 

18. An betas Angle is ereater than a right: 
angle. 

19. Superficies are either Plane or Curved. 

20. A Plane Superficies, or a Plane, is that with which 
a right line may, every way coincide Or, if the line touch 
the plane in two points, it will touch it in every point. But, 
if not, it is curved. 

21. Plane figures are bounded either by right lines or 
curves. 

22. Plane figures that are bounded by right lines have 
names according to the number of their sides, or of their 
angles ; for they have as many sides as angles; the least 
number being three. . 

23. A figure of three sides and angles is called a Triangle. 
And it receives particular denominations from the relations of 
its sides and angles. 

24. An Equilateral Triangle is that whose 
three sides are all equal. 


25. An Isosceles Triangle is ; that which has tii og. 
two sides equal. 
26.. A ‘ 
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_ 26. A Scalene Triangle is that whose three 
sides are all unequal. 
27. A Right-angled Triangle is that which 
has one right- angle. 
28. Other triangles are Oblique-angled, and 
are either Obtuse or Acute 
29, An Obtuse-angled Triangle has one ob- 
tuse angle. 
30. An Acute-angled Triangle has all its 
three angles acute. 


che 


31. A figure of Four sides and angles is 
called a Quadrangle, or a Quadrilateral. 

32. A Parallelogram is a quadrilateral which - 
has both its pairs of opposite sides parallel. 
And it takes the following particular names, 
viz. Rectangle, Square, Rhombus, Rhomboid. 

33. A Rectangle is a parallelogram having a 
right angle. 

34. A square is an 1 equilateral rectangle ; 
having its length and breadth equal. 


35. A Rhomboid is an oblique-angled paral- 
lelogram. 


36. A Rhombus is an equilateral rhomboid ; 
having all its sides equal, but its angles ob- 
lique. 

37. A Trapezium is a quadrilateral which 
hath not its opposite sides parallel. 


38. AT rapezoid has only one pair of oppo- 
site sides parallel. 


39. A Diagonal is a line joining any two op- 
posite angles of a quadrilateral. 


Hoppe hor 


40. Plane figures that have more than four sides, are, in 
general, called Polygons : and they receive other particular 


names, according to the number ot their sides or angles, 
Thus, 


41. A Pentagon is a polygon of five sides ; a Hexagon, of 
six sides; a Heptagon, seven; an Octagon, eight; a - Nona- 
gon, nine ; a Decagon, ten; an Undecagon, eleven : sand a 
Dodecagon, twelve sides. . 

42, A. 
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42. A Regular Polygon has all its sides and all its angles 
equal.—If they are not both equal, the polygon is Irregular. 
43. An Equilateral Triangle is also a Regular Figure of 
three sides, and the Square a one of four, the former being 


also called a Trigon, and the latter a Tetragon. 


44. Any figure i is equilateral, when all its sides are equal ; 
and it is equiangular when all its angles are equal. When 


both these are equal, it is a regular figure. 
45. A Circle is a plain figure bounded by 


a curve line, called the Circumference, which 


is every where equidistant from a certain 
point within, called its Centre. 

The circumference itself is often called a 
circle, and also the Periphery. 

46. The Radius of a circle is a line drawn 
from the centre to the circumference. 


im 


47. The Diameter of a circle is a line 
drawn through the centre, and terminating at 
the circumference on both sides. 


48. An Arc of a circle is any part of the 
circumference. 


49. A Chord is a right line joining the ex- 
tremities of an arc. 


50. A Segment isany part of a circle bound- 
ed by an arc and its chord. 


51. A semicircle is half the circle, or aseg- 
ment cut off by a diameter. 

The half circumference is sometimes called 
the Semicircle. 

52. A Sector is any part of a circle which 
is bounded by an arc, and two radii drawn to, 
its extremities. 

53. A Quadrant, or Quarter of a circle, is a 
sector having a quarter of the circumference 
for its arc, and its two radii are perpendicular 
to each other. A quarter of the circumference 
is sometimes called a Quadrant. 
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54. The Height or Altitude of a figure is 
a perpendicular let fall from an angle, or its 
vertex, to the opposite side, called the base. 

55. Ina right-angled triangle, the side op- 
posite the right angle is calied the Hypothe- 
nuse ; and the other two sides are called the 
Legs, and sometimes the Base and Perpendi- 
cular. 

56. When an angle is denoted by three 
letters, of which one stands at the angular 
point, ard the other two on the two sides, 
that which stands at the angular point is read 
in the middle. Thus the angle contained 
by the lines BA and AD is called the angle 
BAD or DAB. 


57, The circumference ef every circle is. 


supposed to be divided into 360 equal parts, 
called Degrees: and each degree into 60 
Minutes, each minutes into 60 Seconds, and 
soon. Hence a semicircle contains 180 de- 
grees, and a quadrant 90 degrees. 

58. The Measure of an angle, is an arc of 
any circle contained between the two lines 
which form that angle, the angular point 

‘being the centre ; and it is estimated by the 
number ef degrees contained in that arc. 

59. Lines. or chords, are said to be Equi- 
distant from the centre of a circie, when 
perpendiculars drawn to them from the cen- 
tre are equal. 

60. And the right line on which the Great- 
er Perpendicular falls, is said to be farther 
from the centre. 

61. An Angie in a segment is that which 
is contained by two lines, drawn from any 
point in the arc of the segment, to the two 
extremities of that arc. 
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62. An Angle On a segment, or an arc, is that’ which is 
contained by two lines, drawn from any point in the opposite 
or supplemental part of the circumference, to the extremi- 
ties of the arc, and containing the are between them. 


63. An angle at the circumference, is that 
whose angular point is any where in the cir- 
cumference. And an angle at the centre, is 
that whose angular point is at the centre. 

64. A 
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64. A right-lined figure is Inscribed ina Fa 
circle, or the circle Circumscribes it, when | 
all the angular points of the figure are in Ha 
circumference of the circle. | ™N 


65. A right-lined figure Circumscribes a 
circle, or the circle is Inscribed in it, when 
all the sides of the figure touch the circum- ! 
ference of the circle. Ne i 


66. One right-lined figure is Inscribed in 
another, or the latter Circumscribes the for- 
mer, when all the angular points of the for- 
mer are placed in the sides of the latter. 





67. A Secant is aline that cuts a circle, 
lying partly within, and partly without it. 


68. Two triangles, or other right-lined figures, are said to 
be mutually equilateral, when all the sides of the one are 
equal to the corresponding sides of the other, each to each : 
and they are said to be mutually equiangular, when the an- 
gles of the one are respectively equal to those of the other. 

69. Identical figeres, are such as are both mutually equi- 
lateral and equiangular ; or that have all the sides and all the 
angles of the one, respectively equal to all the sides and all — 
the angles of the other, each to each; so that if the one fi- 
gure were applied to, or laid upon the other, all the sides of 
the one would exactly fall upon and cover all the sides of the 
other ; the two becoming as it were but one and the same 
heure. 

70. Similar figures, are those that have all the angles of 
the one equal to all the angles ef the other, each to each, and 
ae ae about the equal angles proportional. 

The Perimeter of a figure, is the sum of all its sides 
deten together. 

72. A Proposition, is something which is either proposed 
to be done, or to be demonstrated, and 1s either a problem or 
a theorem. 

73. A Problem, is something proposed to be done. 

74. A Theorem, is something proposed to be demonstrated. 

75. A Lemma, is something which is premised, or demon- 
strated, in order to render what follows more easy. | 

76: A Corollory, is a consequent truth, gained immediately - 
from some preceding truth or demonstration. 

5 Ar ale Scholium, is a remark or observation made upon 
something going before it. AXIOMS. 
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AXIOMS, 


i. Taincs which are equal to the same thing are equal to 
each other. . . 
2. When equals are added to equals, the wholes are equal. 
3. When equals are taken from equals, the remainders are 
equal. 
1 When equals are added to unequals, the wholes are un- 
equal. 
"5. When equals are taken from unequals ; the remainders 
are unequal. 
6. Things which are double of the same thing, or equal 
things, are “equal to each other. 
7. ‘Things which are halves of the same thing, are equal. 
8. Every whole is equal to all its parts taken together. | 
9. Things which coincide, or fill the same space, are iden- 
tical, or mutually equal in all their parts. 
10. All right angles are equal to one another. : 
11, Angles that have equal measures, or arcs to the same 
radius, are equal, 


eigen 


THEOREM I. 


ir two i'riangles have Two Sides and the Included Angie 
in the one, equal to Two Sides and the Included Angle in 
the other, the Triangles will be Identical, or Sh ie in all 
respects. 


In the two triangles anc, peer, if C Nae We 
“the side ac be equal to the side pr, | A 
and the side gc equal to the side rr, A 


and the angle c equal to the angle F ; ie ( 
then will the two triangles be iden- = 
tical, or equal i in all respects. ° A B Doce se 
For conceive the triangle axc to be applied to, or placed — 
on, the Fee i DEF, in such a manner that the point c may 
Vor. 1, oF ; coincide 
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coincide with the point r, and the side ac with the iad DF, 
which is equal to it. 

Then, since the angle Fr is equal to the angle c (by hyp. , 
the side sc will fall on the side zr. Also, because ac is 
equal to pr, and Bc equal to er (by hyp.), the point a will 
coincide with the point p, and the point» with the point = ; 
consequently the side as will coincide with the: side px. 
Therefore the two triangles are identical, and have all their 
other corresponding parts equal (ax. 9), namely the side az 
equal to the side pre, the angle a to the angle p, and the 
ish Btothe angler. Q. £. D. | 


THEOREM II. 


Wuen Two Triangles have Two Angles and the included 
Side in the one, equal to Two Angles and the included Side 
in the other, the Triangles are Identical, or have their other 
sides and angle equal. yew - 

Let the two triangles asc, DEE, We iy e ee 
have the angle a equal to the angl Tea Re? ce Be 

q e angle 
p, the angle. B.equal to the angle £, 
and the side az equal to the side pe ; . 
then these two triangles. will be — 
identical. ; AT BD ‘Ez 

For, conceive the triangle asc to be placed on the triangle 
DEF, in such manner that the side aB may fall exactly on the 
equal side pz. Then, since the angle ais equal to the angle 
p (by hyp.), the side ac must. fall on the side pF ; and, in 
like manner, because the angle 8 is equal to the angle gz, the 
side Bc must fall on the side rr. Thus the three sides of the 
triangle anc will be exactly placed on the three sides of the 
triangle per: consequently the two triangles are identical 
(ax. 9), having the other two sides ac, 8c, equal to the two 
DF, EF, and the remaining angle c ene to the Reppin 
angle Fo s@kB. Ds 


{ 





THEOREM III. 


in an Isosceles triangle, the Angles at the Base are equal. 
Or, if a Triangle have Two. Sides equal, their Rene 
Angles will also be equal. 

If the triangle anc have the side ac equal to 
the side sc: then will the angle n be equal to 
the angle a. ies 

For, conceive the angle c to be bisected, or 
divided into two equal parts by the line on, mak- : 
ing the angle acp equal to the angle sep, 
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Then, the two triangles acp, BOD, have. two sides. and 
the contained angle of the one, equal to two sides and the 
contained angle of the other, viz. the side ac equal to BC, 
the angle acp equal to scp, and the side cp common ; 
therefore these two triangles are identical, or equal in all 
respects (th. 1); and consequently the angle a egual to the 
angle B. Q. E. D. 

Corol. 1. Hence the line which bisects the verticle angle 
of an isosceles iriapale, bisects the base, ands also perpendi- 
cular to it. 

Corol. 2. Hence too it appears, that every equilateral tri- 
angle, is also equiangular, or has all its angles equal. 


| THEOREM. IV. 
Wren a ‘triangle has Two of its Angles equal, the Sides 
Opposite to them are also equal: 

if the triangle azc, have the angle a equal C 
to the angle 8, it will also have the side ac : 
equal to the side sc. 

For, conceive the side aB : to be bisected i in 

the point p, making ap equal to pp; andjoin ~ 
pe, dividing the whole triangle into theiwotr 4 DB 
angles acp, scp. Also conceive the triangle 
acp to be turned over upon the triangle scp, 
so that ap may fall on gp. 
_ Then, because the line ap is equal to the line px (by hyp.), 
the point A coincides with the point B, and the point p with 
the point p.» Also, because the angle a is equal to the angle 
B by (hyp.) the line ac will fall-on the line pc, and the ex- 
tremity c of the side ac will coincide with the extremity c 
of the side nc, because pc is common to both ; consequently 
the side ac is equal to nc. Q. 5. v.* 

Corol. Hence every equiangular triangle is also equila- 
teral. ~~ 





; THEOREM V. 
~ Wuen Two Triangles have all the Three Sides in the one, 

‘equal to all the Three Sides in the other, the Triangles are 

{dentical, or have also their Three fugl¢e equal, each to each. 

Let the two triangles apc, aBpD, eC 

have their three sides respectively. 

equal, viz. the side as equal to an, ve RN 

ac to ap, and gc to pp; then shall 


the two triangles be identical, orhave er 


their angles equal, viz. those angles _ LD Gre 





* This demonstzation of Theorem i iy. does not appear to me to be. conclusive. 
Epiror. 
that 


that are opposite to the equal sides; _ 
namely, the angle Bac to the angle 
BAD, the. angle asc to the angle agp, 
and the angle c to the angle p. 

‘For, conceive the two triangles to 
be joined together by their longest ee ale 
equal sides, and draw the line cp. 

Then, in the triangle acp, because the side ac is equal 
to ap (by hyp.), the angle acp is equal to the angle ape 
(th. 3). In like manner, in the triangle pcp, the anglé 
bcp is equal to the angle spc, because the side Bc.1s equal 
to sp. Hence then, the angle atp being equal to the angle 
ape, and the angle pcp to the angle spc, by equal additions ~ 
the sum of the two angles acp, sep, is equal to the sum of 
the two anc, snc, (ax. 2), that is, the whole angle acz equal 
to the whole angle ADBs 3 

Since then, the two sides ac, cB, are equal to the two 
_ sides ap, pp, each to each, (by hyp.) .-), and their contained 
angles acB, app, also equal, the two triangles asc, aBp, are 
identical (th. 1), and have the other angles equal, viz. the an- 
gle pac to the angle BAY and the angle arc to the angle apn: 
Q.E. D. 





THEOREM VI. 


Wuen one Line meets another, the Angles which it makes 
on the Same Side of the other, are topethee yes to. Two 
Right Angles. : 





Let the line as meet the line cp: then will Saheb 
the two angles azc, asp, taken together, be | £ A 
equal to two right angles, ie a 

For, first, when the two angles agc, aRD, i iy CEO 
are equal to each other, they are both of G B TH 


them right angles (def. 15.) 

But when the angles are unequal, suppose pe drawn per- 
pendicular to cp. Then, since the two angles EBC, EBD, are 
right angles (def. 15), and the angle Esp is equal to the two 
angles EBA, ABD, together (ax. 8), the three angles ; EBC, =P Ay 
and aBp, are equal to two right Angles. 

But the two angles esc, EBa,. are together equal to the an- 
gle azc (ax. 8). Consequently. the two angles asc, ABD, are 
also equal to two right angles. q. B.D. 

Corol. 1. Hence also, conversely, if the two angles asc, 
app, on both sides of the line as, make up together two 
Tight angles, then cs and sp form one continued right 


line cD. 
Coral. 
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Corol. 2. Hence, all the angles which can be made, at any 
point B, by any number of lines, on the same side of the 
right line cp, are, when taken all together, equal to two right 
angles. ? 


Corol. 3. And, as-all the angles that can be made on the 
other side of the fine cp are also equal to twe right angles ; 
therefore all the angles- that can be made quite round a point 
#, by any number of lines, are equal to four right angles. 


Corol. 4. Hence also the whole circumfer- 
ence of a circle, being the sum of the mea- 
gures of all the angles that can be made about 
the centre r (def. 57), is the measure of four 
right angles. Consequently, a semicircle, or 
180 degrees, is the measure of two right an- 
sles ; and a quadrant, or 90 degrees, the measure of one right 
angle. . 





THEOREM. VIL. 


Wuew two Lines Intersect eaeh other, the Opposite Angles 
are equal. 

Let the two lines as, cp, intersect in 
the point &; then will the angle arc be 
équal to the angle sep, and the angle arp 
equal to the angle ces. 

For since the line ce meets the line azn, 
the two angles arc, Bec, taken together, 
are equal to two right angles (th. 6). 

In like manner, the line be, meeting the line cp, makes the 
two angles Bec, BED, equal to two right angles. 

Therefore the sum of the two angles arc, Bxc, is equal to 
the sum of the two Bec, Bep (ax. 1). | 
_ And if the angle pec, which is common, be taken away froma 
both these, the remaining angle arc will be equal to the re-. 
maining angle Bep (ax. 3): 

And in like manner it may be shown, that the angle azp is. 
equal to the opposite angle sec. 





THEOREM VIII. 


Wuewn One Side of a triangle is produced, the Outward 
Angle is Greater than either of the two Inward Opposite 
Angles. 

Let. 
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Let apc be a triangle, having the iam es oe 
side an produced top; thenwillthe «Cs 
Outward angle cpp be greater than 
either of the inward opposite angles a 
orc. 

For, conceive the side sc to be bi- 
sected in the point £, and draw the line 
az producing it till er be equal to ac : 
and join BF. 

Ther, since the two trivnglés AEC, Ber, have the sidé 

aE = the side er, and the side ce = the side Be (by suppos.) 
and the included or opposite angles at m also equal (th. 7), 
therefore those two triangles are equal in all respects 
(th. 1), and have the angle c = the corresponding angle 
EBF. But the angle csp is greater than the angle esr; con- 
sequently the said outward angle cep is also greater than the 
angle c. 
-— {n like manner, if cp be produced to a, and az be Bisepbad: 

it may be shown that the outward angle age, or its Pa raY, 
is greater than the other angle a. 





THEOREM IX. 


Tue Gréater Side, of every Triangle, is Opposite to the 
Greater Angle ; and the Greater Angle SPPORIS to the Great- 


er Side. 


Let asc be a triangle, having the side Cae C : 
aB greater than the side ac; then willthe ©. Hey 
angle acg, opposite the greater side as, be Yates 
greater than the angle 8, opposite the-less : 
side Ac. A DB 


For, on the greater side as, take the 
part ap equal to the less side ac, and join cp. Then, since 
BcD is a triangle, the outward angle ADG is greater than 
the inward opposite angle s (th. %). But the angle acp 
is equal to the said outward angle anc, because ap is equal 
to ac (th. 3). Consequently the angle acp also is greater 
than the angle 8. And since the angle sep is only a part of 
acs, much more must the whole angle acB be greater than 
the angle 8. @. E. D. . 

Again, conversely, if the angle c be greater than the angle 
B, then will the side az, opposite the former; be greater, than 
the side ac, opposite the latter. 

For; if ap be. not. greater than ac, it must be dither 


equal to it, or less than it. But it cannot be’ equal, for 
| then 
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then the angle c would be equal to the angle 8 (th. 3), 
which it is not, by the suppesition. Neither can it be less, 
for then the angle c would be less than the angle 8, by the 
former part of this ; which is also contrary to the supposition, 
The side as, then, being neither equal to ac, nor less than 
~ it, must necessarily be greater. Q. E. D. 


_ ‘THEOREM X. 


Tux Sum of ‘any Two Sides of a Triangle is Greater than 
Ye es the Third Side. . 


Let asc be a triangle ; then will the 

‘sum of any two of its-sides be greater 
than the third side, as for instances, ac 

_ +bce greater than as, *, | Cc 

For, produce ac till cp be equal to cz, 
or ap equal to the sum of the two ac-- 
ce; and join sp :—Then, because cp is A 7 
equal to cs (by consir.), the angle p is equal to the angle cep 
(th. 3), But the angle asp is greater than the angle cep, 
. consequently it must also be greater than the angle p.. And, - 
since the greater side of any triangle is opposite to the greater 
angle (th. 9), the side ap (of the triangle ann) is greater than 
the side az, But ap is equal to ac and cp, or ac.and cp, 
taken together (by constr.) ; therefore ac-+cp is also greater 
phase QS BED. 2555, 

Corol. The shortest distance between two points, is a single 
right line drawn from the one point to the other. . 


as fe gy 


THEOREM XI, ~ 


Tue Difference of any Two Sides of: a Triangle, is Less than 
fs Sinee 3 the Third Side. 


Let anc be a triangle ; then will the 
difference of any two sides, as as—ac, 
‘be less than the third side ze. 

For, produce the less side ac to p, 
till an be equal to the greater.side as, 
so that cp may be the difference of the 
two sides ag—ac; andjoinsp. Then, | A. ee) 
because ap is equal to an (by constr.), the opposite angles p 
and aBp are equal (th. 3). But the angle czp is less than the 
angle agn,.and consequently also less than the equal angle pb. 
And since the greater side of any triangle is opposite to the 
greater 
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greater angle (th. 9), the side ep (of the soihitels nap), ig fer 
than the side Bc. @.E. D. 


ae 


THEOREM XI. 


Wren a Eine Intersects two Parallel ae it bibs the 
Alternate Angles Equal to each other. 


_ Let the line er cut the two parallel 
lines aB, cp; then will the angle azr be 
equal to the alternate angle arp. 

For if they are not equal, one of them 
must be greater than the other ; let it 
be erp for instance which is the greater 
if possible ; and conceive the line rs to 
be drawn ; cutting off the part or angle erp equal to the an- 
gle acer; and meeting the line az in the point B. 

Then, since the outward angle arr, of the triangle BEF, is 
greater than the inward opposite angle EFB (th. 8) ; and since 
these two angles also are equal (by the constr.) it follows, — 
that those angles are both equal and unequal at the same time : 
which is impossible. ‘Therefore the angle erp is not unequal 
to the alternate angle arr, that is, they are equal to each 
other... E. D. 

-Corol. Right lines which are perpendicular to one, of two 
pagallel lines, are also perpendicular to the other. | 





THEOREM XIII. 


Wuen a line, cutting Two other Lines, makes the Al- 
ternate Angles Equal to each other, those two Lines are Pa- 
rallel. 


Let the line er, cutting the two lines | 
AB, cD, make the alternate angles arr, A B 
DFE, equal to each other; then will as ; 
be parallel to cp. 

For if they be not parallel, let some 
other line, as re, be ‘parallel to az. © 
Then, because of these parallels, the ! 
angle arr is equal to the alternate angle ere (th. 12), But 
the angle azr is equal to the angle erp (by hyp. ). There- | 
fore the angle erp is equal to the angle ere (ax. gis that 
is, a part is equal to the whole, which is impossible, here- | 
fore no line but cn ‘can be paraltel to as... Q. FE. De. 

Corol. Those lines which are perpendisany to the same 
line, are parallel to each other, 
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THEOREM XIY. 


Wuen a Line cuts two Parallel Lines, the Outward Angle 
is Equal to the Inward Opposite one, on the Same Side ; and 
the two Inward Angles, on the Same Side, equal to two Right 
Angles. | | i : 

Let the line rr cut the two parallel 
lines aB, cp ; then will the outward angle 
ecB be equal to the inward opposite 
angle cup,.on the same side of the line 
EF ; and the two inward angles Ben, cup, 
taken together, will be equal to two right 
angles. . 

For, since the two lines az, cp, are parallel, the angle acu 
is equal to the alternate angle cup, (th..12). But the angle 
AGH is equal to the opposite angle recs (th. 7). Therefore 
the angle rep is also equal to the angle cup (ax. 1), Q. B.D. 
. Again, because the two adjacent. angles EcB, BGH, are to- 
gether equal to two right angles (th. 6) ; of which the angle 
EGB has been shown to be equal to the angle cup ; therefore 
the two angles scH, cup, taken together, are also equal to 
two right angles. 

Corol. 1. And, conversely, if one line meeting two other 
lines, make the angles on the same side of it equal, those two 
lines are parallels. 

Corol. 2. If a line, cutting two other lines, make the sum 
of the two inward angles, on the same side, less than two 
right angles, those two lines will not be parallel, but will meet 
each other when produced. ) 





_ THEOREM XV. 


Taoss Lines which are Parallel to the Same Line, are 
mosh: Be Parallel te each other. 


Let the Lines = cp, be: each of | 
them parallel to the line er; then A: -B 
shall the lines az, cp, be parallel to | 


each other. _ C Hi ~D 
For, let the line er be perpendicular KE ——_-F 


torr. Then will this line be also per- 
pendicular to both the lines as, cp, (corol. th. 12), and con- 
sequently the two lines aB, cp, are parallels (corol. th. 13), 
Q.E. D. Poi 
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THEOREM XVI. 


Wuen one Side of a triangle is produced, the Outward 
Angle is equal to both the Inward Opposite Angles taken’ to- 
gether. 

Let the side, ax, of the triangle 
asc, be produced to p ; then will the 
outward angle cpp be equal to the 
sum of the two inward opposite an- 
gles a and c. 

For, conceive se to be drawn pa- 
rallel to the side ac of the triangle. Then sc, meeting the 
two parallels ac, sc, makes the alternate angles c and csr 
equal (th. 12). And ap, cutting the same two parallels ac, 
BE, makes the inward and outward angles on the same side, a 
and EBD, equal to each other (th. 14). Therefore, by equal 
additions, the sum of the two angles a and c, is equal to the 
sum of the two cee and EBD, that is, to the whole angle CBR 
(by ax.2). Q.£.D. 





THEOREM XVII. 


In any Triangle, the sum ef all the Three Angles is Peonal to 
Two Right Angles. 


Let apc be any plane triangle; then om 
the sum of the three angles a +B + 
is equal to two right angles. 

For, let the side an be produced to p. } 
Then the outward angle cgp is equal ED 
to the sum of the two inward opposite 
angles a-+c (th. 16). To each of these equals add the in- 
ward angle s, then will the sum of the three inward angles 
a-+B-+c be equal to the sum of the two adjacent angles anc 
--cxp (ax. 2). But the sum of these two last adjacent an- 
gles is equal to two right angles (th. 6). Therefore also the 
sum of the three angles of the triangle a-+-B--c is eget to. 
two right angles (ax. 1). @. 5. D. 

Corel. 1. If two angles in one triangle, be equal to bir, 
angles in another triangle, the third angles will also be equat 
(ax. 3), and the two triangles equiangular. 

Corol. 2. If one angle i in one triangle be equal to one an- 
ele in another, the sums of the remaining angles will also be 
equal (ax. 3). 

Corel. 
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Corol. 3. If one angle of a triangle be right, the sum of 
the other two will also be equal to a right angle, and each of 
them singly will be acute, or less than a right angle. 

Corol. 4. The two least angles of every triangle are acute, 
ef each less than a right angle. 


THEOREM XVIII. 


In any Quadrangle, the sum of all the Four Inward Angles, is 
‘equal to Four Right Angles. 


Let apcp be a quadradrangle ; then the 
sum of the four inward angles, a--s-+c-++ D G 
p is equal to four right angles. 
Let the diagonal ac. be drawn, dividing 
the quadrangle into two triangles, abc, apc. . 
Then, because the sum of the three an- A B 
gles of each of these triangles is equal to 
two right angles (th. 17); it follows, that the sum of all the 
anglé$ of both triangles, which make up the four angles of the 
quadrangle, must be equal to four right angles (ax. 2). @.£E. D. 





Corol. 1. Hence, if three of the angles be right ones, the 
fourth will also be a right angle. 


Corol. 2. And, if the sum of two of the four angles be 
_ equal to two right angles, the sum of the remaining two will 
also be equal to two right angles. 


THEOREM XIX. 


In any figure whatever, the Sum of all the Inward Angles, 
taken together, is equal to Twice as many Right Angles, 
wanting four, as the Figure has Sides. 

'. Let ascpe be any figure; then the 
sum of all its inward angles, a+ B-+ c++ 
D-++E, is equal to twice as many right an- 
gles, wanting four, as the figure has sides. 

For, from any point p, within it, draw 
lines pa, PB, Pc, &c. to all the angles, 
dividing the polygon into as many tri- 
angles as it has sides. Now the sum of the three angles of 
each of these triangles, is equal to two right angles (th. 17); 
therefore the sum of the angles of all the triangles is equal 
to twice as many right angles as the figure has sides. But 
the sum of all the anglee about the point p, which are so 

| many 
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many éf the. angles of the triangles, but: no part.of the in- 
ward angles of the polygon, is equal to four right angles 
(corol. 3, th. 6), and must be deducted out of the former sum, 

Hence it follows that the sum of all the inward angles of the 
polygon alone 4+-B-+c-+-p-+, is equal to twice as many right 
angles as the figure has sides, wanting the said four right an- 
gles.¥ Q. 5. D. 


THEOREM XX. 


Wuen every Side of any Figure is produced out, the Sum 
of all the Outward Angles thereby made, is equal to Four 
Right Angles. : 

Let a, B, c, &c; be the outward 
angles of any polygon, made by pro- 
ducing all the sides ; then will the sum 
A-+-s-++c-+p-Fe, of all those outward 
angles, be equal to four right angles. __ 

For every one of these outward an- 
gles, together with its adjacent inward 
angle, make up two right angles, as 4 
--a equal to two right angles, being . 
the two angles made by one line meeting ee (th. 6). 
And there being as many outward, or inward angles, as the 
figure has sides: therefore the sum of all the inward and out- 
ward angles, is equal to twice as many right angles as the 
figure has sides: But the sum of all the inward angles, with 
four right angles, is equal to twice as many right angles as the 
figure has sides (th. 19). Therefore the sum of all the in- 
ward and all the outward angles, is equal to the sum of all the 
inward angles and four right angles (by ax. 1). From each 
of these take away all the inward angles, and there remain 
all the outward angles equal to four right se ig (by ax. 3). 





THEOREM XXI. : 


A Perrenpicuar is the Shortest Line that can be drawn 
from a Given Point to an Indefinite Line. And, of any other 
Lines drawn from the same Point, those that are Nearest the 
Perpendicular, are less than those More Remote: 

If ap, Ac, ap, &c. be lines drawn from 
the given point A, to the indefinite line pz; 
of which az is perpendicular. ‘Then shall 
the perpendicular az be less than ac, and 
ac, less than ap, &c. 


For the angle ps being a right one, the 





angle 


* This demonstration does not apply to all reetilineal figures. Ed. 





- 
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- angle c is acute (by cor. 3, th. 17), and therefore less than 
the angles. But the less angle of a triangle is subtended by 
the less side (th. 9). Therefore the side az is less than the 
side ac. a8 eoalbuaes 


Again, the angle aczp being acute, as before, the adjacent 
angle acp will be obtuse (by th. 6) ; consequently the angle 
D is acute (corol. 3, th. 17), and therefore is less than the an- 
gle c. And since the less side is opposite to the less angle, 
therefore the side ac is less than the side ap. @. E- D. 


“Corol. A perpendicular is the least distant of a given point 
from a line. : | pare # 
3 ' THEOREM XXIt. 


‘Tue Opposite Sides and Angles of any Parallelogram are 
equal to each other; and the Diagonal divides it into two 
Equal Triangles. 


Let ancy be a parallelogram, of which peuhees 
the diagonal is sp; then will its opposite D C 
sides and angles be equal to each other, 
and the diagonal Bp will divide it into two 
equal parts, or triangles. Pa B 


For, since the sides as and pc are pa- 
rallel, as also the sides ap and se (defin. —. . 
32), and the line sp meets them; therefore the alternate 
angles are equal (th. 12), namely the angle agp to the angle 
cpB, and the angle aps to the angle cpp. Hence the two tri- 
angles, having two angles in the one equal to two angles in the 
other, have also their third angles equal (cor. 1, th. 17), 
namely, the angle a equal to the angle c, which are two ef 
the opposite angles of the parallelogram. 


_ Also, if to the equal angles app, cpg, be added the equal 
angles cpp, ans, the wholes will be equal (ax. 2), namely, the 
whole angle asc to the whole apc, which are the other two 
opposite angles of the parallelogram, Q. E. D. 


Again, since the two triangles are mutually equiangular, 
and have a side in each equal, viz. the common side sp; there- 
fore the two triangles are identical (th. 2), or equal in all 
respects, namely, the side as equal to the opposite side pe, 
and ap equal to the opposite side sc, and the whole triangle 
4BD equal to the whole triangle sep. Q. E. D. 


Corol. 
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Corol. 1. Hence, if one angle of a parallelogram be a right 
angle, all the other three will also be right angles, and the 
parallelogram a rectangle. Were) oe 

Corol, 2. Hence also, the sum of any two adjacent angles 
of a parallelogram is equal to twe right angles. | 


THEOREM XXUI. 


Every Quadrilateral, whose Opposite Sides are equal, is a 
Parallelogram, or has its Opposite Sides Parallel. 


Let azcp be a quadrangle, having the D C 
opposite sides equal, namely, the side as ‘ 
equal to pc, and ap equal to sc; then Poy: 
shall these equal sides be also parallel, # 
and the figure a parallelogram. A. B 


For, let the diagonal sp be drawn. 
Then, the triangles, app, csp, being mutually equilateral (by 
hyp.), they are also mutually equiangular (th. 5), or have 
their corresponding angles equal ; consequently the opposite 
sides are parallel (th. 13); viz. the side as parallel) to pc, 
and ap parallel to sc, and the figure is a parallelogram. 
Q. E. De 


THEOREM XXIV. 


Tose Lines which join the Corresponding Extremes of 
two Equal and Paralle! Lines, are themselves Equal and Pa- 
rallel. ee 
Let as, pc, be two equal and parallel lines ; then will the 
lines ap, sc, which join their extremes, be also equal and 
parallel. [See the fig. above.] 

For, draw the diagonal sp. . Then, because az and ne are 
parallel (by hyp.), the angle anp is equal to the alternate an- 
gle ppc (th. 12). Hence then, the two triangles having two 
sides and the contained angles equal, viz. the side aB equal to 
the side pc, and the side sp common, and the contained angle 
ABD equal to the contained angle spc, they have the remaining 
sides and angles also respectively equal (th. 1) ; consequently 
AD is equal to gc, and also parallel toit (th. 12). Q. #. D. 


THEOREM XXV. — 


PaRALLELOGRAMS, as also Triangles, standing on the Same 
Base, and between the Same Parallels, are equal to each 
other. } eee 

Let 
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Let ancy, aBEF, be two parallelo-: . 
grams, and asc, aBF, two. triangles, 
standing on the same base as, and be- 
tween the same parallels an, pe ; then 
will the parallelogram azcp, be equal . 
to the parallelogram azer, and the tri- _ A B 

angle ape equal to the triangle asr. 

For, since the line pz cuts the two parallels ar, BE, and the 
two ap, Bc, it makes the angle & equal to the angle arp, and 
the angle p equal to the angle sce (th. 14) ; the two triangles 
apF, BcE, are therefore equiangular (cor. 1, th. 17); and hay- 
ing the two corresponding sides, ap, Bc, equal (th. 22), being 
opposite sides of a parallelogram, these two triangles are 
identical, or equal in all respects (th. 2). If each of these 
equal triangles then be taken from the whole space asep, 
there will remain the parallelogram aser in the one case, 
equal to the parallelogram ascp in the other (by ax, 3). 

Also the triangles asc, apr, on the same base az, and be- 
tween the same parallels, are equal, being the halves of the 
said equal parallelograms (th, 22). q. £. D. 

Corol. 1. Parallelograms, or triangles, having the same base 
and altitude, are equal. For the altitude is the same as the 
perpendicular or distance between the two parallels, which 
is every where equal, by the definition of parallels. 

~Corol. 2. Parallelograms, or triangles, having equal bases 
and altitudes, are equal. For, if the one figure be applied 
with its base on the other, the bases will coincide or be the 
same, because they are equal: and so the two figures, having 
the same base and altitude, are equal. | 





THEOREM XXVI_ 


_Ir a Parallelogram and a Triangle stand on the Same 
Base, and between the Same Parallels, the Parallelogram will 
be Double the Triangle, or the Triangle Half the Parallelo- 
gram. ‘ 

Let ascp be a parallelogram, and ase, 
a triangle, on the same base az, and between D ¢ z 
the same parallels as, pe; then will the pa- 7 
rallelogram ascpy be double the triangle ase, 
or the triangle half the parallelogram. 





For, draw the diagonal ac of the paral- 
Jelogram, dividing it into two equal parts A.» 
(th, 22). Then because the triangles asc, 


ABE, 
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ABE, on the same base, and between the same parallels, are 

equal (th. 25) ; and because the one triangle axzc is half the 
parallelogram azpep (th. 22), the other equal triangle ABE is 
also equal to half the same parallelogram aBep. @. B. D... 

Coro!. 1. A triangle is equal to half a parallelogram of die 
same base and altitude, because the altitude is the perpendi- 
cular distance between the parallels which is every where 
equal, by the definition of parallels. 

-Coroi. 2. lf the base of a parallelogram be half: that of a 
triangle, of the same altitude, or the base of the triangle be 
double that of the parallelogram, the two figures will be equal 
to each other, 


THEOREM XXVII. 


Recrancies that are contained by Equal mints are Equal 

to each other. 

Let sp, FH, be two rectangles, having 'H ©@ 
the sides ap, Bc, equal to the sides EF, FG, 
each to each; then will the rectangle sp 
be equal to the rectangle ru. 

For, draw the two diagenals ac, Ea, 
dividing the two parallelograms each into 
two equal parts. Then the two triangles asc, EFG, are equal 
to each other (th. 1), because they have the two sides an, sc, 
and the contained angle, B, equal to the two sides er, re, and 
the contained angle F (by hyp). But these equal triangles are 
the halves of the respective rectangles. And because the 
halves, or the triangl.., are equal, the wholes, or the rect- 
angles, pp, H¥,.are also equal (by ax. 6). Q. E. D. 

- Corol. The squares on equal lines are also equal ; “for 
every square is a species of rectangle. 





THEOREM XXVIII 


THE Complements of the Parallelograms, which are 
about the diagonal of any Parallelogram, are equal’to each 
other. . 


Let ac be a parallelogram, sp a dia- ADM cate: 
gonal, EIF parallel to ap or pc, and Gin 
parallel to ap or Be, making al, Ic com- E Nae 
plements to the parallelograms £6, HF, dens: 
which are about the diagonal pp: then AH RB 


will the complement a1 be equal to the 


complement tc. ‘i 
For, 


* 
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For, since the diagonal pz bisects the three parallelograms 
aC, EG, HF, (th. 22); therefore, the whole triangle paz being 
equal to the whole triangle pcs, and the parts Der, mB, re- 
spectively equal to the parts per, irB, the remaining parts Al, 
r¢, must i be equal (by ax. 3). Q. B.D. 


THEOREM .XXIX, 


A Tepe: or Trapezium having twe Sides Parallel, is 
equal to Half a Parallelovram, whose Base is the Sum of those 
two Sides, and its Altitude the Perpendicular Distance be- 
tween them. 


Let ascp be the trapezoid, having its 
two sides 4B, pc, parallel ; and in a, pro- 
duced take BE equal to pc, so that am may 
be the sum of the two parallel sides ; 
‘produce nc also, and let er, cc,'Bu, be x 3 
| ail three parallel to ap.. Then is ara ey ee 
parallelogram of the same altitude with the trapezoid azep, 
having its base ae equal to the sum‘of the parallel sides of 
the trapezoid ; and it is to be proved that the trapezoid ancp 
is equal to half the parallelogram ar. 

Now, since triangles, or parallelograms, of equal bases and 
altitude, are equal (corol. 2, th. 25), the parallelogram. pe is 
equal to the parallelogram ur, and the triangle ces equal to 
the triangle cue ; consequently the line se bisects, or equally 
divides, the parallelogram AF, and agcp is the-half of it 

3 Q. E. Ds 


Dill TER. 





des 


THEOREM XXX. 


THe Sum of all the Rectangles contained under one Whole 
Line, and the several Parts of another Line, any way divided, 
is Equal to the Rectangle contained under the Two Whole 
Lines. 

Let ap be the one line, and ap the 
other, divided into the parts an, EF, FB ; op 
then will the rectangle contained by AD D_ GH C 
and 4B, be equal to the sum of the rect- s a 
angles. of ap and ak, and ap and EF, and 
Ap and rp: thus expressed, aD . aB= 
AD. AE+ap . EF—-+apD. FB. a EFF B 

For, make the rectangle ac of’ the two whole lines AD, AB; 
and draw ga, FH, perpendicular to az, or parallel to ap, to 
which they are equal (th. 22). Then the whole rectangle 
ac is mes up of all the other rectangles ac, rn, Fc. But 

Vor. 39 these 
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these rectangles are contained by ap and) 
ab, EG and er, Fa and-rs ; which are equal 
to the rectangles of ap and an, aD and £Fy © 
ap and-rg, because. Ap is equal to each of |} | . 
the two, EG, FH. Therefore the rectangle — LE ‘BK Se 
AD . AB IS equal to the sum of all the other A —e BY 
rectangles ap.. AE, AD. EF, AD. FB. Q.E.D. ¢ 

Corol. Hf a right line be divided into any two parts ; the 
square on the whole line, is equal to both the. rectangles of 
the whole line and each of the Eee . 





THEOREM XXXI. 


“Tur Square of the Sum of two Lines is ardatar than the 
Sum of their Squares, by Twice the Rectangle of the said 
Lines. Or, the Square of a whole Line, is equal to the 
Squares of its two Parts, together with uae the basic 
of those Parts. 

Let the line as be the sum of any tivo ay aaa 
lines ac, cB: then will the square of az be = fc Hh) D 
equal to the squares of sc, cp, together with | o ace 
twice the rectangle of ac .cs. That is, 
AaB? =ac?-+-cB?-+-2ac. cB. .- : 


Fer, let aspe be the square on the sum | ALB 

or whole line as, and acre the square on 
the part ac, Produce cr and c¥ to the other side at # and 1. 

From the lines cu, c1, which are equal, being each equal 
to the sides of the square ap or pp (th. 22), take the parts 
cr, GF, which are also equal, being the sides of the square 
aF, and there remains ru equal to Fr, which are also equal to. 
pH, D1, being the opposite sides of a parallelogram. Hence 
‘the figure Hi is equilateral : and it has all its angles right ones 
(corol. 1, th. 22) 5 ; it is therefore a square on the line FI, or 
the square of its equal cs. Also the figures EF, FB, are equal 
to two rectangles under ac and cz, because cr is equal to ac, 
and FH or F1 equal to cz. But the whole square ap is made 
up of the four figures, viz, the two squares AF, FD, and the 
two equal rectangles er, re, That is, the square of aB is 
equal to the squares of ac, cs, together with twice we rect 
angle of Ac, CB. @. E. D. 

Corol. Hence, if aline be divided into two equal parts ; the 
square of the whole line, wall be equal to. four tires the 
he of half the line. se! 





THEOREMS. ee 


i Tees tactic) THEOREM XXXiL 


Tue Bonaire of the ‘Difexenoe a two ‘Lines, j is less than 
the Sum of their. Panaress by Twice the Rectangle of the 
said Lines. . 


Let ac, Bc, pe any two lines, and an Gan ies van 
their difference :. then will the square of ax pe 
be less than the squares of ac, Bc, by twice E EE 


the rectangle of ac and sc. Or, ano ee ant 
ee BC,” 


For let. aBpe be the square on the dif- A. Bl I 
ference as, and acra the square on the KL 

line ac. Produce ep ton; also produce | 

pp and xc, and draw x1, making Br the square of the other 
line-Bc. 

Now it is visible that the square aD is less than the two 
squares AF, BI, by the two rectangles er, pt, But er is equal 
to the one line. AC, and GE. Or: FH is equal to the other line 
Bc; consequently the rectangle er, contained under. ee and 

GF, is equal to the rectangle of ac and Bc. 
Again, Fu. being equal to cr or Bc or pH, by adding sg com- 
mon ‘part ac, the whole nr will be equal to the whole rc, or 
equal to ac; and consequently the figure DI is equal. to the 
rectangle contained by ac and Bc. | 

Hence the two figures EF, pI, are two rectangles of the 
two. lines “ac, Bc; and consequently the square of az is less 
than the squares of AC, BC, by twice the rectangle AC . BC. 
QE. De |. , 


"THEOREM XXXII. 


‘Tae esogie! under the Sum and Difference of two 

| Lines, is equal to the Difference of the Squares: of those 
Lines. 

-~ Let az, ac, be any two unequal lines ; 

then will the difference of the squares of 

“AB, ac, be equal to a rectangle under their 

sum and difference. That is, 

AB? —ac? ab+ac ‘AB——AC. 

For, let aspe be the square st AB, and 
acre the square of ac. Produce ps till By 
be equal to ac; draw ut parallel to az or 
ED, and produce re both ways to i and x. chided 

Then the difference of the two squares ap, aF, 1S eVi- 

dently 
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dently the two rectangles ne, xe. But the rectangles er, 
BI, are equal, being contained under equal lines ; for ek and 
BH are each equal to ac, and cg is equal to cp, being each 
equal to the difference between ap and ac, or their equals 
ae and ac. Therefore the two er, kB, are equal to the two 
EB, Bi, or to the whole KA ; and consequently xu is equal to 
the difference of the squares ap, aF. But xis a rectangle 
contained by pu, or the sum of ap and ac, and-by xp, or the 
difference of an and ac. Therefore the difference of the 
squares of ap, ac, is equal to the rectangle under their sum 
and difference. a. E. D. 


THEOREM XXXIV. 


In any Right-angled Triangle, the square of the Hypothe- 
nuse, is equal to the Sum of the Squares of the other two 
Sides. ‘eee 

Let asc be a right-angled triangle, G. 
having the right angle c; then willthe 
square of the hypothenuse as, be equal 

to the sum of the squares of the other ¥ 
two sides ac, cp. Or ap? = ac? + 
BC? 

For, on as describe the square ag, 
and on ac, cB, the squares ac, BH; 
then draw cx parallelto ap or BE; and | 
jom Al, BF, CD, CE. | Ty Re ae 
- Now, beeause the line ac meets the two cc, cB, so as to 
make two right angles, these two form onestraight line cz (corol. 
1, th. 6). And because the angle Fac is equal to the angle 
paz, being each a right angle. or the angle of a square ;. to 
each of these equals add the cemmon angle Bac, so will the 
whole angle or sum Faz, be equal to the whole angle or — 
sum cap. But.the line ra is equal to the line ac, and the 
line aB to the line ap, being sides of the same square ; so that 
the two sides Fa, aB, and their included angle ras, are equal 
to the two'sides ca, ap, and the contained angle cap each te 
each ; therefore the whole triangle ars is.equal to the whole 
triangle acp (th. 1). Hey : i 

But the square ac is double the triangle ars, on the same 
base Fa, and between the same parallels ra, cp (th. 26) ; in 
like manner, the parallelogram ax is double the triangle acp, 
on the same base ap, and between the same parallels ap, ox. 
And since the doubles of equal things are equal, ( by ax. 6) ; 
therefore the square ac is equal to the parallelogram ak. 





In 
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In like manner, the other square BH is proved equal te the 
other parallelogram sx. Consequently the two squares ac 
and eH together, are equal to the two parallelograms ax and Bx 
together, or to the whole square az. ‘Thatis, the sum of the 
two squares on the two less sides, is equal to the square on 
the greatest side. Q. E. D. 


Corol. 1. Hence, the square of either of the two less sides, 
is equal to the difference of the squares of the hypothenuse 
and the other side (ax. 3); or, equal to the rectangle contain- 
ed by the sum and difference of the said hypothenuse and 
other side (th. 32). 


Corol. 2. Hence also, if two right-angled triangles have 
two sides of the one equal to two corresponding sides of the 
other ; their third sides will also be equal, and the triangles 
identical. © . 


THEOREM. XXXV. 


In any Triangle, the Difference of the Squares of the two 
Sides, is Equal to the Difference of the Squares of the Seg- 
ments of the Base, or of the two Lines, or Distances, includ- 
ed between the Extremes of the Base and the Perpendicular. 

Let asc be any triangle, having c 
cD perpendicular to az ; then will 
the difference of the squares of ac, 
Bc, be equal to the difference of the 
squares of ap, Bp ; that is, ac? — 


Bot ==Ap?-— BD? Bin BD A DB 


For, since ac? is equal to ap?--cp?2 
and Bc? is cana to sp?on2, ¢ (Oy th. 34) ; 
- Theref. the difference between ac? and gc?, 
-- is equal to the difference between ap? +-cp? 
Brea eit and Bp? -+-¢p?, 
or equal to the difference between ap? and Bp?, 
by taking away the common square cp? Q. E. D. 





Corol, The rectangle of the sum and difference of the two 
sides of any triangle, is equal to the rectangle of the sum and 
difference of the distances between the perpendicular and the 
two extremes of the base, or equal to the rectangle of the 
base and the difference or sum of the segments, according as 
the perpendicular falls within or withont the triangle, 


That 
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That is, ac “ac - Bc BC. AC — BC==AD ze BD. AD = ~BD 
Or, ac + BC ..4¢ — BC = AB, AD — BD ~“pp in the 2d chine 
_ And ac + Bc. AC — BC = AB. AD. oh BB 10 the ist figure, 





THEOREM XXXVI. 


Iw any Obtuse-angled Triangle, the suites of the Side 
subtending the Obtuse Angle, is Greater than the Sum of the 
Squares of the other two Sides, by Twice the Rectangle of 
the Base and the Distance of the Perpendicular from the 
Obtuse Angle. 


Let anc be a triangle, obtuse angled at 8, and cp perpendi- 
cular to an; then will the square of ac be greater than the 
squares of AB, Bc, by twice the reetangle ofas, sp. That is, 
Ac? =aB? pcs +2sB.Bb. See the Ist fig. above, or below. 


For, since the square of the whole line an is equal to the 
squares of the parts an, Bp, with twice the rectangle of the 
same parts as, ep (th. 31) ; if to each of these equals there 
be added the square of cp, then the squares of ap, ep, will 
be equal to the squares of as, Bp, cp, with bwite the rectan- 
gle of AB, Bp (by ax. 2). “i 


But the squares of ap, cb, are Sut to the equine: of ac; : 
and the squares of Bp, cp, equal to the square of gc (th. 34); 
therefore the square of ac is equal to the Santen of AB, bad | 
teaver with twice the rectangle of aB, BD. @q. E. Rae 


THEOREM F eeeeit | 


In any Triangle, the Square of the Side subtendine an 
Acute Angle, is Less than the Squares of the Base and the 
other Side, by Twice the Rectangle of the Base and the Dis- 
tance of the Perpendicular from the Acate Angle. — 


Let anc be a triangle, having 
the angle a acute, and cp perpen- 
dicular to 4B ; then will the square 
of sc, be less than the squares of 
AB, ac, by twice the rectangle of 
ap, aD. That is, pc?=4B?-+-ac? 
4 DEBS ADs: 
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For, in fig. 1, ac® is = pc?-+-az?+2aB-. Bp (th. 36). 
To each of these equals add the square of as, 
then is aB?-+-ac?=Bc? +2aB?-+-2aB . BD (ax. 2), 
3 ; or =Be?-+-2aB . ap (th. 30): | 
tr | Q. Es D, 
Again, in fig. 2, ac? is = ap?-+pce? (th. 34). 
And ap? =ap?-+ps?-+2ap . pe (th. 81). 
Theref.an? +-ac? =Bp*+- nc? +-2ap? + 2ap . BB (ax. 2), 
or =sc?+-2ap?+-2ap . pp (th. 34), 
- or=sBc*-+-2aB . ap (th. 30). Q. E. D. 


THEOREM XXXVIII. 


In any Triangle, the Double of the Square of a Line drawn 
from the Vertex to the Middle of the Base, together with 
Double the Square ef the Half Base, is equal to the Sum of 
the Squares of the other Two Sides. 

Let apc be a triangle, and cp the line | 


drawn from the vertex to the middle of C 
the base az, dividing it into two equal A 
parts ap, pB; then will the sum of the LX 
squares of ac, cz, be equal to twice the GENT 
sum of the squares of cp, Bp ; or ac* -+- ey Ok 
eB? =2cp?-+ 2pB?. ‘Av De RB 


For, Jet ce be perpendicular to the base as. Then, since 
(by th. 36) sc? exceeds the sum of the two squares Ap? and 
ep? (or sp? and cp?) by the double rectangle 2ap . pe (or 
2pp . DE); and since (by th. 37) Bc? is less than the same 
sum by the said double rectangle ; itis manifest that both ac? 
and pc? together must be equal to that sum twice taken; the 
excess on the one part making up the defect on the other. 

| Q. E. D. 


THEOREM XXXIX. 


__ Iw an Isosceles Triangle, the Square of a Line drawn from 
the Vertex to any Point in the Base, together with the Rect- 
angle of the Segments of the Base, is equal to the Square of 
one of the Equal Sides of the Triangle. | 

Let asc be the isosceles triangle, and— 
cp a lme drawn from the vertex to any — C 
point D in the base: then will the square 
of ac, be equal to the square of cp, to- 
gether with the rectangle of ap and oz. 
That is, ac? ==cp?--ap . ps. 
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For, let ce bisect. the vertical angle ; then will it also 
bisect the base as perpendicularly making AE=EB Saag ¥ 
th. 3). 

But, in the triangle acp, obtuse angled at p, the square 
ac? is = cp?-+-ap?-+-2ap . pE (th. 36), | 
or = cp?-+ap. AD-+2DE (th. 30), 
or = cb?-+-aD . AE-FDE, 
or = cb?--ap . BE-+ DE, 

or = cp2-+aD . DB. 


Cc ‘ 








ekED ADE B 
THEOREM XL. 


In any Pataliclogenty the two Diagonals Bisect each other ; 
and the Sum of their Squares is equal to the Sum of the 
Squares of all the Four Sides of the Parallelegram. * 

Let apcp be a parallelogram, whose . hoe 
diagonals intersect each other ing ; then 
will AE be equal to Ec, and BE si ED; 
and the sum of the squares of ac, gp, 
will be equal to the sum of the squares A 
of ag, BC, cD, DA. That is, 

AE=EC, and BE=ED, | 
and ae? -+-Bp? =aBp? +-Bc? +-cp2 -+-pa2. 

For, the triangles aes, pec, are equiangular, because they 
have the opposite angles at gE equal (th. 7), and the two lines. 
ac, BB, meeting the parallels as, pc, make the angle Bar equal 
to ‘the angle pce, and the angle ABE equal to. the angle cpE, 
and the side az equal to the side nc (th. 22); therefore these 
two triangles are identical, and have their corresponding sides 
equal (th. 2), viZ. aE=Ec, and BE=ED. 

Again, since ac is bisected in ©, the sum of the squares 
AD? -+- pc? =2aE? +2pE? (th. 38). 

In like manner, aB?-+-Bc2 =2ar?-+2pr? or 2pE?. 

Theref. an? +8Bc? cp? “Dat =4an2-+-4pr? (ax. 2), / : 

But, because the square of a whole line is equal to 4 times 
the square of half the line (cor. th. 31), that is, ack =4aE2, 
and BD? ==4DE?. 

Theref. an? -+Bc? -+-cp? War ry Raa (ax. 1). 


econ 


Q. os a 
THEOREM 


‘ ( 
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THEOREM anh 


iy a Line, drawn through or from the Centre of a  Cirete, 
Bisect a Chord, it wili be Perpendicular to it ; or if it be Per- 
pendicular to the Chord, it will Bisect both the Chord and 
the arc of the Chord. 

Let ap be ba chord in a circle, and cp 


a line drawn from the centre c to the 
chord. Then, if the chord be bisected in 
the point p, cp wi!l be perpendicular to az. fh Sd 
‘For, draw the two radii ca,cs. Then, - ANDI 7B 
the two triangles acp, scp, having caequal E 


to cp (def. 45), and cp common, also ap 

equal to sp (by hyp.); they have ali the three sides of the 
one, equal to all the ihiee sides of the other, and so have 
their angles also equal (th. 5). Hence then, the angle apc 
being equal to the angle spc, these angles are right angles, 
and the line ep is perpendicular to ax ( (def. 11). 


Again, if cp be perpendicular to as, then will the chord ar 
be bisected at the point p, or have ap equal to pp; and the 
_ arc axs bisected in the point &, or have az equal es. 


For, having drawn ca, cB, as before. Then, in the trian- 
gle asc, because the side ca is equal to the side cs, their op- 
posite angles a and 8 are also equal (th, 3). Hence then, in 
the two triangles acp, scp, the angle a is equal to the angle B, 
and the angles at p are equal (def. 11) ; therefore their third 
angles are also equal (corol. 1, th. 17). And having the side 
cD 3 iti they have also the side ap equal to the side pp 
{th. 2 : 


- Also, since the angle ace is equal to the angle sce, the arc 
az, which measures the former (def. 57), is equal to the arc 
BE, which measures the latter, since equal angles must have 
equal measures. 


Corol. Hence a line bisecting any chord at. right angles, 
passes through the centre of the circle. 


_ THEOREM XLII. 


Tr More than Two Equal Lines can be drawn from any 
Point within a Circle to the Circumference, that Point li ps 
the centre. 


Vor. I. 40 Let 


gyre ‘ Py ee es ee ee \ 
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Let ape be a circle, and pd a point 
witbin it: then if any three lines, pA, 
pB, oc, drawn from the point p to the 
circumference, be equal to each other, 
the point p will be the centre. 

For, draw the chords ap, pc, which 
let be bisected in the poing HE, F, and 
join DE, DF. 





‘Then, the two triangles, DAE, DBE, have the side pa equal. 
to the side pp by supposition, and the side az equal to the side 
uB by hypothesis, also the side nz common: therefore these 
two triangles are identical, and have the angles at & equal to 
each ‘other (th. 5); consequently pr is perpendicular to the 
middle uf the chord ap (def. 11), and therefore baka through 
the centre of the circle (corol. th. 41). 


In like manner, it may be shown that pr passes through ih 
centre. Consequently the point p is the centre of the circle, 
and the three equal lines, pa, pp, pc, are radii. Q. E. D 


THEOREM XLIT. 


’ Lr two Circles touch one another Internally, the Centres 
of the Circles, and the Point of Contact will be all in: Me 
Same Right Line. 

Let the two circles anc, apr, touch 
one another internally in the points; 
then will the point a‘and the centres of 
those circles be all in the same right 
line. 
For, let F be the centre of the circle © 
pes through which draw the diameter 

Then, if the centre of the other | 
dircke can be out of this line ac, let it be supposed in some 
other point as c ; through which draw the line re colina the 
two circles in B and pb. 





Now in the triangle arc, “tha sum of the two idea FG, 
GA, is greater than the third side ar (th. 10), or greater than 
its equal radius rs. From each of these take away. the 
common part re, and the remainder ca’ will be greater 
than the remainder cs. But the point ¢ being supposed 
the centre of the, inner circle, its two radii, GA, Gp, are. 
equal to each other ; consequently cp will also be greater 


than cs. But ape being the inner circle, Gp is Bahaciiec re 
; ess 
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less than ce. So that Gp is both greater and less than as ; 


‘ which is absurd. Consequently the cone: G ya be out 
of the line arc.’ q. E. Ds f 


THEOREM XLIY. 


Ir two Circles Touch one another Externally, the Centres 
of the Circles and the Point of Contact will be all in the Same 


Right Line. - 
Let the two circles aBc, ADE, touch one 
another externally at the point 4 ; then will at 
the point of contact a and the centres. of the 3. se 
iwo circles be all in the same right line. | | / 
For, let r be the centre of the circle anc, Ve ages 





through which draw the diameter arc, and : 
produce it to the other circle ate, Then, if A 
the centre of the other circle ape can be out 

of the line rx, let it, if possible, be supposed Sat ny 
in some other point as 6 ; and draw the lines CLA 
AG, FB, DG, cutting the two circles ing and p. 

Then, in the triangle arc, the sam of the two vides AK, 
AG, is greater than the third side re ( (th. 10). © But, r ande¢ 
being the centres of the two onulese the two radii Ga, Gp, 
are equal, as are also the two radii ar; rs.. Hence the sum 
of GA, a¥, is equal to the sum of cp, sr ; and therefore this 

latter sum also, cp, BF, is greater than cr, which is absurd. 
peisiaein sed the centre G cannot be out of the line er. 
4 Q. E. D. 


THEOREM XLY. 


Awe Baoan 3 in a Circle, which are Paually Distant from the 
Centre, are Equal to each other ; or if they be Equal to each 
other, they will be Equally Distant from the Centre. 


Let an, cp, be any two chords at equal 
distances from the centre c; then will 
these two chords apg, cp, be equal to each 
other. — 

For, draw the two radii Ga, cc, and 
the two perpendiculars ce, ar, which are 
the equal distances from the centre «. 
Then, the two right-angled triangles, 
Gag, GcF, having the side ca equal the side cc, and the side 


cE equal the side cr, and the angle at 5 equal to the angle 
at 
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at F, therefore the two triangles, car, 
ccr, are identical (cor. 2, th. 34), and 
have the line az equal the line cr. 
But ap is the double of ar, and cp is 
the double of cr (th. 41); therefore 
AB is equal to cp (by ax. 6). Q. E. D. 

Again, if the chord as be equal to 
the chord cp: then will their distances. from the centre, ee) 
GF, also be equal to each other. 

For, since ap is equal cp by supposition, the half ax is 
equal the half cr. Also the radii ca, ec, being equal, as 
well as the right angles & and Fr, therefore the third sides are. 
equal (cor. 2, th. 34), or the distance cz equal the distance cr. 

\Q. E. D. 





THEOREM XLVI. 


v4 


A Line Perpendicular to the Extremity of a Radius, is a 
Tangent-to the Circle, 

Let the line apg be ‘perpendicular to the 
radius cp of a circle ; then shall as touch 
the circle in the point D only. 

For, from any other point £ in the line 
aB draw cre to the centre, cutting the cir- 
cle in F. 

Then, because the angle pn, of the triangle cpg, isa right 
angle, the angle at is acute (th. 17, cor. 3), and consequent- 
ly less than the angle p. But the greater side is always oppo- 
site to the greater angle (th. 9) ; therefore the side.cz is great- 
er than the side cp, or greater than its equal cr. - Hence the 
point & E is without the circle ; and the same for every other 
point in the line a8 Consequently the whole line is without 
the circle, and meets it in the point p eg) 


A D EB 
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THEOREM XLVI. 


Wuen a Line is a Tangent to a Circle, a Radius drawn to the 
Point of Contact is Perpendicular to the Tangent. - 


Let the line az touch the circumference of a circle at the 
point p; then will the radius cp be perpendicular to the tan- 
gent aB. [See the last figure.] 

For, the line ap being wholly without the circumference 
except at the point p, every other, line, as ce drawn from 
the centre c to the line a8, must pass out of the circle to ar- 
rive at this line. The line cp is therefore the shortest that 
can be drawn from the point c to the line as, and consequent- 
ly (th. 21) it is perpendicular to that line. | 

Corol. Hence, conversely, a line drawn perpendicular to a 


tangent, at the point of contact, passes through the centre of 
the circle. 


"THEOREM XLVI, = 


Tue Angle formed by a Tangent and Chord is Measured by 
Half the Arc of that Chord. , 


_ Let az be a tangent to a circle, and cp 
a chord drawn from the point of contact — 
c; then is the angle scp measured by half 
the arc crp, and the angle acp measured 
by half the arc cep. 
For, draw the radius ec_to the point of 
contact, and the radius er perpendicular 
to the chord at H. 


Then, the radias er, being perpendicular to the chord cp, 
bisects the arc crp (th. 41). Therefore cr is half the arc 
CFD. . 

In the triangle cen, the angle u being a right one, the sum 
of the two remaining angles rc and c is equal to a right angle 
(corol. 3, th. 17), which is equal to the angle scr, because 
the radius cz is perpendicular to the tangent. From each of 
these equals take away the common part or angle c, and there 
remains the angle z equal to the angle scp. But the angle & 
is measured by the arc cr (def. 57), which is the half of crp ; » 
therefore the equal angle ecn must also have the same mea- 
sure, namely, half the arc crn of the chord cp. 





Again, 
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Again, the line cer, being perpendicular 
to the’ chord cp, bisects the arc cep, (th. 
41). Therefore ce is half the arc cep. 
Now, since the line cr, meeting re, makes 
the sum of the two angles at x equal to 
two right angles (th. 6), and the line cp 
makes with as the sum of the two angles 
at c equal-to. two right angles; if from — 
these two equal sums there be taken away the parts ¢ or angles 
ces and scx which have been proved equal, there remains 
the angle cee equal to the angle acu. But the former of 
these, cec, being an angle at the centre, is measured by the 
arc CG (def. 57); consequently the equal angle acp must also 
have the same measure ce, which is half the are ¢ep of the 
chord CD. Q. E. D. , 





Corol. 1.. The sum of two right angles is measured’ hy 
half the circumference. For the two angles scp, acp, which 


make up two right angles, are measured by the arcs, cF, ca,_ 
which make up half the circumference, ra being a diameter.” 


Corol. 2. Hence. also one right angle must. have for its 
measure a quarter of the circumference, or 90 degrees. 


dass. a XLIX, — 


An Anele at the Circumference of a Circle, is poate by. 
Half the Arc that subtends it. : 


Let pac be an angle at the circumference ; 
it has for its measure, half the arc se which = + 
subtends it. | ted 

For, suppose the siieene DE passing’ 
through the point of contact 4. Then, the 
angle pac being measured by half the arc 
apc, and the angle pas by half the arc ap 
(th. 48); it follows, by equal subtraction, that the difference, 
or angle Bac, must be measured by half the arc BC, which it 
stands upon. @. E. D. | 





THEOREM 


e 
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THEOREM L. 


Ace Angles in the Same Segment of a Circle, or * Standing on 
the Same Arc, are equal to each other. 

Let c and p be two angles in the same - 
segment acpB, or, which is the same thing, 
standing on the supplemental arc AEB ; then 
will the angle ¢ be equal to the angle D. 

For each ef these angles is measured by 
half the arc ars ; and thus, having equal 
measures, may are equal to each other 
(am gays 





THEOREM LL ‘ 


An Angle at the Centre of a Circle is double the Angle at the 
- Circumference, when both stand on the Same Arc. 
Let c be an angle at the centre c, and p D 
an angle at the circumference, both stand- ——~ 
ing on the same arc or same chord as: then 
will the angle c be double of the angle p, 
or the angle p equal to half the angle c. 
For, the angle at the centre c is measur- 
ed by the whole arc ars (def. 57), and the _ | 
angle at the circumference p is measured by half the same 
arc arp (th. 49) ; therefore the angle p is only half the angle 
c, or the angle c ‘double the angle D. | 





THEOREM Lil. 


AN Angle i in a Semicircle, is a Right Angle. 
If ase or apc be a semicircle : ; then | dD 


any angle p in that semicircle, is a right OX 
angle. ys \ 


For, the angle p, at the circumference, 
is measured by half the arc asc (th. 49), Wee 
that is, by a quadrant of the circumference. . 3 
But a quadrant is the measure of a right va Me 


angle (corol. 4, th. 6 ; or corol. 2, th. 48), Therefore the 
angle b is a right angle. ‘eda 


THEOREM. 
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THEOREM LIIL. 


Tue Angle formed by a Tangent to a Circle, and a “Chord 
drawn from the Point of Contact, is Equal to the ee in the 
Alternate Segment. 

If az be a tangent, and ac a chord, and 
p any angle in the alternate segment apc ; 
then will the angle p be equal to the angle 
pac made by the tangent and chord, of the 
‘arc AEC. 

For the -angle p, at the circumference, 
is measured by half the arc arc (th. 49) ; 
and the angle pac, made by the tangent and chord, is also 
op. the same half arc arc (th. 48) ; therefore these 
two angles a re equal (ax. 11). 





THEOREM LIV. ae ENS ha ea 


Tue Sum of any Two Opposite Angles of a Auhdetenleds In- 
scribed in a Circle, is Equal to Two Right Angles. 

Let ascp be any quadrilateral inscribed Te. oth 
in a circle ; then shall the sum of the two — Cc 
opposite angles a and c, or B and p, be 
equal to two right angles. 

For the angle a is measured by half the 
arc DCB, which it stands on, and the angle 
c by half the arc pas (th. 49); therefore 
the sum of the two angles a ‘and c is measured by bale the 
sum of these two arcs, that is, by half the circumference. 
But half the circumference is the measure of two right an- 
gles (corol. 4, th. 6); therefore the sum of the two opposite 
angles a and c is equal to two right angles. In like manner 
it is shown, that the sum of the other two opposite angles, p 
and B, Is equal to two Tent angles. Q. ED. 


Sena ye 


"THEOREM LV. 


If any Side of a Quadrangle, Inscribed in a Circle, be: 
Produced out, the Outward Angle will be Equal to the Inward 
Opposite Angle. | 

If the side as, of the quadrilateral ascp, 
mscribed in a circle, be produced to £ ; the 
outward angle baz will be equal to the in- 
ward opposite angle e. 
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For, the sum of the two adjacent angles par and paz is 
equal to two right angles (th. 6); and the sum of the two 
opposite angles c and pag is also equal to two right angles 
(th. 54); therefore the former sum, of the two angles pap 
and pap, is equal to the latter sum, of the two c and paB 
(ax. 1). From each of these equals taking away the common 
angle pas, there remains the angle par a the angle c. 

Q. E. D. 


THEOREM LVI. 


Any Two Parallel Chords Intercept equal Arcs. 


Let the two chords as, cp, be parallel : 
then will the arcs ac, Bp, be equal; or ac + B 
=BD. 

For, draw the line zc. Then: because €C 
the lines an, cp, are parallel, the alternate 
angles B and c are equal (th. 12). But the 
angle at the circumference zB, is measured by half the arc ac 
(th. 49) ; and the other equal angle at the circumference c is 
measured by half the arc sp: therefore the, halves of the 
arcs Ac, BD, and consequently the arcs themselves, are also 
equal. Q. E. D. 


THEOREM LVII. 


When a Tangent and Chord are Parallel to each other, they 
Intercept Equal Arcs. _ 


Let the tangent azc be parallel to the A BC 
chord pF ; then are the.arcs Bp, BF, oy 
that is, BD=BF. | D F 
For, draw the chivrd Bp. Then, be- © : 
cause the lines a3, pr, are parallel, the al- _ 
ternate angles p and 8 are equal (th. 12). 
- But the angle s, formed by a tangent and chord, is measured 
by half the arc Bp (th. 48) ; and the other angle at the cir- 
cumference D is measured by half the arc Br (th. 49) ; there- 
fore me arcs BD, BF, » are equal. @. B.D. 


Woriis. aes 4} THEOREM 
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THEOREM LVIII. . 


The Angle formed, Within a Circle, by the Intersection of 
two Chords, is Measured by Half the Sum of the Two 
Intercepted Arcs. ‘ 


Let the two chords as, cp, intersect at 
the point e; then the angle arc, or DEB, is 
measured by half the sum of two arcs ac, 
DB. 

For, draw the chord a¥ parallel to cp. 
Then, because the lines ar, cp, are parallel, 
and as cuts them, the angles. on the same 
side a and pes are equal (th. 14). But the angle at the cir- 
eumference a is measured by half the arc sr, or of the sum 
of rp and ps (th. 49) ; therefore the angle £ is also moaned 
by half the sum of Fp and pp. 





Again, because the chords AF, CD, are parallel, the arcs ac, 
Fp, are equal (th. 56) ; therefore the sum of the two arcs ac, 
DB, is equal to the sum of the two rp, pg; and consequently 
the angle m, which is measured by half the latter sum, is also 
measured by half the former. a. E. p. 


THEOREM LIX. 


The Angle formed, Without a Circle, by two aiid: is 
Measured by Half the Difference of’ the Presgichd one 
Arcs, 


_ Ler the angle & be formed by two se- 
cants £4B and EcD ; this angle is measur- 
ed by half the difference of the two arcs 
AC, DB, intercepted by the two secants. 

Draw the chord ar parallel to cp. 
Then, because the line ar, cp, are pa- 
rallel, and az cuts them, the angles onthe 
same side a and ep are equal (th. 14). 
But the angle a, at the circumference, is mesial by half 
the arc BF (th. 49), or of the difference of pr and pg: there- 
fore the equal angle z is also measured by half the difference 
of pF, DB. 





Again, because the chords ar, cp, are parallel, the ares 
AC, Fp, are equal (th. 56) ; therefore the difference of the 
~ two 
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two arcs ac, DB, is equal to the difference of the two pr, pz. 
‘Consequently the angle £, which is measured by half the lat~ 
ter difference, is also measured by half the former. __ 

. Q. E. Da 


THEOREM LX. 


The Angle formed by Two Tangents, is measured by Half 
_ the Difference of the two Intercepted Arcs... 


Let EB, ED, be two tangents to a circle 
at the points a, c; then the angle E is mea- 
sured by half the difference of the two arcs, 
OFA, CGA. 


For, draw the chord ar parallel to ep. 
Then, because the lines ar, ED, are pa- 
rallel, and rs meets them, the angles on the 
same side a and rare equal (th. 14). But the angle a, form- 
ed by the chord ar and the tangent as, is measured by half 
the arc ar (th. 48); therefore the equal angle & is also mea- 
sured by half the same arc ar, or half the difference of the 
arcs cra and cr, or cea (th. 57). | 





Corol. In like manner it is proved, that 
the angle c formed by a tangent Ecp, and 
a secant Eas, is measured by half the dif- 
ference of the two intercepted arcs ca and 
OFB. 





THEOREM LXI. 


\ 


When two Lines, meeting a Circle each in two Points, Cut 
one another, either Within it or Without it; the Rectangle 
of the Parts of the one, is Equal to the Rectangle of the 
Parts of the other; the Parts of each being measured from 

the point of meeting to the two intersections with the cir- 
_ sumference. 


Ler 
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Let the two lines, az, cp, meet each 
other in ©; then the rectangle of Ar, Ep, 
will be equal to the rectangle of cr, Ep. 
Or, aE . EB=CE. ED. 


For, through the point = draw the dia- 
meter rc; also, from the centre H draw 
the radius pu, .and draw ut perpendicular 
to cp. 

Then, since pen is a triangle, and the 
perp. ut bisects the chord cp (th. 41), the 
line ce is equal to the difference of the seg- 
ments pi, r1, the sum of them being pr. 
Also, because u is the centre of the circle 
and the radii DH, FH, GH, are all equal, the line pe is equal to 
the sum of the sides DH, HE; and EF is equal fo their difference. 





But the rectangle of the sum and difference of the two 
sides of a triangle, is equal to the rectangle of the sum and 
difference of the segments of the base (th. 35); therefore 
the rectangle of FE, £G, is eqnal to the rectangle of cr, Ep. 
In like manner it 1s proved, that the same rectangle of FE; 
EG, 1s equal to the rectangle of ar, eB. Consequently the 
rectangle of ar, EB, is also equal to the rectangle of cz, up 
(ax. 1). Q.E.D. 


Corol. 1. When one of the lines in the — 
second case, as pe, by revolving about the 
point £, comes into the position of the tan- 
gent Ec or ED, the two points c and p run- 
ning into one ; then the rectangle of cr, ep, - 
becomes the square of ce, because ce and 
bE are then equal. Consequently the réct- 
angle of the parts of the secant, Ar. EB, is 
equal to the square of the tangent cz?. 





 Corol. 2. Hence both the tangents ec, er, drawn from the 
same point £, are equal ; since the square of eachi is be bade: to 
the same rectangle or quantity aE . EB. 


THEOREM LXIL. 


In Equiangular Triangles, the Rectangles of the Correspond- 
ing or Like Sides, taken alternately, are equal, ) 


Let 
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Let azc, per, be two equiangular 
triangles, having the angle a = the 
angle p, the angle B == the angle 5, 
and the angle c =the’ angle Fr; also 
the like sides an, pz, and ac, pr, being 
those opposite the equal angles: then 
will the rectangle of az, ps, be equal to 
the rectangle of AC, DE. 

In wa produced take ac equal to pr ; and through the three 
points B, C, G, conceive a circle’ sccu to be described, meet- 
ing ca produced at H, and join GH. 

Then the angle ¢ is equal to the angle c on the same arc 
pH, and the angle u equal to the angle Bb on the same arc co 
(th. 50); also the opposite angles at a are equal (th. 7): 
therefore the triangle acu is equiangular to the triangle 
ack, and cousequently to the triangle pre also. But the 
two like sides ac, pr, are also equal by supposition ; conse- 
quently the two triangles AGH, DF®, are identical (th. 2.), 
having the two sides ac, an, equal to the two pF, DE, each to 
each. — 

_ But the rectangle ca . az is equal to the rectangle na . ac 
(th. 61) : consequently the rectangle p¥ . az is equal the rect- 
‘angle DE. AC. @. E. D. 





THEOREM LXIIi. 


The Rectangle of the two Sides of any Triangle, is Equal to 
the Rectangle of the Perpendicular on the third Side and 
_the Diameter of the Circumscribing Circle. 


Let cp be the Perpendicular, and cr 
ihe diameter of the circle about the tri- 
angle apc; then the rectangle ca . cp is * 
= the rectangle CD . CE. ; 





EF. or, join Be: then in the two triangles 
acp, EcB, the angles a and g are equal, 
standing on the same arc xc (th. 50): also the right angle D 
is equal to the angle s, which is also-a right angle, being in 
a semicircle (th. 52) : therefore these two triangles have also 
their third angles equal, and are equiangular. Hence, AC, CE, 
and cp, cs, being like sides, subtending the equal angles, the 
rectangle ac . cs, of the first and last of them, is equal to the 
rectangle cz .'cp, of the other two (th. 62). ; 


' THEOREM 
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THEOREM LXIV. 


‘The Square of a line bisecting any ‘Angie of a. Triangle, io 
gether with the Rectangle of the Two Segments of the op- 
posite Side, is Equal to the Rectangle of the two ober oe 
including the Bisected Angle. | oy 


Ler cp bisect the angle c of the triangle 
Apc ; then the square cp?-+- the rectangle 
AD . DB is = the rectangle ac . cp. 





For, let cb be produced to meet the cir- 
cumscribing circle at £, and join Ar. E 

Then the two triangles ACE, BCD, are 
equiangular: for the angles at c are equal 
by supposition, and the angles 8 and £ are equal, standing 
on the same arc ac (th. 50) ; ; consequently the third angles 
at a and p are equal (corol. 1, th. 17): also ac, cp, and 
cE, CB, are like or corresponding sides, being opposite to 
equal angles: therefore the rectangle ac. cB is = the rect 
angle cD . ce (th. 62). But the latter rectangle cp . ce is = 
cn*-+ the rectangle cp . pe (th. 30) ; therefore also the for- 
mer rectangle ac . cB is also = cp? We ch . DR, or equal to 
cD? -- AD. DB, since cD . DEISs = ap . ps (th. 61). 

| Q. Ev D. 


THEOREM LXV. 


The Rectangle of the two Diagonals of any Quadrangle An: 
scribed in,a Circle. is equal to the sum of the two  Reokane 
gles of the Opposite Sides. 


Let agcp be any quadrilateral inscribed 
in a circle, and ac, Bp, its two diagonals : 
then the rectangle ac . Bn is = the rectan- 
gle as . pc ++ the rectangle ap . Bc. 


- For, let ce be drawn, making the angle 
BCE equal to the angle pca. Then the two 
triangles acp, Bce, are equiangular; for the angles. A saitid 
B are equal, standing on ‘the same arc pc ; and the angles 
DCA, BCE, are equal by supposition; consequently the third 
angles ADC, BEC are also equal : also, AC, BC, and AD, BE, aré 
like or corresponding sides, being opposite to the equal an- 
gles: therefore the rectangle ac. Be is = the rectangle 
an. Bc (th. 62), : 





Again, 
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Again, the two triangles anc, pec, are equiangular : for the 
angles Bac, BDC, are equal, standing on the same arc Bc ; and 
the angle pcx is equal to the angle sca, by adding the common 
angle ace to the two equal angles pca, sce; therefore the 
third angles & and ase are also equal: but ac, nc, and as, px, 
are the like sides: therefore the rectangle ac. pz is = the 
rectangle aB. DC hoe 62). , 

Hence, by equa! additions, the sum of the reciangles ac . 
BE-+-ac. DE ig = ab. Bc-++as.pc. But the former sum of 
the rectangles ac. BE-+ac. DE is = the rectangle ac. Bp 
(th. 30) : therefore the same rectangle ac . sp is equal to the 
hatter sum, the rect. an . pc + the rect. ap . pc (ax. 1). 


Qo BE. D,. 


OF RATIOS AND PROPORTIONS. 


DEFINITIONS. 


Der. 76. Rarro is the relation which one magnitude 
bears to another magnitude of the same kind with respect to 
quantity. eeyk, eae 

The quantity or measure of a ratio is expressed by divid- 
ing the leading quantity or antecedent by the following or con- 
sequent. Thus the ratio of 6 to 2 is 8=3, the ratio of 20 to 
8 is 29==£=21, the ratio of 2to 6 is 2=1, and the ratio of & 
to’ 20 is .4,==2. 

77. Proportion is an equality of ratios. Thus, 

78. Three quantities are said to be Proportional, when the 

ratio of the first to the second, is equal to the ratio of the 


third to the fourth. As of the four, a (2), 8 (4), ¢ (5), p (10), 
where 2>>,5,=4, both the same ratio. Me 


Nete, 
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Note. To denote that four quantities, 4, B,C, D, are pro- 
portional, they are usually stated or placed thus, A:BSie:p; 
and read thus, a is to B.as cis top. But when three uanti- 
ties are proportional, the middle one is repeated, and id 
are written thus AG Bic Bs Ce. ed, 


80. Of three proportional quantities, the riddle one is paid 
to be a Mean Proportional between the other two; and the 
- Jast, a Phird Proportional to the first and sce 


81, Of four proportional quantities, the last i 7 said to be a 
Fourth Proportional to the other three, taken 1 in order. 


82. Quantities are said to be Continually Proportional, or 
in Continued Proportion, when the ratio is the same between 
every two adjacent terms, viz. when the first is to the second,. 
as the second to the third, as the third to the fourth, as the 
fourth to the fifth, and so on, all in the same common ratio. 


As in the quantities 1,2, 4, 8, 16, &c.; where the common 
ratio is equal to 2. 


83. Of any number of quantities, a, B, c, p, the ratio of the 
first, a, to the last p, is said to be Compounded of the ratios 
of the first to the second, of the second to the third, and se 
on to the last. 


84. Inverse ratio is. when the antecedent is made the 
consequent, and the consequent the antecedent.—T cin if 
1:2'33.3.:6; then inversely, 2::.1)52.6.:.3: 


85. Alternate proportion is, when antecedent i 1S compared 
with antecedent, and consequent with consequent. ——As, if 
AEROS Mas Leo ir then, by alternation, or permutation, it will 
bel :3 Shue 2's 


86. Compounded ratio, is when the sum of the antecedent 
and consequent is compared, either with the consequent, or 
with the antecedent.— Thus, if 1: 2: : 3: 6, then by compo- 
sition, 1+2:1::3-+6:3, and 1+2:2::3+6:6: 


87. Divided ratio, is when the difference of the antecedent 
and consequent is compared, either with the antecedent, or. 
with the consequent.—Thus, if 1: 2:3: 3:6, then, by divi- 
sion; 2—1:1:26—S8: 3, and 244s 2’ :; 6—3: 6 


Note. The term Divided: or Rey hoa: hale means subtract- 
ing, or parting ; being used in the sense opposed to compound- 


ing, or adding, in def. 86. 
THEOREM 
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THEOREM LXVI. 


Equimultiples of any two Quantities have the same Ratio ax 
the Quantities themselves. 


Ler a and g be any two quantities, and ma, mp, any equi- 
multiples of them, m being any number whatever: then will 
ma and ms have the same ratio as a ands, Or a:B:: ma: 


MB. 
mA A ‘ 
For —-=—, the same ratio. 
mB B 


Corol. Hence, like parts of quantities have the same ratio 
as the wholes ; because the wholes are equimultiples of the 
like parts, or a and 8 are like parts of ma and me. 


“THEOREM LXVII. 


If Four Quantities, of the Same Kind, be Proportionals ; 
they will be in Proportion by Alternation or Permutation, 
or the Antecedents will have the Same Ratio as the Con- 
sequents. 

2 hada ake then will a : ma ::B: mB. 


1 1 
For Coli —, and — ==—, both the same ratio. 
ms mM mB mM 


THEOREM LXVIii. 


if Four Quantities be Proportional ; they will be in Bropore 
| tion by Inversion, or ‘Inversely. 


Let a:8B:: ma: ms; then wills: 2A:: MB: MA. 


For basen —, both the same ratio. 
nA 1G, 


THEOREM LXIX. 4 


if Four Quantities be Proportional ; they will be in Propor- 
tion by Composition and Division. 


LET A:B::ma: mB; 
Then will pt-a : a: : mpzkma : ma, 
and pa: B:: mBzEma : mE, 
mema Beta. pee mbzemsa BEA 
tes OE ep Es Ce — es ° 


= 9 


mA A MB B 
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Corol. It appears from hence, that the Sum of the Greatest 
and Least of four proportional quantities, of the same kind, 
exceeds the Sum of the Two Means. For, since —--—— 
A: A+R :: ma: ma-+ms} where a is the least, and ma+-ms 
the greatest; then m+1 .a-+ mez, the sum of the greatest 


and least exceeds m-+1. a-+ 8, the sum of the two means. 





THEOREM LXX. 


If, of Four Proportional Quantities, there be taken any Equi- 
multiples whatever of the two Antecedents, and any Equi- 
multiples whatever of the two Consequents ; the quantities | 
resulting will still be proportional. 


Ler a: B:: ma: mp; also, let pa and pma be any equi- 
multiples of the two antecedents, and gp and. gmp any equi- 
multiples of the two consequents ; then will --- -— --- 


PA: 9B: > pma : gms. 


For ia rt both the same ratia. 
mM 


THEOREM LXXI. 


If there be Four Proportional Quantities, and the two Conse- 
quents be either Augmented or Diminished by Quantities 
that have the Same Ratio as the respective Antecedents ; 
the Results and the Antecedents will still be Proportionals: 


Lev a:B::maims, and na and mma any two ‘quantities 
having the same ratio as the two antecedents ; then will 4: » 
nat: mas mB. nmi, 

MA A 








=——__—_-,, 72 both the same ratio. 
mBprknmsa Brn ’ 


THEOREM LXXII. 


If any Number of Quantities be Proportional, then any one 
of the Antecedents will be to its Consequent, as the Sum 
of all the Antecedents is to the Sum of all the Conse 
quents. 


Ler. AIBiima:mpo:: na: np, &c; then will ---— 
A+ma--na * B-PIAB-NB, &c. 
A ‘MAMA 
For at —, the same ratio. 
Se NO Eee 
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, THEOREM LXXIIl. 


If a Whole Magnitude be to a Whole, as a Part taken from 
the first, is to a Part taken from the other; then the Re- 
mainder wilt be to the Remainder, as the whole. to the 
whole. 

m 


m 
Leta:Bit:—Aa:—B; 
n n 


. sa m m 
then will a : Bt: A——A: B—— kb. 
3 n n 


4 RN ; 
For « —-, both the same ratio. 
m 
B~—B. B : 





THEOREM LXXIV. 


if any Quantities be Proportional ; their Squares, or Cubes, 
or any Like Powers, or Roots, of them, will also be Pro- 
portional. 


Let a: 8B: ma: ms; then will a®: B's: m™A": m"e?. 
m” gn 


A” : 
For ——-——.,, both the same ratio. 
mB? B2 


THEOREM LXXV. 


If there be two Sets of Proportionals ; then the Products or 
Rectangles of the Corresponding Terms will also be Pro- 
portional. 


Let a: Bi: ma: mp, 
andc:D:; mc: np; 
then will ac : Bp 2 mmac : mnBD. 


MnAC AC . " 
=—, both the same ratio. | 
MnBD ED. | 





THEOREM LXXVI. | 


If Four Quantities be Proportional ; the Rectangle or Product 
of the two Extremes, will be Equal to the Rectangle or 
Product of the two Means. And the converse. 

LET A: Bi: ma: mB; 
then is AXmB=B X mamas, as is evident. 


THEOREM 


394 GEOMETRY. 


THEOREM LXXVIL.. 


if Three Quantities by Continued Proportionals; the Reet- 
angle or Product of the two Extremes, will be Equal to 
the Square of the Mean. And the converse. 
Ler 4, ma, m?a be three Li slg eat 
OY A:MAs: MA: mA; 
then is 4Xm?4=m? a2, as 1s evident. 


THEOREM LXXVIII. 


If any Number of Quantities be Continued Proportionals ; 
the Ratio of the First to the Third, will be duplicate or 
the Square of the Ratio of the First and Second ; and the 
Ratio of the First and Fourth will be triplicate or ‘the cube 
of that of the First and Second ; and so on. 

Let a, ma, m?a, m?a, &c. be proportionals ; 
A ene ¢ Ps &e 


oe 1 
that is —=—., but —-->=—, ——-=— ; 
MA m MA m? mA mM? 


THEOREM. LXXIX. 


Triangles, and also Parallelograms, having equal Altitudes, 
are to-each other as their Bases. 


Let the two triangles apc, per, have 
the same altitude, or between the same 
parallels ar, cr; then is the surface of 
the triangle ADC, to the surface of the 
triangle per, as the base an is to the base 
pE. Or, AD: DE: : the triangle apc: 
the triangle per. 

For, let the base ab be to the base pz, as any one number 
m (2), to any other number n (3); and divide the respec- 
tive bases into those parts, aB, BD, DG, GH, HE, all equal to one 
another ; and from the points of division draw the lines Bc, 
FG, FH, to the vertices c and r.. Then will these lines divide 
the triangles apc, peF, into the same number of parts as their 
bases, each equal to the triangle anc, because those triangular 
parts have equal bases and altitude (corol. 2. th. 25) ; namely, 
the triangle arc, equal to each of the triangles spc, pre, crH, 
HFE. $0 that the triangle apc, is to the triangle prz, as the 

number 
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umber of parts m (2) of the former, to the number n (3) of 
the latter, that is, as the base ap to the base px (def. 79.) 


In like manner, the parallelogram apxi is to the parallelo- 
gram DEFK, as the base ap is to the base pe; each of these 
having the same ratio as the number of their parts, m to n. 


Q. E. D: 


THEOREM LXXX. 


Triangles, and also Parallelograms, having Equal Bases, are 
‘to each other as their Altitudes. 


Let asc, wer, be two triangles 
having the equal bases as, Be, and 
whose altitudes are the perpendicu- 
lars ce, FH; then will the triangle 
apc: the triangle Ber :: co : FH. 

For, let sx be perpendicular to as, 
and equal to ca ; in which let there 
be taken sh=Fu ; drawing ak and aL. 

Then, triangles of equal bases and heights being equal 
(corol. 2, th. 25), the triangle anx is = asc, and the triangle 
ABL==BEF. But considering now aBK; ABs, as two triangles 
onthe bases px, Bi, and having the same altitude as, these 


will be as their bases (th. 79), namely the triangle apx : the 
triangle as. {2 BK: BL. 





But the triangle anx = anc, and the triangle asi = Ber, 
also BK==ceG, and BL=FH. 


Theref. the triangle arc: triangle srr :; cé :. FH: 


And since parallelograms are the doubles of these trian- 
gles, having the same bases and altitudes, they will likewise 
have to each other the same ratio as their altitudes. . E. 3. 


Corol. Since, by this theorem, triangles and parallelograms, 
when their bases are equal, are to each other as their alti- 
tudes ; and by the foregoing one, when’ their altitudes are 
equal, they are to each other as their bases ; therefore uni- 
versally, when neither are equal, they are to each other in 


the compound ratio, or as the rectangle or product of their 
bases and altitudes. | 


THEOREM: 


Le 
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_'FHEOREM LXXXI. / 


{f Four Lines be Proportional; the Rectangle of the Ex- 
tremes will be equal to the Rectangle of the Means. And, 
conversely, if the Rectangle of the extremes, of four Lines, 
be equal to the Rectangle of the means, the four Lines, 
taken alternately, will be Proportional. 


\ 


Let the four lines, 4, 8, c, p, be Ae 
proportionals, or A : Bi; Cc :.D; 
then will the rectangle of a and p 
be equal to the rectangle of 6 and 
e; or the rectangle a. p=B. c. 

For, let the four lines be placed 
with their four extremities meeting 
in a common point, forming at that 
point four right angles ; and draw Linke! parallel to them to 
complete thee rectangles p, @, R, where Pp is the rectangle of 
aand p, @ the rectangle of & and c, andr the rertanere af B 
and pb, 





Then the rectangles p and r, being between the same pa- 
rallels, are to each other as their bases a and B (th. 79) ; and 
the rectangles q and x, being between the same parallels, are 
to each other as their bases'c and p. But the ratio of a to B, 
is the same as the ratio of c to p, by hypothesis; therefore 
the ratio of p to rn, is the same as the ratio of ge torn; and 
consequently the rectangles P and q are equal QE. De 


Again, if the rectangle of and p, be equal to the rectan- 
ele of Bandc ; these lines will be proportional, OrA:Bi:0:D. 


For, the rectangles being placed the same as before: then, 
because parallelograms between the same parallels are to one 
another as their bases, the rectangle P: R: : a: B, and 
@:R::c:p. Butas p and@ are equal, by supposition, 
they have the same ratio to R, that is, the ratio of a to B is 
equal to the ratioof ctop, ora: Bi:C¢:D. Q. ELD, . 


Corol. 1...When the two means, namely, the second and 
third terms, are equal, their rectangle becomes a square of 
the second term, which supplies the place of both the second 
and third. And hence it follows, that when three lines are 


proportionals, the rectangle of the two extremes is equal to 
the 
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the square of the mean ; and, conversely, if the rectangle of 
the extremes be equal to the equate of the mean, the three 
lines are proportionals. , 


Corol, 2. Since it anieacs” by the rules of proportion in 
Arithmetic and Algebra, that when four quantities are propor- 
tional, the product of the extremes is equal to the product of 
the two means ; and, by this theorem, the rectangle of the 
extremes is equal to the rectangle of the two means; it fol- 
lows, that the area or’space of a rectangle is represented or 
expressed by the product of its length and breadth multiplied 
together. And, in general, a rectangle in geometry is similar 
to the product of the measures of its two dimensions of length 
and breadth, or base and height. Also, a square is similar to, 
or represented by, the measure of its side multiplied by itself. 
So that, what is shown of such products, 1 is to be understood 
of the squares and rectangles. 


Corol. 3. Since the same reasoning, as in this theorem, 
holds for any parallelograms whatever, as well as for the rect- 
angles, the same property belongs to all kinds of parallelo- 
grams, having equal angles, and also to triangles, which are 
the halves of parallelograms ; namely, that if the sides about 
the equal angles of parallelograms or triangles, be reciprocal- 
ly proportional, the parallelograms or triangles will be equal ; 
-and, conversely, if the parallelograms or triangles be equal, 
their sides about the equal angles will be reciprocally pro- 
portional. 


Corol. 4. Parallelograms, or triangles, having an angle in 
each equal, are in proportion to each other as the rectangles 
of the sides which are about these equal angles. 


THEOREM LXXXIL. 


| If a Line be drawn ina Triangle Parallel to one Of its sides, 
| it will cut the other Sides Proportionally. 


Let DE be parallel to the side sc of the 


triangle anc ; then will ap : pp :: AE: EC. | A 
For draw se and cp, Then the tri- D AX ¥ 

angles DBE, DcE, are equal to each other, 

because they have the same base pg, and 

are between the same parallels pe, sc Bp : C 


{th.25). But the two triangles apr, spe, 
on the bases ap, pz, have the same alti- 
| tude ; 
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tude ; and the two triangles apr, cpr, on 
the bases az, Ec, have also the same alti- 
tude ; and beeause triangles of the same 
altitude are to each other as their bases, 
therefore | 
the triangle apE : BDE : : AD : DB, 
and triangle ADE : ‘eae 2m, 





But spe is =cpe ; and equals must have to equals the same 
ratio; therefore aD ;DB::AB:EC. Q.E. D. 


Corol. Hence, also, the whole lines as, ac, are proportional 
to their corresponding proportional segments (corol. th. 66), 


VIZ. AB t AC ?? AD ; AB, , 
and AB : AC : : BD < CE. 


THEOREM LXXXIU, _ 5 See 


A Line which Bisects any Angle of a Triangle, divides the 
opposite Side into Two Segments, which are Proportional 
to the two other Adjacent Sides. 


Let the angle acs, of the triangle asc, 1 
be bisected by the line cp, making the ~ | x 
angle r equal to the angle s: then will the fi 
segment ap be to the segment ps, as the 
aide ac is to the side cp. Or,----~ 

AD : DB: : AC: CB. 





ra A DB 
For, let BE be parallel to cp, meeting 

ac produced atx. Then, because the line sc cuts the two 
parallels cp, Be, it makes the angle cpg equal to the alternate 
angle s (th. 12), and therefore also equal to the angle r, which 
is equal to s by the supposition. Again, because the line az 
cuts the two parallels pc, se, it makes the angle & equal to the 
angle r on the same side of it (th, 14). Hence, in the trian- 
gle scr, the angles B and £, being each equal to the angle r, 
are equal to each other, and consequently their opposite ‘sides 
cB, CE, are also equal (th. 3). 


But now, in the triangle azz, the line cp, being drawn 
parallel to the side Be, cuts the two other sides aB, am pro- 
portionally (th. 82), making ap to ps, as is ac to cm or to its 
equal cr. @. ¥. D. 


" THEOREM 


THEOREMS. 329 


THEOREM LXXXIV. _ 


4 


Equiangular Triangles are similar, or have their Like Sides 


Proportional. 

Ler asc, DEF, be two equiangular tri- C 
angles, having the angle a equal tothe __ 
angle p, the angle s to the angle x, and 
consequently the angle c to the angle F ; 
then will aB :.ac:: DE: pF. A B 

For, make p@==as, and pH=-ac, and Fr 
join cu. Then the two triangles asc, i 


pen, having the two sides azn, ac, equal — 

to the twe pe, pm, and the contained an- 

gles a and p also equal. are identical, or 

equal in all respects (th. 1). namely the D GE 

angles 8 and c are equal to the angles « | 

and. But the angles s and c are equal to the angles 5 and 

r by the hypothesis; therefore also the angles ¢ and a are 

equal to the angles & and F (ax. 1), and consequently the line 

GH is parallel to the side er (cor. 1, th. 14). : 
Hence then, in the triangle per, the line au, being parallel 

to the side er, divides the two other sides proportionally, 

making De : DH: : DE: pF (cor. th. 82.) But pe¢ and pm are 

equal to ap and ac; therefore also as.: ac +: DE: DF. 

Q. BE. D. 

& 


THEOREM LXXXV. 


Triangles which have their Sides ‘Proportional, are Equi- 
angular. ar | 


In the two,.triangles asc, per, if aB : : 
BE:: AC: DF:: Bc: EF; the two tri- 
angles will have their corresponding an- 
gles equal. ale 


For, if the triangle asc be not equian- 
gular with the triangle per, suppose some 
other triangle, as pec, to be equiangular 
with asc. But this is impossible: for if 
the two triangles anc, pec, were equian- 
gular, their sides would be proportional 
(th. 84%). So that, az being to pm as ac to pc, and as to bE 

-as BC to Ea, it follows that pc and ec being fourth proportion- 
als to the same three quantities as well as the two pr, er, the 

Vou. |. 3 43 former 
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former pc, Ec, would be equal to the latter, pr, er. Thus 
then, the two triangles, DEF, DEG, having their three sides equal, 

would be idertical (th. 5); which is absurd, since their iy 
are unequal. 


THEOREM LXXXVI. 


Triangles, which have an Angle in the one Equal to an Angle 
in the other, and the Sides about these angles Proportional, 
are Equiangular. 


Ler asc, DEF, be two triangles, having Cc nat 
the angle a = the angle p, and the sides az, : 
ac, proportional to the sides pz, pr : then fo \ 
will the triangle asc be equiangular with 


the triangle DEF. 

For, tmnake pa==as, and DHE ae: and 
join GH. 

Then, the two triangles asc, pcH, hav-. 
ing two sides equal, and the contained an- 
gles a and p equal, are identical and equi- 
angular (th. 1), having the angles ¢ and x 
equal to the angles B and c. But, since the sides pc, DH, are 
proportional to “the sides DE, DF, the line x is parallel to EF 

-(th. 82); hence the angles = and r are equal to the angles ¢ 
and # (th..14), and consequently to their equals 8 and c. 
Q. E. D. 





THEOREM LXXXVII. 


_ Ina Right-Angled Triangle, a Perpendicular from the Right 
Angle, is a Mean Proportional between the Segments of 
the Hypothenuse ; and each of the Sides, about the Right 
Angle, is a Mean Proportional between the Brpsheaee 
and the adjacent segment. : 


(fae ne Ben 
x en 





Let anc be a right-angled triangle) and 
ep a perpendicular from the right angle c 


to the hypothenuse as; then will : AG Pos: 8B 


cp be a mean proportional between ap and vB; 

4c @ mean proportional between ap and ap; 

BC a miean proportional between ap and Bp. Nag 
Or, 4D’: cD :: cb: DB; and “ab : BC: : BE; ha aa get : 


4 ee 


PY eae Paap ear 13 ae 


“ Ve 
ry 


# 
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For, the two triangles apc, anc, having the right angles at 


© and p equal, and the angle a common, have their third angles 


equal, and are equiangular (corol. 1, th. 17). In like manner, 
the two triangles asc, ppc, having the right angles at c and p 
equal, and the angle s common, have the third angles equal, 
and are equiangular. 

Hence then, all the three triangles anc, apc, spc, being 
équiangular will have their like sides proportional (th. 84). 


VIZ. AD : cD °{ cp : DB; 
and AB: AC $1 AC : AD; 
and AB: BC 32 BC ; BD. Q. BE. D. 


Corol. Because the angle in a semicircle is a right angle 
(th. 52); it follows, that if, from any point c in the periphery 
of the semicircle, a perpendicular be drawn to the diameter 
as ; andthe two chords ca, cs, be drawn to the extremities of 
the diameter : then are ac, Bc, cp, the mean proportionals as 
in this theorem, or (by th. 77), cp? = AD. DB 5 ac? = 
AB. AD; and Bc? = Ap. Bp.. 


THEOREM LXXXVIIL. 


Biquiangular or Similar Triangles, are to each other as the 
Squares of their Like Sides. 


Let asc, DEF, be two equi- 
angular triangles, ap and pe 
being two like sides ; then will 
the triangle asc be to the tri- 
angle per, as the square of as 
is to the square of pk, or as aB? 
to DE?. 

For, let at and pn be the : 
squares on aB and pe; also draw their diagonals Bx, mm, and 
the perpendiculars cc, rn, of the two triangles. 

Then, since equiangular triangles have their like sides 
proportional (th. 84), in the two equiangular triangles asc, 
pEF, the side ac: pF :: AB : DE; and in the two acc, pra, 
the side ac: pr :: cao : rm; therefore, by equality cco : rn 
+! AB: DE, OF CG : AB 1] FH t DE. 

But because triangles on equal bases are to each other as 
their altitudes, the triangles anc, asx, on the same base 
aB, are to each other, as their. altitudes, cc, aK, or ap: 

and 
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and the triangles per, prem, on the same base nad are ag 8 their 
altitudes FH. DM, OF DE ; 
that is, triangle ABC : triangle ABK !! CG? AB, 
and triangle per : triangle DEM :; FH: DE. 
But it has been shown that cc : 4B i: FH: DE; 
theref. of equality Aapc : AaBK !: ADEF : ADEM, 
or alternately, as Aasc : ADEF 3: AABK : ADEM. 
But the squares av, pw, being the double of the triangles 
ABH, DEM, have the same ratio with them ; 
therefore the AaBe : ADEF :: square AL : square DN. 
heels WO 


— , 


THEOREM LXXXIX. 


All Similar ecb are to each other, as the Saabs of their 
Like Sides. | 


LET ABCDE, FGHIK, be 





any two similar figures, the -"D 

like sides being an, Fc, and. 
BC,GH,andsooninthesame . ~ 

order: then will the figure 

ABcpDE be to the figure reuik, B 

as the square of ap to the ie F G.. 


square of rG,or as aB?to FG?, 

For, draw BE, BDi “GK, | GT; dividing the fieures into an 
equal number of triangles, by lines from two equal angles B 
and G. 

The two figures being similar (by suppos.), they are equi- 
angular, and have their like sides proportional (def. 70), — 

Then, since the angle s is = the angle r, and the sides 
AB, AE, proportional to the sides FG, FK, the. triangles — 
ABE, FGK, are equiangular (th. 86). Im like manner, the. 
two triangles scp, cui, having the angle c =the angle x, 
and the aides BC, CD, proportional to the sides GH, HI, are 
also. equiangular. Also, if from the equal angles arp, FKI, 
there be taken the equal angles aes, Fke, there will remain 
the equals sep, cx1; and if from the equal angles coe, mik, | 
be taken away the equals cpp, nic, there will remain the 
equals BDE, Gik; so that the two triangles gpk, c1K, having 
two angles equal, are also equiangular. Hence each triangle 
of the one figure, is equiangular with each corresponding tri- 
angle of the. other. 

But equiangular triangles are similar, and are proportional 
*o the squares of their like sides (th. 88). 

Therefore 
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Therefore. the A ABE : A FGK :: aB? : FG?, 
and A BcD : A GHI 3! Bo? : GH? ; 
and A BDE : A GIK 3: DE? : 1K, 


But as the two polygons are similar, their like sides are 
proportional, and consequently their squares also proportion- 
al; so that all the ratios, an? to ra?, aud sc? to.cH?, and bE? 
to 1K2, are equal among themselves, and consequently the cor- 
responding triangles also, ane to Fax, and Bcp to ent, and BDE 
to aix, have all the same ratio, viz. that of aB? to re? : and 
hence all the antecedents, or the figure ascpr, have to all the 
consequents, or the figure renix, stillthe same ratio, viz. that 
of as? to Fc? (th. 72). .@. 5. D. 


THEOREM XC. 


Similar Figures Inscribed in Circles, have their Like Sides, 
and alse their Whole Perimeters, in the Same Ratio as the 
Diameters of the Circles in which they are Inscribed. 


Let apcpE, FGHIK, 
be two similar figures, 
inscribed in the circles 
whose diameters are AL 
and rm; then wii! each 
side as, pc, &c. of the 
one figure be to the like 
side cr, cH, &c, of the 
other figure, or the whole perimeter an+sc+ &c, of the one 
figure, to the whole perimeter re--cu+ &c, of the other fi- 
gure, as the diameter at to the diameter rm. 





For, draw the two corresponding diagonals’ ac, ru, as 
also the lines st, cm. Then, since the polygons are similar, 
they are equiangular, and their like sides have the same ratio — 
(det. 70); therefore the two triangles asc, ren, have the 
angle s = the angle-c, and the sides aB, Bc, proportional 
to the two sides ra, cH, consequently these two triangles 
are equiangular (th. 86), and have the angle acz = Fue. 
But the angle acp = aun, standing on the same arc as; 
and the aogle ruc=rma, standing on the same arc Fe; 
therefore the angle ars==rae (th. 1). And since the angle 
ABL==FGm, being both right angles, because in a semicircle ; 
therefore the two triangles asi, ram, having two angles: equal, 
are equiangular ; and consequently their like sides are pro- 

; portional 
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portional (th. 84); hence ax: re a the dictneial Ab: the 
diameter Fv. , 

i like manner, each side sc, cp, &c, has to’ eseh side Gu, 

, &c. the same ratio of at to rm; and consequently the 

siithd of them are still in the same ‘ratio ; viz ap-++Be-+cp, 

&c. : Fa + on + un, &c. 32 the diam. av: the diam, Fm (th. 

72). Q. E. D. 


THEOREM XCI. 


Similar Figures Inscribed in Circles, are to each other as the 
Squares of the Diameters of those Circles. 


Let aBcDE, FGHIK, 
be two similar figures in- 
scribed in the circles 
whose diameters are AL 
and rm; then the surface 
of the polygon’ ascpE 
will be to the surface of 
the polygon FcHIK, as AL? to FM?. 

For, the figures being similar, are to each other es! the 
squares of their like sides, an? to Fra? (th. 88). But, by 
the last theorem, the sides an, re, are as the diameters ar, 
rm ; and therefore the squares of the sides as? to FG?, as the 
squares of the diameters au? to rm? (th. 74). Consequently 
the polygons ancpk, roux, are also to each other as the squaner 
of the diameters abs to rm? (ax. 1). Q. Ey D 





THEOREM XCII. 


The Circumferences of all Circles are to each other as their 
Diameters. 


Let p, d, denote the diameters of two circles, and Citi thei 
circumferences ? 

then willp: d ::c:e,orp:c::d:¢. | ) 

For, (by theor. 90), similar polygons inscribed in wee ni : 
have their perimeters, in the same ‘ratio as the diameters of 
those circles. 

Now, as this property belonght to all polygons, whaksvnen 
the number of the sides may be; conceive the number of the © 
sides to be indefinitely great, and the length of each inde- 


finitely small, till they coincide with the circumference of 
| the 
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the circle, and be equal to it, indefinitely near. Then the 
perimeter of the polygon of an infinite number of sides, is 
the same thing as the circumference of the circle. Hence it 
appears that the circumferences of the circles, being the same 
as the perimeters of such polygons, are to each other in the 
same ratio as the: diameters of the circles. Q. B. D. 


THEOREM XCIII. 


The Areas or Spaces of Circles, are to each other as the 
Squares of their Diameters, or of their Radii. 


Let a a, denote the areas or aig of two Role ay and » 
d, their diameters; then a:a:; sat? 


For (by theorem 91) similar polygons inscribed in circles 
are to each other as the squares of the diameters of the 
circles. 


Hence, diiceiving the number of the sides of the poly- 
‘gons to be increased more and more, or the length of the 
sides to become less and less, the polygon approaches nearer 
~ and nearer to the circle, till at length, by an infinite approach, 
coincide, and become in effect equal; and then it follows 
that the spaces of the circles, which are the same as of the 
polygons, will be to each other as the squares of the diame- 
ters of the circles. Q. £. D. 


Chvar: The spaces of circles are also to each other as the 
squares of the circumferences ; since the circumferences are 
in the same ratio as the diameters (by thecrem 92). 


THEOREM XCIV. 


The ree of any Circle, is Equal to the Ractinple of Halt 
. its Circumference and half its Diameter. 


Concerve a regular polygon to be 
inscribed in the circle : and radii drawn 
to all the angular points, dividing it into 
as many equal triangles as the polygon 
has sides, one of which axc, of which 
the altitude is the perp endicular cp from 
the centre to the base as. 

Then the triangle anc, being equal to 
a rectangle of half the base and equal altitude (th. 26, cor. 2), 
is eau to the rectangle . the half base ap and the altitude CD ¢ 

conse- 
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consequently the whole polygon, or all 
the triangles added together which com- 
_ pose it, is equal to the rectangle of the 
common altitude cp, and the halves of all 
the sides, or the half perimeter of the po- 


lygon. 





Now, conceive the number of sides of the polygon to be 
indefinitely increased ; then willits perimeter coincide with 
the circumference of the circle, and consequently tbe alti- 
tude cp will become equal to the radius, and the whole poly- 
gon equal to.the circle. Consequently the space of the circle, 
or of the polygon in that state, is equal to the rectangle of 
the radius and half the circumference. @. E. D. 


OF PLANES AND SOLIDS. 


DEFINITIONS. 


Der. 88. The common Section of two Planes, is the line 
in which they meet, to cut each other. 


$9. A line is Perpendicular to a Plane, when itis perpen- 
dicular to every line in that plane which meets it. 


90. One Plane is Perpendicular to Another, when every 
line of the one, which is perpendicular to the line of their 
common section, is perpendicular to the other. 


91. The inclination of one Plane to another, or the angle 
they form between them, is the angle contained by two lines 
drawn from any point in the common section, and at right an- 
gles to the same, one of these lines in each plane. 


92. Parallel Planes, are such as being produced ever so far, 
both ways, will never meet, or which are every where at an. 
equal perpendicular distance : 


93. “A Solid Angle, is that which is made by three or more 
plane angles, meeting each other in the samé. point. 


94. Similar 


fate 3 


DEFINITIONS. 337 


94. Similar Solids, contained by plane figures, are such as 
have all their solid angles equal, each to each, and are hound- 
ed by the same number of similar planes, alike placed. 

95. A Prism, is a solid whose ends are parallel, equal, and 
like plane figures, and it sides, connecting those ends, are 
parallelograms.. 

96. A prism takes Saricular names according to the figure 
of its base or ends, whether triangular, ag vane, rectangular, 
pentagonal, hexagonal, &c. 

97. A Right or Upright Prism, is that which has the 
planes of the sides perpendicular to the planes of the ends OF 
base. 

98. A Parallelopiped, or Parallelopipedon is 

a prism bounded by six parallelograms, every ' 
opposite two of which are equal, alike, and pa- x Cama. 
Fallel. 

99. A Rectangular Parallelopipedon, is that whose bound- 
ing planes are all rectangles, which are perpen to each 
other. 

100. A Cube, is a square prism, being bound- 
ed by six equal square sides or faces, and are 
perpendicular to each other. 


I 


101. A Cylinder, is a round prism, having cir- | 
cles for its ends; and is conceived to be formed 
by the rotation of a right line about the circum- 
ferences of two equal and parallel circles, always 
parallel to the axis. 


102. The Axis of a Cylinder, is the right line j Joining the 

centres of the two parallel circles, about which the figure is 
described. 
103. A Pyramid, is a solid, whose base is any 
right-lined plane figure, and its sides triangles, 
having all their vertices meeting together in a 
point above the base, called the Vertex of the py- 
ramid. 

104. A pyramid, like the prism, takes particular names 
from the figure of the base. 

105. A Cone, is a round pyramid, having a cir- 
cular base, and is conceived to be generated by the 
rotation of a right line about the circumference of 
a circle, one end of which is fixed at a Bein above 
the plane of Har circle. 
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106. The Axis of a cone, is the vibhit line, joie he ver- 
tex, or fixed point; and the centre of ee circle about which 
the figure-is described. 

107. Similar Cones. and iyliidert; are such as have their 
altitudes and the diameters of their bases. proportional. 

108. A Sphere, is a solid bounded by one curve surface, 
which is every where equally distant from a certain point 
evithin called the Centre. It is conceived to be generated by 
the rotation of a semicircle about its diameter, which remains 
fixed, 

109. The Axis of a Sphere, is the right line about which | 
the semicircle revolves ; and the centre is the same as that of 
the revolving semicircle. 

110. The Diameter of a Sphere, i is any right line passing 
through the centre, and terminated both ways by the surface. 

111. The Altitude of a Solid, is the perpendicular drawn 
from the vertex to the opposite side or base. | 


THEOREM XCV, 


A Perpendicular is the Shortest Line which can be drawa 
from any Point to a Plane. 


oo as be perpendicular to the plane 
; then any other line, as.ac, drawn _ 
from the same point a to the plane, will 
be longer than the line as. 

In the plane draw the line zc, joining 
the points B,.c. 

Then, because the line as is perpendi- 
cular to the plane ve, the angle 8 is a right abe (aef 89), 
and consequently greater than the angle c; therefore the 
line a8, opposite to the less angle, is less than any other line 
AC, opposite the greater angle (th. 21). @. £. D. 





THEOREM XCVI. 


A Perpendicular Measures the Distance of any Point from a 
Plane. Hite . 


Tre distance of one point from another is measured by a 
right line joining them, because this is the shortest line which 
can be drawn from one point to another. So, also, the 
distance from a point to a line, is measured by a perpendica- 
lar, because this line is the shortest which can be yc 

rom 
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from the point to the liné: In like manner, the distance from 
a point toa plane, must be measured by a perpendicular drawn 
frem that point to the plane, because this is the shortest line 
which can be drawn from the point to the plane. 


THEOREM XCVIT, 
The common Section of Two Planes, is a Right Line. 


Lert acBpa, arBFa, be two planes cut- 
ting each other, and a, B, two points in 
which the two planes meet : drawing the 
line aB, this line will be the common in- 
tersection of the two planes. 

For because the right line as touches 
the two planes in the points a and ps, it 
touches them in all other points (def. 20) : 
this line is therefore common to thetwo planes. That is, the 
common intersection of the two planes isa right line. @. &, PD. 





THEOREM XCVIII. 


if a Line be Perpendicular to two other Lines, at their Com- 
mon Point of Meeting; it will be gl sete cer to the 
Plane of those Lines. 


Let the line as make right angles 
with the lines ac, ap; then will it be 
perpendicular to the plane coe which 
passes through these lines. 

If the line as were not perpendicular 
to. the plane cpr, another plane might 
pass through the point a, to which the 
line a8 would be perpendicular. But this is impossible ; for, 
since the angles ac, Bap, are right angles, this other plane 
must pass through the points c, p. “Hence, this plane passing 
through the two points a, c, of the line ac, and through the 
two points a, p, of the line ap, it will-pass through both these 
‘wo lines, and weererre be the same plane with the former. 

Q. E. De 
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If Two Lines be Perpendicular to the Same Plane, they will 
be Parallel to each other. 


Let the two lines Az, cp, be both per- 
pendicular to the same plane EBDF ; then 
will ap be parallel to cp. 

For, join B, p; by the line sp in the 
plane. Then, because the lines an, cp, 
are perpendicular to the plane er, the: 
aré both perpendicular to the line ep (def. 89) j in that plan 
and consequently they are parallel to each other (corol. th: 
13). Q. E. D.* 

Corol. If two lines be parallel, and if one of them be 
perpendicular to any plane, the other will also be pee | 
cular to the same plane. 





THEOREM C. 


if Two planes Cut each other at Right Angles, and a Line be 
drawn in one of the Planes Perpendicular to their Common 
_ Intersection, it will be Perpendicular to the other Plane. 


Let the two planes ACBD, AEBF, cut C 
each other at right angles ; and the liné a 
ce be perpendicular to their common 
section 4B ; then will ce be also perpen- 
dicular to the other plane azsr. 

For, draw se perpendicular to as. 
Then becatise the two lines cc, cr, are 
perpendicular to the common intersection az, the angle con 
is the angle of inclination of the two planes (def. 91). But 
since the two planes cut each other perpendicularly, the an- 
gle of inclination ce; is a right angle. Ard since the line ce 
is perpendicular to the two lines ca, ct, in the plane epr, it 
is therefore perpendicular to that plane (th, 98). Q. E. D. ; 








# ‘This demonstration of Theorera xcix. does not appear to me to be er 
sive. aren 
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THEOREM. CI. 


tf one Plane Meet another Plane, it will make Angles with 
that other Plane, which are together equal to two Right 
Angles. 


Ler the plane acéc meet the plane arpr; these planes 
make with each other two angles whose sum is equal to two 
right angles: 


For, through any point ¢; in the common section as, draw 
GD, EF, perpendicular to as. Then the line ce makes with 
mF two angles together equal to two right angles. _ But these 
two angles are (by def. 91) the angles of inclination of the 
twe planes: Therefore the two planes make angles with 
each other, which are together equal to two right angles. 


Corol. In like manner it may be demonstrated, that planes 
which intersect, have their vertical or opposite angles equal ; 
also, that parallel planes have their alternate angles equal ; 
and so on, as in parallel lines. 


THEOREM CI. 


If Two Planes be Parallel to each other; a Line which is 
Perpendicular to one of the planes, will also be Perpendi- 
cular to the other. 


Ler the two planes cp, er, be parallel, 
and let the line a8 be perpendicular to the 
plane cp; then shall it also be perpendi- 
cular to the other plane er. 

_ For, from any point ¢ in the plane er, 
‘draw cH perpendicular to the plane cD, and 
draw aH, Ba. 

Then, becausé Ba, ci, are both perpen- 
dicular to the plane cp, the angles a and 1 
are both right angles. And because the planes cp, er, are 
parallel, the perpendiculars pa, cu, are equal (def. 92). 
Hence it follows that the lines zc, aw, are parallel (def. 9). 
And the line ax being perpendicular to the line au, is also 
perpendicular to the parallel line Be (cor, th. 12). 

In like manner it 1s proved, that the line apn is perpendi. 
_ cular to all other lines which can be drawn frem the point 5 
in 
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inthe plane zr. Therefore the line ap is perpendicular ip 
the whole plane er (def. 92). Q. 8. D. | 


- THEOREM CIT 


If Two Lines be Parallel to a Third Line, though not in the 
same Plane with it; they will be Parallel to each other. 


Let the lines az, cp, be each of them. 
parallel to the third line Er, though net in 
the same plane with it ; then will ab be pa- 
rallel to cp. 

For, from any point c in the hne er, let 
GH, GI, be each perpendicular to er, in the » 
planes es, Ep, of the proposed parallels. 

Then, since the line er is perpendicular 
to the two lines cu, ei, it is perpendicular 
te the plane cri of those lines (th. 98). And bccanleti EF is 
perpendicular to the plane cur, its parallel ap is also perpen- 
dicular to that plane (cor. th. 99). For the same reason, the 
line cp is perpendicular to the same plane cn1, Hence, be- 

cause the two lines an, cp, are perpendicular to the same 
plane, these two lines are parallel (th. 99). Q. #. D. , 





THEOREM CIV. 


if Two Lines, that meet each other, be Parallel to Two other 
Lines that meet each other, though not in the same Plane 
with them; the Angles contained by those Lines will be 
/ equal. 


Ler the two lines az, Bc, be parallel to 
the two lines pe, EF; then will-the angle 
apc be equal to the angle per, | 

“For, make the lines ap, Bc, DE, EF, all A 
equal to each other, and j ota ‘AC, DF, AD, BE, 

CRs 

Then, the lines ap, nr, joining the equal | 

and parallel lines aB, DE, are equal and pa-.- 

rallel (th. 24). For the same reason, CF, ae 

BE, are equal and parallel. Therefore ap, cr, are Saud an , 

parallel (th. 15); and consequently also ac, pF. (th. 24). 

Hence, the two telaaples ABC, DEF, aii all their sides ee 
; ts eac 
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each to each, have their angles also equal, and nigeria s 
_ the a apc = the angle per. @. E. p. 


‘THEOREM CV. 


The Sections made by a Plane cutting two other Parallel 
Planes, are also Parallel to each other. 


Ler the two parallel planes AB, cp, be 
cut by the third plane erue, in the lines 
er, GH: these two sections EF, cH, will 
be parallel. 

Suppose rc, rx, be drawn parallel to 
each other in the plane erue ; also let 
El, FK, be perpendicular to the plane CD ; 
and let ic, 2H, be joined, 

Then ee, rx, veing parallels, and g1, rx, being both per- 
pandieular to the plane cp, are also prallel to each other 

th. 99); consequently the angle wrx is equal to the angle 
est (th. 104). But the angle rxx is also equal to the angle 
RIG, being both. right angles; therefore the two triangles are 
equiangular (cor. 1, th. 17 :) and the sides rx, £1, being the 
@qual distances between the parallel planes (def. 92), it fol- 
lows that the sides ru, ec, are also equal (th. 2). . But these 
two lines are parallel (by suppos,), as well as equal ; conse- 
quently the two lines EF, GH, joining those equal parallels are 
also” parnlis! (th. aa Q. Es D, 





THEOREM CVI. 


af f any Prism be eat by a Plane Parallel to its Base, the Sec- 
* ton will be equal and Like to the Base. 


Ler ac be any prism, and iL.a plane pa- H&G 
rallel to the base ac; then will the plane 
1 be equal and like to the base ac, or the 
two planes will have all their sides and all 
their angles equal. 

For the two planes ac, 1, being parallel, 
by hypothesis ; and two parallel planes, cut 
by a third plane, having parallel sections 
(th. 105); therefore ix is parallel to ap, 
and ki to Bc, and tw to cp, and im to an. But at and sx are 
parallels (by def. 95) consequently ax is a parallelogram ; 
and the eae sides aw, IK, are equal (th. 22). In like 

manner, 
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manner, it is shown that Ki is =sc, and LM 
=cp, and 1w=ap, or the two planes ac, 11, 
are mutually equilateral. But these two 
planes, having their corresponding sides pa- 
rallel, have the angles contained by them 
also equal (th, 104), namely. the angle a= 
the ‘angle 1, the angle 8 = the angle x, the 
angle c = the angle 1 L, and the angle p = the 
anele mM. So that the two planes ac, 11, have ? 
all their corresponding sides and angles equal, or they are 

equal and like. @. £. p. 





THEOREM CVIii. 


if a Cylinder be cut by a Plane Parallel to its Base, the Sec- 
, tion will be a Circle, Equal to the Base. 


Let aF be a cylinder, and cur any sec- | 
tion parallel to the base asc; then will D, 
eur, be a circle equal to asc. 

For, let the planes xz, kF, pass through | G 
the axis of the cylinder mx, and meet the 
section GHI in the three points y, 1, L; 
and join the points as in the figure. Ak 

Then, since KL, cl, are parallel (by def. 
101); and the plane x1, meeting the two 

arallel planes aBc, Gui, makes the two sections kc, LI, pa- 
rallel (th. 105); the figure xxrc is therefore a parallelogram, 
and consequently has the opposite sides x1, Ke, equal, where 
Kc is a radius of the circular base. 

In like manner it is shown that LH is equal to the radius 
xB ; and that any other lines, drawn from the point x to the 
circumference of the section cut, are all equal to radii of the 
base ; consequently cur isa circle, and equal to aBc.  @. B.D. 





THEOREM CYIII. 


All Prisms and Cylinders, of Equal Bases and Altitudes, are 
Equal to each other. 

Let ac, pr, be two 
prisms, and a cylin- 
der, on equal bases 
AB, DE, and having e- 
qual altitudes ec, FF ; 
then will the solids 
ac, pF, be equal. 

For, let Ppa, rs, be 

| any 





eS 
a ® 
‘any two sections parallel to the bases, and equidistant from 
a" them. Then, by the last two theorems, the section Pe is 
‘equal to the base as, and the section Rs equal to the base pz. 
» But the bases as, vz, are equal, by the hypothesis ; therefore 
’ the sections Pa, RS, are equal also. In like manner, it may 
’ be shown, that any other corresponding sections are equal to 
one another. 

" Since then every section in the prism ac, is equal to its 
» corresponding section in the prism or cylinder pr, the prisms. 
and cylinder themselves, which are composed. of an oan 

number or all those equal sections, must also be equal. a. 


Corol. Every prism, or cylinder, is equal to a eho abe 
2g ge anabaa of an equal base and. altitude, 
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THEOREM CIX, 


Rectangular Parallelopipedons, of Equal Altitudes, are to 
each other as their Bases. 


Let ac, ec, be two recta 
gular parallelopipedons, hav- 
‘ing the equal altitudes ap, En ; 
then will the solid ac be to 
the solid rc as the base ap is 
to the base EF. 

For, let the proportion of | 
the base as to the base er, be 
that of any one number m (3) 
to any other number n (2). And conceive az to be divided 
into m equal parts, or rectangles, al, LK, mB, (by dividing an 
into that number of equal parts, and drawing IL, KM, parallel 
tosn). And let er be divided, in like manner, into n equal 
parts, or rectangles, co, pr: all of these parts of both bases 
being mutually equal among themselves. And through the 
lines of division let the plane sections LR, ms, Pv, pass parallel 
‘to AQ, ET. 


Then, the Siealelodipedéne AR, LS, MC, BV, PG, areall equal, 
having equal bases and altitudes.. Therefore the solid ac is 
to the solid EG, as the number of parts in the former, to the 
number of equal parts in the latter ; or as the number of parts 
in az to the number of equal parts in EF, that is, as the base 
aB to the base er. Q. F&F. D. 





Corol. From this theoreth; and the saKeltaky to the last, it 
- appears, that all prisms and cylinders of equal altitudes, are 
Vor. 7 A5 to 


346° GEOMETRY. 


to each other as their bases ; every prism and cylinder being 
equal to a rectangular parallelopipedon of an ae base and | 
ahahaha: 


1 
, THEOREM ox. ; ae 

Rectangular Parallelopipedons, of Equal Bases, are to each 

other as their Altitudes. 


Ler as, cp, be two rectan- 
gular parallelopipedons, stand- 


ing on the equal bases ag, eF ; “D 
then will the solid ap be to 

_ the solid cp, as the altitude : 
EB is to the altitude Fp. Hy 





For, let ac be a rectangular Ce 
parallelopipedon on the base 
ag, and its altitude ec equal to the altitude rp of the solid cD. 

Then ac and cp are equal, being prisms of equal bases and 
altitudes. But if ne, uc, be considered as bases, the solids 
AB, AG, of equal altitude an, will be to each other as those 
bases HB, HG. But these bases uz, HG, being parallelograms 
of equal altitude He, are to each other as their bases Ex, Ec ; 
‘therefore the two prisms as, Ac, are to each other as the lines 
EB, EG. But ac is equal to cp, and ec equal to rp; conse- 
quently the prisms ac, cp, are to each other as their altitudes 
EB, FP; that is, AaB i CcD::EB:FD. Q.E.D. _ 

Corol. 1. From this theorem, and the corollary to theorem 
108, it appears, that all prisms ‘and cylinders, of equal bases, 
are to one another as their altitudes. 

Corol. 2. Because, by corollary 1, prisms and cylinders. are 
as their altitudes, when their bases are equal. And, by the 
corollary to the last theorem, they are as their bases, when 
their altitudes are equal. Therefore, universally, when nei- 
ther are equal, they are to one ahnther as the product of their 
bases and altitudes. And hence also these products are the 
proper numeral measures of their quantities or magnitudes. 


THEOREM CXI. 


Similar Prisms and Cylinders are to each other, as the 
Cubes of their Altitudes, or of any other Like Linear Di- 
mensions. . 


_ Ler asop, EFGH, be ‘vin similar prisms ; then will she 
prism cp be to the prism cu, as aB* to er* or ap? to EH®. 
A ee OF 
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For the solids are to each other as 
the product of their bases and alti- 
tudes (th. 110, cor. 2), that is, as 
ac. ap to rc .rH. But the bases, 
being similar planes, are to each 
other as the squares of their like 
sides, that is, ac to nc aS AB? to EF?, 4 
therefore ihe solid cn is to the solid 
GH, as AB? . AD to pF?.. eH. But sp 3B 
and ra, being similar planes. have 
their like sides proportional, that is, aB : EF {: AD : EH, - - - 
OF AB? EF? ; * AD?: EH®: therefore ap? AD: EF? £H2AB3:. EF?, 
or: ap? : EH?; ; conseq. the solid cp : solid en >; aBS : EF® 
<2: Ap? :EH?. Q. ED. 


o 7 





THEOREM CXII. 


fn any Pyramid, a Section Parallel to the Base is similar to the 
__ Base ; and these two planes are to each other as the Squares 
of their Distances from the Vertex. 


Ler apcp be a pyramid, and Ere a sec- 

tion parallel to the base scp, also ain a 

3 psy perpendicular to the two planes at H and 

: then will sp, ec, be two similar planes, 

abe the plane gp will be to the plane xe, as 
AH? to al?, 

For, join cu, r1.. Then, because a plane 
cutting two parallel planes, makes parallel 
sections (th. 105), therefore the plane asc, 
meeting the two parallel planes sp, rc, makes the sections 
gc, EF, parallel: In like manner, the plane acp makes the 
sections cn, FG, parallel. Again, because two pair of parallel 
lines make equal angles (th. 104), the two er, rc, which are 
parallel to sc, cp, make the angle ere equal the angle scp. 
And in like manner it is shown, that each angle in the plane 
EG is equal to each angle in the plane sp, and consequently 
those two planes are equiangular. 

Again, the three lines as, ac, ap, making with the 
parallels. Be, EF, and cp, FG, equal angles (th. 14), and 
the angles at a being common, the two triangles axc, arr, 
are equiangular, as also the two triangles acp, aFec, and 
have therefore their like sides proportional, namely, - - - - 

AC 
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Ac: AF ¢$ BO! EF 33 cp: ¥Fe.. And in wes Fe 
like manner it may be shown, that all the ' | fi 
lines in the plane re, are proportional to 
all the corresponding lines in the base gp. 
Hence these two planes, having their an- 
gles equal, and their sides proportional, 
are similar, by def. 68. 





B. ce 

But, similar planes being to each other as the squares of 
their like sides, the plane Bp : Ee 3; BC? : EF?, or: : AC? : AF?, 
by what is shown above. Also, the two triangles auc, air, 
having the angles m and 1 right ones (th. 98), and the angle a 
common, are equiangular, and have therefore their like sides 
proportional, namely, ac: ar ::AH:AI, OF AC?: AF? ;: AH?: AI?. 
Consequently the two planes sp, ec, which are as the former 
Squares ac?, ar?, will be also as the latter squares am?, ar’, 
that is, BD : EG:: AH? : Ai2. Q. E. D. 7 


THEOREM CXIII. 


lia a Coné, any Section Parallel to the Base is a Circle ; and 
this Section is to the Base, as the Squares of their Distances 
from the Vertex. 

Let ascp be a cone, and Gui a section 

parallel to the base sep ; then will cur be 
~ acircle, and scp, cit, will be to each other, 
as the squares of their distances from the 
vertex. 

For, draw air perpendicular to the two 
parallel planes ; and let the planes ace, 
ADE, pass through the axis of the cone 
Ake, meeting the section in the three points — 
H, 1, K. | 

- Then, since the section ci is parallel to the base scp, and 
the planes cx, pK, meet them, HK is parallel to ce, and 1K to 
pe (th. 105). And because the triangles formed by these lines 
are equiangular, KH : EC i: AK:AE%: ki: ED. But Ecis 
equal to Ep, being radu of the same circle ; therefore Kr is 
also equal to ka. Aid the same may be shown of any other 
lines drawn from the point kK to the perimeter of the section 
cut, which is therefore a circle (def. 44). : 

Again, by similar triangles, an: AF :: AK : AE, OF :: KI? ED, | 
hence au® :/ar? :: KI? : ep? ; but x1? : ap? : : circle Gur? 
circle pep (th. 93) ; therefore aL? : ar? :; circle cut: cit? 
cle Reb. ©. BE. Dy aa tiaat | 





_, SRTEORRM 


THEOREMS, | 349 


THEOREM CXIV. 


All Pyramids, and Cones, of Equal Bases and Setichots are 
Eanal to one another. 


Ler ase, DEF, 
be any pyramids and 
cone, of equal bases 
BC, EF, and equal al- 
titudes ac, DH, then 
will the pyramids. 
and cone ase and ‘ 
DEF, be equal. 

For, parallel to 
the bases and at equal distinees an, dO, from the vertices, 
suppose the planes 1x, LM, to be drawn. 

Then, by the two preceding theorems, --------- es 

DO? : DH? :: LM: EF, and 
BA AGS) 32. TK 3 BC. : 

But since an?, ac?, are equal to no?, pH”, 

therefore mx: Bc::um:er. But sc is equal to EF, by 
hypothesis ; therefore rx is also equal to um. 

In like manner it is shown, that any other sections, at equal 
distance from the vertex, are equal to each other. 

Since then, every section in the cone, is equal to the cor- 
responding section in the pyramids, and the heights are equal, 
the solids anc, per, composed of all those sections, must be 
equal also. Q.£.D. 





THEOREM CXV. 


Every Pyramid isthe Third Part of a Prism of the Same 
Base and Altitude. 


Let apcper be a prism, and pper a py- 
ramid, on the same triangular base DEF’: 
then will the pyramid, sper be a third 
part of the prism agcper. 

For, in the planes of the three sides of 
the prism, draw the diagonals Br, sp, cp. 
Then the two planes spr, scp, divide the 
whole prism into the three pyramids BpeEF, 
paBC, DBCF, which are proved to be all 
equal to one another, as follows. , 

Since the opposite ends of the prism are equal to each 
other, the pyramid whose base ig anc and vertex p, is equal 

to 
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to the pyramid whose base is DEF and ver- 
tex w (th. 114), being pyramids of equal 
base and altitude. 

But the latter pyramid, whose base is 
pEF and vertex B, is the same solid as the 
pyramid whose base is ser and vertex p, 
andthisis equal to the third pyramid whose 
base is pcr and vertex p, being pyramids 
of the same altitude and equal | bases BEF, 


BCE. 





part of the prism, or the prism ts triple of the pyranni Be 


Q. Es De 


Hence also, every pyramid, whatever its figure mi: ay vibe, Is 
the third part of a prism of the same base and i altitude ; since 
the base of the prism, whatever be its figure, may be divided 
into triangles, and the whole solid into triangular prisms and 


pyramids. 


Corol. Any cone is the third part of a cylinder, or of a 


prism, of equal base and altitude ; since it has been proved 
that a cylinder ts equal to a prism, and a cone equal to a py- 
ramid, of equal base and altitude. 

Scholium. Whatever has been demonstrated of the propor- 
tionality of prisms, or cylinders, holds equally true of pyra- 
mids, or cones ; the former being always triple the latter ; 


viz. that similar pyramids or cones are as the cubes of their e 


like linear sides, or diameters, or altitudes, &c. And the 
same for all similar solids whatever, viz. that they are in pro- 
portion to each other, as the cubes of their like linear di- 


mensions, since they are composed of Fy Samide: every way 


similar. 


THEOREM CXVI. 


: if a Sphere be cut by a Plane, the Section will be | a Cirele, 


Let the sphere arpr be cut by the 
plane aps ; then will the section apg 
bea circle. 

Draw the chord as; or - diameter of 
the section; perpendicular to which, 
or to the section aps, draw the axis of 
the sphere ecer, through the centre c, 
which will bisect the chord az in the 
point « (th. 41). Also, join ea; cB; 





Consequently all the three pyramids, which compose the’ 
‘prism, are equal to each other, and each pyramid is the third 


SS ee ee ea eee ee Boe oe 
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and draw cp, cp, to any point p in the perimeter of the sec. 
tion ADB. ns | : ' 


Then, because cc is perpendicular to the plane anz, it is 
perpendicular both to ea and cp (def. 90). So that cca, cen 
are two right-angled triangles, having the perpendicular cc 
common, and the two hypothenuses ca, cp, equal, being both 
radii of the sphere ; therefore the third sides ca, ap, are also 
equal (cor. 2, th. 34). In like manner it is shown, that any 
ether line, drawn from the centre « to the circumference of 
the section app, is equal to ca or cp; consequently that secs 
tion is a circle, - Pte a 
_. Corel. The section through the centre, is a circle having 
- the same centre and diameter as the sphere, and is called a 
great circle of the sphere; the other plane sections being lit. 
tle circles, . | | 


THEOREM CXVII, 


Every Sphere is Two-Thirds of its Circumseribing Cylinder, 
Ler ascp be a cylinder, circum- A F B 
scribing the sphere ercn ; then will the, ine ts" 
sphere. eren be two thirds of the cylin- 
der apcp. aS | 
-. For, let the plane ac be a section of ui... | 
the sphere and cylinder through the _ | se 
centre 1. Join a, BI. Also, let Fin uy ed 
be parallel to ap or ec, and zig andxe., D HH  ¢ 
parallel to az or pc, the base of the cy- 
linder ; the latter line KL meeting gr in w, and the circular 
. section of the sphere inn, 





Then if the whole plane ursc be conceived to revolve 
about the line ur as an axis, the square re will describe a 
cylinder ac, and the quadrant 1r¢ will,describe a hemisphere 
EFG, and the triangle irs will describe a cone 1aB. Also, in 
the rotation, the three lines or parts kL, KN, KM, as radit, will 
describe corresponding circular sections of those solids, name- 
ly, RL a sectioy of the cylinder, xn a section of the sphere, 
and KM a section of the cone, 


Now,’ re being equal to ri or ic, and xe parallel to 


rs, then by similar triangles 1x is equal to um (th. 82), And 
since, in the right-angled triangle 1mm, 1n? 1s equal to 1%? 
4-xn? (th, 34); and because x1 is equal to the radius te 
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or in, and KM=1K, therefore KL? is 
equal to Kkm?-++xn?, or the square of 
the longest radius, of the said circular 
sections, is equal to the sum of the 
squares of the two others. And be- 
canse circles are to each other as the 
squares of their diameters, or of their 
radii, therefore the circle described by 
kL is equal to both the circles de- | 
scribed by xm and «n; or the section of the cylindeys is | 
equal to both the corresponding sections of the sphere and — 
cone. And as this is always the case in every parallel posi- 
tion of xx, it follows, that the cylinder ex, which is com- 
posed of all the former sections, is equal to the hemisphere 
mFG and cone rag, which are composed of all the latter Sec- 
tions. 

But the cone 1,8 is a third part of the cylinder EB (cor. 2, 
- th. 115); consequently the hemisphere ere is equal to the 
~ remainisg two-thirds ; or the whole sphere EFcH shoe to 
-two-thirds of the whole cylinder apcp. Q.E.D. 


Corol. 1. A cone, hemisphere, and cylinder of the same 
base and altitude, are to each other as the numbers 1, 2, 3. 


Corol. 2. All spheres are to each other as the cubes of 
their diameters ; all these being like parts of their circum- 
- scribing cylinders. 

Corol. 3. From the foregoing demonstration it also ap- 
pears, that the spherical zone or frustrum Eewnp, is equal to 
the difference between the cylinder ecto, and the cone me, 
all of the same common height 1x. And that the spherical 
segment PFN, is equal to the difference between the cylinder 
ano and the conic frustram AaB, all of the same common 
altitude Fx. 
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PROBLEMS. 


PROBLEM I. 


bh Biseot a bine. AB ; digs ak to divide it into two. Equal 
arts. 


“Frox. "the two centres a and x, with: 
any equal radii, describe arcs of circles, 
gntersecting each other in c and p; and 
draw the line cp, which will bisect the 
given line 48 in the pointe. 

For, draw the radii ac, Bc, AD, BD. 
Then, because all these four radii are 
equal, and the side cp common, the two 
triangles acp, pcp, are mutually equilateral ; consequently 
they are also mutually equiangular (th. 5); and have the an- 
gle ace equal to the angle ner. — 

Hence, the two triangles ace, Bcx, having the two sides ac, 
cE, equal to the two sides Be, CE, and their contained angles 
equal, are identical AS 1), and apihuose have the side AE 
. sata tO EB. Q, E» 





PROBLEM I. 
To Bisect an Angle fac. 


# rom the centre a, with any radius, de- 
Scribe an arc, cutting off the equal lines 
AD, Ae; and from the two centres p, zB, 
with the same radius, describe ares inter- 
secting in Fr; then draw ar, which will bi- 
sect the angle Aas required. 

For, join pr, ar. Then'the two trian- 
gies apF, ar, having the two sides ap, 
~ pF, equal to the two az, er (being equal radii), and the side 
aF common, they are mutually equilateral ; consequeutly they 
are also mutually equiangular (th.5), and have the angle Bar 
equal to the angle car. 

Scholium. Hy the same manner if ait are of a circle bie 
pected, os : ; 

Vou, f, Oe area. _. PROBLEM 
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PROBLEM IIE. 


At a Given Point c, in a Line ap, to Erect a Perpendicular, 


ac Fr 
yet 





Fxom the given point c, with any radius, 
cut of ary equal parts cp, ce, of the given 
line ; and, from the two centres p and gz, 
with any one radius, describe arcs intersect- 
‘ing in F; then join cr, which will be per- 
pendicular as required. 

For, draw the two equal faite pF, EF. Then the two tri- 
angles cpr, ceF, having the two gala cD, DF, equal to the 
two cE, nf, and cr common, are mutually equilateral ; conse- 
quently they are also mutaally equiangular(th. 5), and have 
the two adjacent angles at c equal to each other ; therefore 
the line cr is perpendicular to ap (def. 11). 


Otheramise: 
When the Given Point c is near the End of the sie. 


From any point p, assumed above the 

line, as a centre, through the given point 

c describe a circle, cutting the given line 

at e; and through e and the centre p, Picshas 3 

draw the diameter repr; then join cr, 

which will be the perpendicular required. = aR CB: 
For the angle at c, being an angle ina | 4) 

semicircle, is a right angle, and therefore 

the line cr is a perpendicular (by def. 15). 


PROBLEM IV. 


sah a Given point a to let fall a Perpendiowlar on a given 
Line Be. 


From the given point a as a centre, with 
any convenient radius, describe an arc, cut- 
‘ting the given line at the two points p and 
x; and from the two centres p, £, with any 
radius, describe two arcs, intersecting at F ; 
then draw acr, which will be perpendica- 
lar to Bc as required, 

For, draw the equal radii ap, ax, and pr, 
er. ‘Then the two tri angles ADF, aEF, having the a i. 
AD, DF, equal to the two akg, EF, and AF common, are mutu- 

ally 
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ally equilateral ; consequently they are also mutually equian- 
gular (th. 5), and have the angle pac equal the angle rac. 
Hence then. the two-triangles ane, arc, having the two sides 
ap, ac, equal to the two af, ac. and their included angles 
equal, are therefore equiangular (th. 1), and have the angles 
at c equal ; consequently ac is perpendicular to nc (def. 11). 


| Otherwise. 


When the Given Point is nearly Opposite the end of the 
ye Line. 

From any point p, inthe given line 
BC, as a centre, describe the arc of a 
circle through the given point a, cut- 
tog Bc in B; and from the centre gz, 
with the radius ea, describe another. 
arc, cutting the former in F; then 
draw acr, which will be perpendicu- 
lar to Be as required. 

For, draw the equal radii pa, pF, and £a, Er. Then the 
two triangles par, pre, will be mutually equilateral ; conse- 
quently they are also mutually equiangular (th. 5), and have 
the angles at p equal. Hence, the two triangles pac, pre, 
having the two sides pa, pe, equal to the two pF, pa, and the 
included angles at n equal, have also the angles at G equal 
(th. 1) ; consequently those angles at e¢ are right angles, and 
the line ac is perpendicular to pe. 





PROBLEM V. 


At a Given Point a, ina Line as, to make an Angle Equal to 
. a Given Angle c. 


From the centres a and c. with any one ay 
radius. describe the arcs ne, Fc. Then, 
with radius pe, and centre F, describe an ec: 
are cutting Fain cg. Through c draw the C D 
line ac, and it will form the angle required. G 


For, conceive the equal lines or radii, 
DE, FG, to be drawn. Then the two trian- ’ FEB 
gles cor, arc, being mutually equilateral, are mutually equi- 
angular (th. 5), and have the angle at a equal to the angle c. 


PROBLEM 


$e | seacmnibeb Pits 
PROBLEM Vi. . ea } Be eg bys 


Through a Giten Point 4, to drawa Line Perle to ‘ Gives 
Line Be. (ea 


From the given point a draw aline dp 
to any point in the given line sc. Then 
draw the line rar making the angle at a. qa 
equal to the angle at p (by prob. 5); so “DC 
shall er be parallel to Bc as required. 





For, the angle p being equal to the alternate ange A; the 


lines Bc, EF, are parallel, by th. 13. 
PROBLEM Vil. 


To Divide a Liné az into any proposed Number of Equal 
‘Parts. 


Draw any other line ac, forming any hg om 
angle with the given line ap; on which aa 

set off as many of any equal parts, an, DE, 
EF, FC, as the line ag is to be divided into. 
Join ge; parallel to which draw the other 
lines Fc, EH, D1: then these will divide 
AB In the manner aa required.—For those parallel lines di. 
vide both the sides ap; ac, proportionally, "y th, 82. 





PROBLEM VI. : 
To find a Third Proportional to Twa: given Lines AB, Ac, 


Praci the two given lines ab, ac, 





forming any angle at a ; andin aB take A——__——-B 

also ap equal to ac. Join sc, and A. —O 

draw pe parallel to it; so will az be ee. Cai 

the third proportional sought. ) a 
For, because of the parallels xc, * ta 

bE, the two lines ap, ac, are cut pro- DB 


portionally (th. 82); so that ap :.ac :: Ap or AG: AR; dacidh s | 


fore Arg is the third proportional to AB, AC. 
PROBLEM IX, 
To find a Fourth Proportional to three Lines 4B; cas ADs 
Pracr two of the given linés az, Ac, making any angle at 


4; also place aponas, Joingc; and parallel ned it draw DE < 
! Fee a 


ol” ae 
~ ee 6 
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Ho shall az be the fourth proportional as a ae ha 
fequired. ie Be ‘, 

‘For, because of the parallels Bc, vz, A PAD: 
the two sides ab, Ae, are cut propor- ee Cis 
tionally (th. 82); sothat -, - + A a ee : 5 
ABC aGs eam Abe ye! 





a PROBLEM X, 
To find a Mean Proportional between Two Lines ag, BU. 
Piace AB, Bc, joined in one straight 4’ — z 
iné ac: on which as a diameter, de- 5, —¢ 
scribe thé semicircle apc ; to meet which 
erect the perpendicular gp: and it will 
be the mean proportional sought, be- 
tween 4g and gc (by cor. th, 87). 








PROBLEM XI. 
_ To find the Centre of a Circle. 
‘Draw any chord az; and bisectit per- _ 
pendicularly with the line cp, which will 
be a diameter (th. 41, cor.). Therefore, 
ep bisected into o, will give the centre, as 
Tequired. Tate 





PROBLEM XIE. | 


To describe the Circumference of a Circle through Three 
gi eas Given Points a, B,-c. 
- ¥ Rom the middle points draw chords 
- Ba, Bc, to the two other points, and bi- 
sect these chords perpendicularly by 
tines méeting ino, which will be the 
centre. Then from the centre o, at the 
distance of any one of the. points, as oa, 
describe a circle, and it will pass through 
the two other points 8, c, as required, 
’ For, the two right-angled triangles oan, onp, having the sides 
AD, DB, equal (by constr.), and op common with the included 
"right angles at > equal, have their third sides 04, ox, also equal 
(th. 1). And in like manner it is shown, that oc is equal to | 
on or os. So that all the three oa, ob, oc, being equal, will’ 
be radii of the same circle: Les 
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PROBLEM XIII. 


To draw a Tangent toa Circle, through’ a Given Point « be: 

Wuen the given point a is in the cir- ge? 3) 
cumference of the circle: Join a aud the Bas og 
centre 0; perpendicular to which draw . 
Bac, and it wiil be the tangent, by th. 46. 

But when the given point a 1s out of” 
the circle, draw ao tothe centre o; on 
which as a diameter describe a semi- 
circle, cutting the given circumference 
inp; through which draw Banc, which 
will be the tangent as required. 

For, join po. Then the angle apo, 
in a semicircle. is a right angle, and 
consequently ap is perpendicular to the 
radius, po, or is a tangent to the circle 
(th. 46). 








PROBLEM XIV. 


On a Given Line g to describe a Segment of a Circle, to Con- 
tain a Given Angle c. 

At the ends of the given line make 
angles paB, DBA, each equal te the 
given angle c. ‘Then draw ag. Br, per- 
pendicular to ap, Bp ; and with the cen- 
tre «, and radius ka or eB, describe a 
circle ; so shall ars be the segment re- 
quired, as an angle F made in it will be 
equal to the given angle c. 

For, the two lines ap, Bp, being per- 
pendicular to the radii za, ex (by constr.), are tangents to the 
circle (th. 46) ; and the angle « ors, which is equal to the 
given angle c ‘by construction, is equal to the angle F in the 
alternate segment ars (th. 53). 


PROBLEM XV. | 





To Cut off a Segment from a Circle, that shall Contain : a ae 
Angle c. 
Draw any tangent: ap to the given 


circle ; anda chord ap to make the an- | “f 
gle pag equal to the given anglec ; then N 
peA will be the segment required, an an- - . Wy 


gle » made in it being equal to the given 
angle c. got. as 
For 
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For the angle a, made by the tangent and chord, which is 
equal to the given angle c by construction, is also equal to any 
angie g in the alternate segment (th. 53). 


_. PROBLEM XVI. 


To make an Equilateral ‘Triangle on a Given Line as. 


From the centres a and sp, with the C 
distance az. describe arcs, intersecting 
inc. Draw ac, 8c, and asc will be the 
equilateral triangle. 
For the equal radii ac, Bc, are, each | 
of them, equal to as, A B 


PROBLEM XVII. 
To make a Triangle with Three Given Lines as, ac, BC. 


Wira the centre a, and distance AC, C 
describe an arc. With the centre s, 
and distance sc, describe anotber arc, 





cutting the former in c. Draw ac. Bc, AA B 
and asc will be the triangle required. C 

For the radii. or sides of the triangle, A C 
ac. Bc, are equal to the given lines ac, 5B 


BC, by construction, 


PROBLEM XVIII. 


To make a Square on a Given Line az. 


Ratse ap, se, each perpendicular and a 
equal to aB; andjoin pc ; soshall ascp be sf 
the square sought. 

For all the three sides an, ap, Bc, are 

equal, by the construction, and pc is equal : 
and paraliel to az (by th. 24) ; so that ail A 5 
the four sides are equal, and the opposite 
ones are parallel. Again, the angle a or 8, of the parallelo- 
gram, being a right angle, the angles are all right ones (cor, 
i, th. 22). Hence, then, the figure, having all its sides equal, 
and all its angles right, is a square (def. 34). | 


PROBLEM |. 





360 


PROBLEM XIX, fe ae : Bip a 


To make a Rectatiote, ora Parallelogram, of a ‘Given Lene, 
and Breadth, an, Bc. — 


Erect ap, BC, perpendicular to an, and Di ire 
each equal to BO ; then join De, and it is- 
done. » 4 

The demonstration is the same as the yt Ao eB 
problem. y: 





And in the same manner is described any oblique parallelo- | 
gram, only drawing ap and sc to make the given obliqne an- 
gle with as, instead of perpendicular to it, | 


PROBLEM XX. 










_ To Tascribe a Circle in a Given Triangle a ABC. 
Bisecr any two angles a and B, with ar bon 
the two lines ap, sp. From the inter- t. Ds “4 
“section p, which will be the centre of bed ane” 
the circle, draw the perpendiculars, pr, p> ; 
pF, bc, and they will be the radii of the Bee XG \ 
circle required. ; Se x 
For, since’ the angle DAE is ‘equal to TAP es ee 
the angle pac, and the angles at 5, G, 
right angles (by constr.), the two triangles ADE, ADG, are equi- 
angular ; and, having also the side an commen, they are iden- 
tical, and have the sides pp, pc, equal (th. 2),- In like man- 
ner it is shown, that pF is equal tO DE OF D&G. 4 
Therefore, if with the centre p, and distance pr, a circle 
be described, it will pass through all the three points £, F, ¢, 
in which points also.it will touch the three sides of the trian- 
ale (th. 46), because the radii pe, pr, ve, are perpendicylar to 
them. . 


PROBLEM XXi. 


, o Describe a Circle about a Given Triangle ae, ia 4 


. Bisect any two sides with two of the 
parpendiculars DE, DF, DG, and p will be 
the centre. 

For, join pa, pp, pc. Then the two 
right-angled triangles par, pBE, have the 
two sides DE, EA, equal to the two DE, EB, 
and the included angles at z equal: those 
two triangles are therefore identical 





A 
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; (th. 1), and have the side pa equal to pz. In like manner it 


is shown, that pc is also equal to ps or ps. So that all the 
three pa, ps, pc, being equal, they are radii of acircle pass- 
ing through a, B, and c. © 


PROBLEM XXII, 
To Inscribe an Equilateral Triangle in a Given Circle. 


Turoven the centre c draw any diame- 
teras. From the poini zg asa centre, with 
the radius sc of the given circle, describe 
an arc pce. Join AD. ak, DE, and ape is 
the equilateral triangle sought. 

For, join pp, pc, #8, ec. Then vce Is 
an, equilateral triangle, having each side 
equal to the radius of the given circle. 
In like manner, sce is an equilateral triangle. But the angle 
ADE is equal to the angle aBe or cBE, standing on the same 
arc Ag ; also the angle arp Is equal to the angle cgp, on the 
same arc ap; hence the triangle par has two of its angles, 
ADE, AED, equal to the angles of an equilateral triangle, and 
therefore the third angle at a is also equal to the same ; so 
that triangle is equiangular, and therefore equilateral. 





PROBLEM XXIII. 
To Inscribe a Square in a Given Circle. 


Draw two diameters ac, BD, crossing 
at right angles in the centre re. Then 
join the four extremities.a.8,c,p, with — , / 
right lines, and these will form the in- AL 









R 
NS C 


cE AF 

_scribed square aBcp. XI 
_For, the four right-angled triangles y 
AEB, BEC, CED, DEA: are identical. because D 


they have the sides ba, EB, EC, ED, all 

equal. being radu of the circle, and the four included angles 
at £ all equal, being right angles, by the construction. There- 
fore all their third sides 48, Bc, cp, pa, are equal to one an- 
other, and the figure agcp is equilateral Also, all its four 


angles, a, B, C, D, are right ones, being angles ina semicircle. ° 


Consequently the figure is a square. 


Vou. I. ah AT : PROBLEM 
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PROBLEM XXIV. 
To Describe a Square about a Given Circle. his 


Draw two diameters ac, Bp, crossing 


at right angles in the centre rz. ‘Then HMI HOAs, 

through their four extremities draw Fc, \ 

1H, parallel to ac, and F1, Gu, parallel to 

BD, and they will form the square recut. A C 
For, the opposite sides of \parallelo- Kees og 

grams being equal, Fra and 1H are each 


equal to the diameter ac, and Fi and cu 
each equal to the diameter pp; so that 
the figure is equilateral. Again, because the opposite angles 
of parallelograms are equal, all the four angles F, c, H,4, are 
. right angles, being equal to the opposite angles at x. So that 
the figure rou, having its sides equal. and its angles right 
ones, is a square, and its sides touch the circle at the four 
points a, B, c, p, being perpendicular to the radii drawn to 
those points. | 


LosDso 


PROBLEM XXV. | 
To Inscribe a Circle in a Given Square. 


Bisect the two sides re, Ff, in the points a and 8 (last fig.). 
Then through these two points draw ac parallel to re or 1H, 
and sp parallel to r1 or cu. Then the point of intersection 
£ will be the centre, and the four lines EA, EB, EC, ED, radii of 
the inseribed circle. : a : 

For, because the four parallelograms Er, EG, £H, EI, have 
their opposite sides and angles equal, therefore all the four 
lines EA, EB, EC, ED, are equal, being each equal to half a side 
of the square. So that a circle described from the centre x, 
with the distance ra, will pass through all the points a, 8, c, D, 
and will be inscribed in the square, or will touch its four sides 
in those points, because the angles there are right ones. 


PROBLEM XXVI. 


To Describe a Circle about a Given Square, 
(see fig. Prob. xxiii.) _ | 


Daaw the diagonals ac, sp, and their intersection z will be 

the centre. | ! 
For the diagonals of a square bisect each other (th. 40), 
making £a, EB, EC, ED, all equal, and consequently these 
are radii of a circle passing through the four points a, B, C, D. 
PROBLEM. 
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PROBLEM XXVIL. 
To Cut a Given Line in Extreme and Mean Ratio. 


Let as be the given line to be divided 
in extreme and mean ratio, that is, so as 
that the whole line may be to the greater 
part, as the greater partis to the less part. 

Draw sc perpendicular to aB, and equal 
to half as. Join ac; and with centre c 
and distance eB, describe the circle sp; 
then with centre a and distance ap, de- 
scribe the arc DE; so shall ap be divided 
in E in extreme and mean ratio, or so that AB : AE :: AE : EB. 

For, produce ac to the circumference at Fr. Then, apr 
being a secant, and as a tangent, because B is a right angle : 
therefore the rectangle ar . ap is equal to aB? (cor. 1, th. 61) ; 
consequently the means and extremes of these are propor- 
tional (th. 77). viz. AaB: aF or AD-+pF :: ap: 4B. But ar is 
equal to ab by construction, and ap=2Bc==DF ; therefore, 
AB: AE + AB: :; AE: AB; and by division, 

AB: AE:: AE : EB. 





PROBLEM XXVIII. 


To Inscribe an [sosceles Triangle in a Given Circle, that shall 
have each of the Angles at the Base Double the Angle at 
the Vertex. 


Draw any diameter as of the given A. 
circle ; and divide the radius cx, in the 
point D, in extreme and mean ratio, by . 
the last problem. From the point B 
apply the chords Be, Br, each equal to 
the greater part cp. Then j join AE. AF, 
EF ; and ser will be the triangle requir- 
ed. 

For, the chords se, sr. being equal, their arcs are equal ; 
therefore the supplemental arcs and chords 4g, ar, are also 
equal ; consequently the triangle axr is isosceles, and has the 
angle & equal to the angle F ; also the angles at ¢ are right 





angles. 
Draw cr and pr. Then, sc: cb:: CD: BD, OF BC: BF!; 
BF : BD by constr. And Ba : BF : BG (by th. 87). But 


po=1pa; therefore so = 1iBp=—cp ; Chari tie the two tri- 


angles GBF, GDF, are identical (th. 1), and each equiangular 
to 
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to apr and acF (th. 87). Therefore their doubles, BFD, AFE, 
are isosceles and equiangular, as well as the triangle Ber ; 
having the two sides Bc, cr. equal, and the angle 8 common 
with the triangle Brp. But cp is = pF or Br; therefore the 
angle c = the ‘angle pFc (th. 4) ; consequently the angle BprF, 
which is equal to the sum of these two equal angles (th. 16), 
is double of one of them c ; or the equal angle B or crs double 
the angle c. So that cpr is an isosceles triangle. having each 
of its two equal angles double of the third angle c. Conse- 
quently the triangle ser (which it has been shown is equi- 
angular to the triangle cpr) has also each of its angles at the 
base double the angle a at the vertex. 


PROBLEM XXIX. 


To Inscribe a Regular Pentagon in a Given Circle. 


Inscrise the isosceles triangle asc 
having each of the angles asc, acs, 
double the angle sac (prob. 28).. Then 
bisec! the two arcs saps, arc, in the 
points p, & ; and draw the chords ap, 
DB, AE, Ec, So shall apsce be the in- 
scribed equilateral pentagon required. 

For, because equal angles stand on 
equal arcs, and double angles on double arcs, also the angles 
asc, acs, being each double the angle sac, therefore the arcs 
“ADB, AEC, subtending the two former angles, each one double 
the arcs ec subtending the latter. And since the two former 
arcs are bisected in p and gz, it follows that all the five arcs 
AD, DB, BC, CE, EA, are equal to each other, and consequently 
the chords also which subtend them, or the five Boe: of the 
pentagon, are all equal. 

Note. In the construction, the points p and & are most easily 
found, by applying sp and ce each equal to gc. 





PROBLEM XXX. 
Te Inscribe a Regular Hexagon in a Circle, 


Appty the radius ao of the given circle 
as achord, as, Bc, cp, &c, quite round the 
circumference, and it will complete the 
regular hexagon ABCDEF. 

For. draw the radii ao, Bo, co, DO, EO, 
so, completing six equal triangles; of 
which any one, as aBo, being equilateral 
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by constr.) its three angles are all equal (cor. 2, th. 3), and 
" any one of them, as aos, is one third of the whole, or of two 
right angles (th. 17), or one-sixth of four right angles. But 
the whole circumference is the measure of four right angles 
(cor. 4, th. 6). ‘Therefore the arc az is one-sixth of the 
circumference of the circle, and consequently its chord ap 
one side of an equilateral hexagon inscribed in the circle. 
And the same of the other chords. 

Corol. The side of a regular hexagon is equal to the radius 
of the circumscribing circle, or to the chord of one-sixth 
part of the circumference. 


PROBLEM XXXI. 


To describe a Regular Pentagon or Hexagon about a Circle. 


‘In the given circle inscribe a regular 
polygon of the same name or number 
of sides, as apcpr, by one of the fore- 
going problems. Then to all its angu- 
lar points draw tangents (by prob. 13) 
and these will form the circumscribing 
polygon required. 

For, all the chords, or sides of the 

inscribing figure, aB, Bc, &c. being equal, and all the radii 
OA, 0B, &c. being equal, all the vertical angles about the point 
® are equal. But the angles ogr, oar, oaG, ogc, made by 
the tangents and radii, are right angles!) therefore OEF,-+-OAF 
= two right angles, and oac ++ ope = two right angles ; con- 
sequently, also, aok -+ are = two right angles, and aos ++ ace 
= two right angles (cor. 2, th, 18). Hence, then, the angles 
AOE -+ AFE being = aos ae AGB, of which aop is = aog; con- 
sequently the remaining ‘angles F and @ are also equal. In 
the same manner it is shown, that all the angles F, G, H, 1, K, 
are equal. 

Again, the tangents from the same point re, ra, are equal, 
as also the tangents ac, cB (cor. 2, th. 61) ; and the angles ¥ 
and ec of the isosceles ‘triangles AFE, AGB, are equal, as well 
as their opposite sides aE, aB-; consequently those two trian- 
gles are identical (th. 1), and have their other sides EF, FA, AG, 
cB, all equal, and ra equal to the double of any one of them. 
In like manner it is shown, that all the other sides GH, HI, IK, 
KF, are equal to rac, or double of the tangents cB, BH, Bes 

Hence, then, the. circumscribed figure is both equilateral 
and equiangular, which was to be shown. 
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Corol. The inscribed cittle; touches the midds of the sides 
of the polygon. chs yy 


PROBLEM XXXI. 


To inscribe a circle in a Regular Polygon. . 


Bisect any two sides of the polygon 
by the perpendiculars co, Fo, and their | 
intersection o will be the centre of the 
inscribed circle, and oc er or will be the 
radius. , 

For the perpendiculars to the tangents 
AF, AG, pass through the centre (cor. th. 
47) ; and the inscribed circle touches 
the middle points r, c, by the last corollary. Mae) the two 
sides ac, ao. of the right-angled triangle aoc, being equal to 
the two sides ar, ao. of the right-angled triangle aor, the 
third sides or, oc, will also be equal (cor. 2. th 34). There- 
fore the circle described with the centre o and radius.oc, will » 

pass through F, and will touch the sides in the points @ and F. 
And the same for all the other sides of the figure. 





PROBLEM XXXIII. 


To Describe a Circle about a Regular Polygon. 


Bisect any two of the angles, c and p, 
with the lines co, po; then their inter- 
section o will be the centre of the cir- 
cumscribing circle ; and oc, or.op, will 
be the radius. 

For, draw 0B; OA; OE, &c, to the 
angular points of the given polygon. 
Then the triangle ocp is isosceles, having the sigen ht at c, and 
p equal, being the halves of the. equal angles of the polygon 
scp, cpg; therefore their opposite sides co, Do, are equal 
(th. 4). But the two triangles ocp, ocs, having the two sides 
OC, CD, equal to the two oc, cB, and the included angles ocp, 
ocs also equal. will be identical (th. 1), and have their third 
sides Bo, op, equal. In like manner it is shown, that all the 
lines OA, 0B, Oc, OD OE, are equal. Consequently a circle 
described with the centre o and radius oa, will pass through | 
all the other angular points, B, c, », &c, and will circumscribe 
the polygon. 





PROBLEM 


PROBLEMS. 3 367 


PROBLEM XXXIV. 


To make a Square Equal to the Sun of two or more Given 
Squares. 


Let as and ac be the sides of two 
given squares. Draw two indefinite 
lines ap, A@, at right angles to each 
other ; in which place the sides as, 
ac, of the given squares ; join Bc; 
then a square aor on Bc will be — 
equal to the sum of the two squares ; 
nadine on ap and ac(th. 34). NRE fee apa 

Inthe same manner, a square may be made equal to the 
sum of the three or more given squares. For, if as, ac, ap, 
be taken as the sides of the given squares, then, making ar 
Bc, AD—=ap, and drawing bE, it 1s evident that the square on 
bE will be equal to the sum of the three squares on a8, Ac, 
ap. And so on for more squares. 





PROBLEM XXXV. 


To make a Square equal to the Difference of two Given 
Ne | Squares. 


Ler asp and ac, taken in the same 





‘straight line, be equal to the sides of dD 
the two given squares.—F rom the cen- we \ 
tre a, with the distance as, describe a eae: 
circle; and make cp perpendicular to A CE 


AB, meeting the circumference in D: so 
shall asquare described on cp. be equal to ap? ~—ac?, or Az’ 
_ —ac?, as required (cor. th. 34). 


PROBLEM XXXVI. 


To make a Triangle Equal to a Given Quadrangle ascp. 


Draw the diagonal ac, and parallel 
io it DE, meeting Ba produced at x, and 
join cE ; then will the triangle ces be 
equal to the given quadrilateral ancp. 

For, the two triangles acz, acp, be- 
ing on the same base ac, and between 
the same parallels ac, pe. are equal (th. 25); therefore, if 
apc be added to each, it will make pc equal to ascp (ax. 2). 

PROBLEM 
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PROBLEM XXXVII. 


To make a Triangle Equal to a Given Pentagon anepr. ~ 


Draw pa and ps, and also EF, ca, 
: DD 

parallel to them, meeting as produc- 
ed at F and G; then draw pF and pe ; 
so shall the triangle pra be equal to. 
the given pentagon ABCDE 

For the triangle prampga,and the 7 __\ vee? 
triangle pas=ncB (th. 25) ; therefore, ir’ 2 B G 
by adding pas to the equals, the sums 3 
are equal (ax. 2), that is, paB-++par-+-pae= DaB-++DAE+-DBC, 
or the triangle | pre= to the pentagon ABCDE. 





PROBLEM XXXVIII. 
To make a Rectangle Equal to a Given Triangle “ABC. 


‘Bisect the base as inp; then raise DE 
and BF, perpendicular to an, and meeting 
cF parallel to as, at Ee and F: so shall pF 
be the rectangle equal to the given trian- 
gle anc (by cor. 2, th. 26). 





PROBLEM XXXIX. 
To make a Square Equal to a Given Rectangle azcn. oes 


Propvuce one side az, till Bz be 





equal to the other side pc. On 4k Het ni 
as a diameter describe a circle, Dr ee ce 
meeting Bc produced at F: then j: * 
will gr be the side of the square 3 I’ | ) \ 
BFGH, equal to the given rectangle AH 5B 


BD, as required; as appears by cor. 
th. 87, and th. 77. 
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APPLICATION OF ALGEBRA 
TO 


GEOMETRY. 


VV HEN it is proposed to resolve a geometrical problem 
algebraically, or by algebra, it is proper, in the first place, to 
draw a figure that shall represent the several parts or con- 
ditions of the problem, and to suppose that figure to be the 
true one. Then, having considered attentively the nature of 
the problem, the figure is next to be prepared for a solution, 
if necessary. by producing or drawing such, lines in it as ap- 
pear most conducive to thatend. This done, the usual syme 
bols or letters, for known and unknown quantities, are em- 
ployed to denote the several parts of the figure, both the 
known and unknown parts, or as many of them as necessary, 
as also such unknown line or lines as may be easiest found, 
whether required or not. Then proceed to the operation, 
by observing the relations that the several parts of the figure 
have to each other; from which, and the proper theoremsin 
the foregoing elements of geometry, make out as many equa- 
tions independent of each other, as there are unknown quan- 
tities employed in them: the resolution of which equations, 
in the same manner as in arithmetical problems, will deter- 
mine the unknown quantities, and resolve the problem pro- 

osed. 

; As no general rule can be given for drawing the lines, and 
selecting the fittest quantities to substitute for, so as always 
to bring out the most simple conclusion, because different 
problems require different modes of solution ; the best way 
te gain experience, is to try the solution of the same problem 
in different ways, and then apply that which succeeds best, 
to other cases of the same kind, when they afterwards occur. 
The following particular directions, however, may be of some 
use. 

Ist, In preparing the figure, by drawing lines, let them: be 
either parallel or perpendicular to other lives in the figure, 
or so as to form similar triangles. And if an angle be given, 
- it will be proper to let the perpendicular be opposite to that 
angle, and to fall from one end of a given line, if possible. 

Vou. I, 48 2d, 


370. ~ APPLICATION OF ALGEBRA- 


2d, In selecting the quantities proper to substitute for, those 
are to be chosen, whether required or not, which lie nearest 
the known or given parts of the figure, and by means of which 
the next adjacent paris may be expressed by addition and sub- 
traction only, without using surds. 

3d, When two lines or quantities are alike related to other 
parts of the figure or problem, the best way is, not to make 
use of either of them separately, but to substitute for their 
sum, or difference, or rectangle, or the sum of their alternate 
quotients, or for some line or lines, in the figure, to which 
they have both the same relation. 

Ath, When the area, or the perimeter, of a figure, is given, 
or such parts of it as have only a remote relation to the parts 
required : it is sometimes of use to assume another figure 
_ similar to the proposed one, having one side equal to unity, or 
some other known quantity. For, hence the other parts of 
‘the figure may be found, by the known proportions of the like 
sides or parts, and so an equation be obtained. For examples, 
take the following problems. 


PROBLEM f. 


In a Right-angled Triangle, having given the pia (3), anak the 
Sum of the Hypothenuse and Perpendicular (9) ; to find both 
these two Sides. 


‘Let asc represent the proposed triangle, 
right-angled at s. Put the base an =3 =b, 
and the sum ac - se of the hypothenuse. 
and perpendicular = 9 =s; also, let x de- 
note the bypothenuse ac, and y the perpendi- 
cular BC. . 

Then by the question - - - 2 +y=s, 

and by theorems 34, - = = #%==y?-+-b?. 
By transpos. yin the let equ. gives « =s —y, 
This value of x substi. in the 2d, 

dives 22901 3ULie Wed Caen dah heey tence gees 

Taking away y? on both sides leaves s?——-Zsy=b?. 
By tanspos. 2sy and 6?, gives 52h? =Qsy, 
2 fp2 
dae elink: by Grativent 40 “saci 





23 
Hence r=s—y 5=ac. : Hig 
- N. B. In this solution, and the following ones, the nota- 
tion is made by using as many unknown letters, 2 and y, a8 
| | . ) there 
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there are unknown sides of the triangle, a separate letter for 
each ; in preference to using only one unknown letter for one 
side, and expressing the other unknown side in terms of that 
letter and the given sum or difference of the sides ; though 
this latter way would render the solution shorter and sooner ; 
because the former way gives occasion for more and better 
practice in redacing equations, which is the very end and rea- 
son for which these problems are given at all. 


PROBLEM If. 


Ina Right-angled Triangle, having given the Hypothenuse (5) ; 
and the sum of the Base and “Perpendicular (7) ; to find 
both these two Sides. 


Let azc represent the proposed berdnele: right: err at B. 
Put the given hypothenuse ac=5=a, and the sumas-+sc of 
the base and perpendicular =7=s ; also let x denote the base 
an, and y the perpendicular sc. 

Then by the question - - - a-+y=s 

* and by theorem 34 .- - - «?-+-y?=a? 

By transpos. yin the Ist, gives «=s—y 

By substitu. this valu. for x, gives s2 —2sy+-2y? = 

By transposing s?, gives - - aS — 2sy=a? —s? 

By dividing by 2, gives'- - - y? —sy=41a? —1s? 

By completing the square, gives y?—sy+4s 32 =1a —132 
By extracting the root, gives - y tex, /hat 152 

By transposing 3 ts,gives - - y=tst,/la?—13= 

4 and 3, the values of x and y. 





: 


PROBLEM III. 


¥ 


ha Bain having given the Diagonal (10), and the Peri- 
meter, or Swin of all the Four Sides (28) ; to find each of the 
' Sides severally. 


Ler azcp be the proposed rectangle ; D __¢ 
and put the diagonal ac = 10 =d, and 
half the perimeter as + 8c or ap + pe 
= 14=a; also put one side ap =z, 
and the other side sc = y. Hence, by A B 


right-angled 
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right-angled triangles, - - - + - «&2--y2=dé 
And by the question, - - = - - a-y=a 
Then by transposing 3 in the 2d, gives Saal 
This value substituted in the Ist, gives ah eoy tail 
Transposing a?, gives- - - 2y? — cayaeds —a? 
And dividing by 2, gives - = y? —-ay=4d? —}a? 

By completing the square, itis y? —ay-+ ja? = id? —14q3 


And extracting the root, gives y—jo=,/id? — la? 
and transposing ia, gives y=lat,/id? —1a7=8 . 
or 6, the values of « and Y. 





PROBLEM IV. 


Having given the Base and Perpendicular of any Triangle ; 
find the Side of a Square Inscribed in the Same. 


Let asc represent the given triangle, 
and EFGH its inscribed square. Put the 
base an = 6, the perpendicular cb = a, 
and the side of the square GF or GH = 
pi = 2; then wili cr = cp — pi =a 
om J. 

Then, because the like lines in the 
similar triangles apc, Grc, are propor- | 
tional (by theor. 84, Geom.), aB : cp :; GE: cr, that is, 
b:a i: x:a—za. Hence, by multiplying extremes and 
means, ab — bx = aa, and transposing 6z, gives ab=ax--ba ; 





then dividing by a-++b, gives x = a = «Fr or cH the side of 


the inscribed square: which therefore is of the same magni- 
tude, whatever the species or the angles of the triangles may 
be. 

PROBLEM V. 


In an Equiateral Triangle, having given the lengths of the three 
Perpendiculars drawn from a certain Point within, on the 
three Sides; to determine the Sides. 


Let asc represent the equilateral tri- 
angle, and pF, pF, pc, the given per- 
pendiculars from the pointy. Draw the 
lines pa, DB, nc, to the three angular 
points ; and let fall the perpendicular cu 
onthe base sz. Put the three given per- 
pendiculars np =a, pF = 6b, pe = c, \ 
and put 2 = an or eH, half the side of A SEG 
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the equilateral triangle. Then is ac or Bc = 22, and by 
right angled triangles the perpendicular cH = ,/ac?—aH? 
=f 4027-2? =) /32? =x /3., oe ) 

Now, since the area or space of a’rectangle, is expressed 
by the product of the base and height (cor. 2, th. 81 Geom.), 
and that a triangle is equal to half a rectangle of equal base 
and height (cor. 1, th. 26), it follows that, 
the whole triangle anc is = JaBX cH= 2X &4/3= 2? 4/3, 
the triangle asp = }4BX pg = aX ec = cz, 
the triangle scb = }Bc X p—E = & X a = az, 
the triangle acb = 3ac X pk = xX b = be. 

‘But the three last triangles make up, or are equal to, the 
whole former, or great triangle ; 
that is, 237,/ 3 = ax + bx + cx; hence, dividing by x, gives 

r.f3=a +6 +c, and dividing by ,/ 3, gives 


od a ata half the side of the triangle sought. 








z 





ce 


Also, since the whole perpendicular cn is =2,/3, it is 
therefore =a+b-+-c.. hat is, the whole perpendicular cna, 
is just equal to the sum of all the three smaller perpendicu- 
lars pe-++pr-+-pe taken together, wherever the point pis si- 
tuated. 


PROBLEM VI. 


In a Right-angled Triangle, having given the Base (3), and 
the Difference between the Hypothenuse and Perpendicular 
(1); to find both these two Sides. 


PROBLEM VJ. 


In a Right-angled Triangle, having given the Hypothenuse 
5), and the Difference between the Base and Perpendicular 
1); to determine both these two Sides. 


‘PROBLEM VIII. 


Havine given the Area, or Measure of the Space, of 
Rectangle, inscribed in a given Triangle ; to determine the 
Sides of the Rectangle. : 


PROBLEM 
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ri PROBLEM IX, 
_ In a Triangle, having given the Ratio of the two Sides, to- 
vether with both the Segments of the Base, made by a Per- 


pendicular from the Vertical Angle ; to determine the Sides of 
the Triangle. 


PROBLEM X.; 
In a Triangle, having given the Base, the Sum of the other 
two Sides, and the Length of a Line drawn from the Vertical 


Angle to the Middle of the Base; to find the Sides of the 
Triangle. 


PROBLEM XI. 
In a Triangle, having given the two Sides about the Vertical 


Angle, with the Line bisecting that Angle, and pape in 
the Base ; to find the Base. 


PROBLEM XII. 
To determine a Right-angled Triangle; having given the 


Lengths of two Lines drawn from the acute enelcas to the 
Middle of the opposite Sides. . 


PROBLEM XIII. 


To determine a Right-angled Triangle ; having given the 
Perimeter, and the Radius of its Inscribed Circle. | 


PROBLEM XIV. 


To determine a Triangle ; having given the Base, the Per- 
pendicular, and the Ratio of the two Sides. 


PROBLEM XV. 


4 To determine a Right angled Triangle ; having given the ; 
WY ypothenuse, and the Side of the liiscribed Pare: 


e. PROBLEM 
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PROBLEM XVI. 


To determine the Radii of three Equal Circles, described 
ina given Circle, to touch each other and also the Circumfer- 
ence of the given Circle. 


PROBLEM XVII. 


In a Right-angled Triangle, having given the Perimeter or 
Sum of all the Sides, and the Perpendicular let fall from the 
Right Angle on the Hypothenuse ; to determine the ee 
that is, its Sides. 


PROBLEM XVIII. 


To determine a Right-angled Triangle ; having given the 
Hypothenuse, and the Difference of two lines drawn from the 
two acute pnaaes to the Centre of the Inscribed Circle. 


PROBLEM XIX. 


To determine a Triangle ; having given the Base, the Per- 
pendicular, and the Difference of the two other Sides. 


PROBLEM XX. 


To determine a Triangle ; having given the Base, the Per- 
pendicular, and the Rectangle or Product of the two Sides. 


PROBLEM XXII. 


To determine a Triangle ; having given the Lengths of three 
Lines drawn from the three Angles, to the Middle of the oppo- 
site Sides. 


PROBLEM XXII. 


In a Triangle, having given all the three Sides ; to find the 
Radius of the Inscribed Circle. 


PROBLEM XXIII. 

To determine a Right-angled Triangle ; having given the 

Side of the Inscribed Square, and the Radius of the ‘Inscribed 
Circle. 


PROBLEM 
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PROBLEM XXIV. 


To determine a Triangle, and the Radius of the Inscribed 
Circle ; having given the Lengths of three Lines drawn from 
the three Angles, to the Centre of that Circle. 

PROBLEM XXV. 

To determine a Right angled Triangle: having given the 

Hypothenuse, and the Radius of the Inscribed Circle. 
PROBLEM XXVI. 
To determine a Triangle ; having given the Base, the Line 


bisecting the Vertical Angle, and the Diameter, of the Cir- 
cumscribing Circle. 
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PLANE TRIGONOMETRY, — 


DEFINITIONS, 


1. Prange TRIGONOMETRY treats of the relations 
and calculations of the sides and angles of plane triangles, — 

2. The circumference of every circle (as before observed 
in Geom. Def. 57) is supposed to be divided into 360 equal 
parts, called Degrees ; also each degree into 60 Minutes, each 
minute into 60 Seconds, and so on. Hence a semicircle con 
tains 180 degrees, and a quadrant 90 degrees. PF op 

3. The measure of an angle (Def. 58, Geom.) is an arc of 
any circle contained between the two lines which form. that 
angle, the angular point being the centre ; and it is estimated 
by the number of degrees contained in that arc, 9 

Hence, a right angle, being measured by a quadrant, or 
quarter of the circle, is an angle of 90 degrees; and the sum 
of the three angles of every triangle, or two right angles, is 
equal to 180 degrees. ‘Therefore, in a right-angled triangle, 
taking one of the acute angles from 90 degrees, leaves the 
the other acute angle; and the sum of two angles, in any tri- 
angle, taken from 180 degrees, leaves the third angle ; or 
one angle being taken from 180 degrees, leaves the sum of 
the other two angles. 

4, Degrees are marked at the top of the figure with a 
small °, minute with’, seconds with”, and soon. Thus 57° 
30' 12”, denote 57 degrees 30 minutes and 12 seconds, 

5. The Complement of an arc, is 
what it wants of a quadrant or 90°. 
Thus, if ap be a quadrant, then Bp 
is the compliment of the arc a8 ; and, 
reciprocally, az is the compliment of 
BD. So that, Wf as be an arc of 50°, 
then its complement sp will be 40°. 

6. The Supplement of an arc, is 
what itwants of a semicircle, or 15029. 
Thus, if ape be a semicircle, then ppe is the supplement of 
the arc AB; and, reciprocally, as is the supplement of the 
arc Bpe.. So that, if 4z be an are of 50°, then its supplement 
Bpe will be 130°. | | 

VO .. ee AO is Sehye 
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7, The Sine, or Right Sine, of an arc, is the line drawn 
from one extremity of the arc, perpendicular to the diameter 
which passes through the other extremity. Thus, BF is the 
sine of the arc 4B, or of the supplemental arc spe. Hence 
the sine (Br) is half the chord (sc) of the double arc (Bac). 


8. The Versed Sine of an arc, in the part of the diameter 
intercepted between the arc and its sine. So, aris the vers- 
ed sine of the arc as, and er the versed sine of the arc 
EDB. : 


9. The Tangent of an arc, is a line touching the circle in 
one extremity of that arc, continued from thence to meet.a 
line drawn from the centre through the other extremity ; 
which last line is called the Secant of the same arc. Thus, 
AH is the tangent, and cu the secant of the arc an. Also, ut 
is the tangent, and cr the secant, of the supplemental arc gpr. 
And this latter tangent and secant are equal to the former, but 
are accounted negative, as being draire.d in an oppentgy or con- 
trary direction to the former. 


10. The Cosine, Cotangent, and Cosecant, of an arc, are 
the sine, tangent, and secant of the complement of that arc, 
the Co being only a contraction of the word complement. 
Thus, the arcs ap, Bp, being the complements of each other, 
the sine, tangent, or secant of the one of these, is the cosine, 
cotangent, or cosecant of the other. So, pr, the sine of as, 
is the cosine of Bp; and Bx, the sine of Bp; is the cosine of 
as: in like manner, au, the tangent of as, is the cotangent of 
sp; and vx, the tangent of px, is the cotangent of aB: also, 
cH, ‘the secant of 4B, is the cosecant of BD; pnd cL, the se- 
cant of Bp, is the cosecant of az. 


Corol. Hence several remarkable properties aaghy follow 
from these definitions; as, 


Ist, That an arc and its supplement have the same sine, 
tangent, and secant ; but the two latter, the tangent and secant 
are accounted negative when the arc 1s greater than a anad: 
rant or 90 degrees. 


2d, When the arc is 0, or nothing, the sine a tangent 
are nothing, but the secant.is then the radius ca, the least it 
can be. As the arc increases from 0, the sines, tangents, 
and secants, all proceed increasing, till the arc becomes a 


whole quadrant ap, and then the sine is the greatest it can be, 
being 
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peing the radius cp of the circle; and both the tangent and 
secant are infinite. 

3d, Of an arc as, the versed sine aF, ‘and cosine BK, or cr, 
together make up the radius ca of the circle.—The radius CA, 
the tangent ax, and the secant cn, form a right-angled triangle 
«aH. So also do the radius, sine, and cosine, form another 
right-angled triangle cpr or csx. As also the radius, cotan- 
gent, and cosecant, another right-angled triangle cpu. And 
all these right-angled triangles are similar to each other. 


11. The sine, tangent, or | 
secant of an angle, is the sine, 
tangent, or secant of the arc 
by which the angle is mea- 
sured, or of the degrees, &c., 
in the same arc or angle. 








“12, The nibthod: of con- 
stratting the scales of chords, 
sines, tangents, and secants, 
usually engraven on instru- 
ments, for practice, is exhi- 
bited in the annexed figure. 





13. A Trigonometrical Ca- 
non, is a table showing the 
length of the sine, tangent, 
and secant, to every degree 
and minute of the quadrant, 
with respect to the radius, 
which is expressed by unity. ; 
or 1, with any number of cy- 
phers. The logarithms of 
these sines, tangents and se- 
cants, are also ranged inthe 
tables ; and these are most commonly used, as s they perform 
the calculations by only addition and subtraction, instead of 
the multiplication and division by the natural sines, &c. ac- 
cording to the nature of logarithms. Such.a table of log. 
sines and tangents, as well as the logs. of common numbers, 
are placed at the end of the second volume, and the descrip- 
tion and use of them are as follow ; viz. of the sines and tan- 
gents ; and the other table, of common logs. has been already 
explained. 

BDes- 


BSS sgsaze 
Tangents. 


Sines. 
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Description of the Table of oe Sines and bya tae se 

ia the first éoladin of the table are dottained all the ares; 
ér angles, for every minute in the quadrant, viz. from 1’ to 
45°, descending from top to bottom by the left-hand side, and 
then returning back by the right-hand side, ascending from 
bottom to top, from 45° to 90°; the degrees being set at top 
or bottom, and the minutes in thie column. Then the sines, 
cosines, tangents, cotangents, of the degrees and minutes, are 
placed on the same lines with them, and in the annexed co- 
luinns, according to their several respective names or titles, 
which are at the top of the columns for the degrees at the top, 
but at the bottom of the columns for the degrees at the bottom 
of the leaves. The secants and cosecants are omitted in this 
table, because they are so easily found from the sines and 'co- 
Sines ; for, of every arc or angle, the sine and cosécant to- 
gether make up 20 or double the radius, and the cosine’ and 
secant together make up the same 20.also: Therefore, if a 
secant 1s waited, we have only to subtract the cosine from 20; 
or, to find the cosecant, take the sine from 20. And the best 
way to perform these subtractions, because it may be done at 
Sight, is to begin at the left hand, and take every figure from 
9, but the last or right hand figure from 10, eeineieeti’ dy for 
10, before the first figure of the remainder: 


PROBLEM 1. 
To compute the Natural Sine and Cosine of a Given Are. 


_ Tuts problem is resolved after various ways. One of these 
is as follows, viz. by means of the ratio between the diameter 
and circumference of a circle, together with the known series 
for the sine and cosine, Hereafter demonstrated. Thus, the 
semicircumference of the circle, whose radius i§ 1, being 
3,141592653589793, &c. the proportion will therefore be, 
as the number of debrees or minutes in the semicircle, 
fs to the degrees or minutes in the proposed arc, — 
80 is 3'14159265, &c. to the length of the said arc. 
This length of thé are being denoted by the letter ¢ a ; and 


~ ite 
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its sine and césine by s and ¢ ; then will these two be express- 
ed by the two following serres, viz. | 


a3 as is 
iv ss OAT daleen" 
0 te Oe ore Ve a a OES: ? 
a> as & 
ona 6 T1507 err ar et 


a? a4 @ 
i gtesaasaeet Weis 


a2 at 
pera ol aa7 ats sf 

Dan: 1. If it be tenmided to find the sine and cosine of 
ene minute. Then the number of minutes in 180° being 
10800, it will be first, as 10800.: 1 3: 3°14159265 &c. : 
-000290888208665 = the length of an ‘arc of one minute. 


Hemenaiane; in this case. _ 


a = ‘0002908882 
and 4a? = -@00000000004 &c. 
the dif. is s = -0002908882. the sine of 1 minute. 
- Also, from .1.. - | riba | aie Di 
take 4a? = 0:0000000423079 &c. 
leave ¢ = 9999999577 the cosine of 1 minute. 


Exam. 2. For the sine and cosine of 5 degrees. 
Here, as 180° : 5° +: 3°14159265 &c : -08726646 = a the 


length of 5 degrees, “Hence a = -08726646 
—ta3 = — -00011076 
4-40 & -00000004 , : 


these collected give s = -08715574 the sine of 5°. 





“And, for the cosine, 1==1° 
— 13 = — -00380771 


- Hayat = 00000241 





ee 


these collected givec==  +99619470 the cosine of 5°. 


After the same manner, the sine and cosine of any other 
arc may be computed. But the greater the arc is the slower 
the series will converge, in which case a greater number of 
terms must be taken, to. bring out the conclusion to the same 
degree of exactness. : 

Or, 
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Or, having found the sine, the cosine will be found from it, 
by the property of the right-angled led triangle cpr, viz. the co~ 
sine CF = / cB? —Br?, orc= J/1—s' —$7 

There are aléo other methods of constructing the canon of 
sines and cosines, which, for brevity’s sake, are here omitted. 


PROBLEM It. 
To compute the Tangents and Secants. 


Tue sines and cosines being known, or found by the’ fore- 
going problem; the tangents and secants will be easily found, 
from the principle of similar triangles, in the following man- 
ner : 

la the first foure, where, of the arc az, BF is the sine: CF 
or BK the cosine, an the tangent. ca the secant. px the cotan- 
gent. and cx the cosecant, ‘the radius being Ca or cB OF cD; _ 
the three similar triangles CFB, CAH, CDL, give the following 
prepariges: 

Ist, or. FBS) CA: Au whence: the tangent is known, 
being a fourth proportional to the cosine, sine, and radius. 

20, CH t4OB tia) CRS whence the secant is known, being 
a third abpadiesel to the cosine and radius. 

3d, BF : FC {! cD: DL; whence the cotangent is known, 
being a fourth proportional to the sine, cosine, and radius. 

Ath, BF : BC $! cD: cL; whence the cosecant is known, 
being a third proportional to the sine and radius. 

As for the log. sines, tangents, and secants, in the tables, 
they are only the logarithms of the natural sines, tangents, 
and secants, calculated as above. 


HAVING given an idea of the calculation and use of sines, 
tangents, and secants, we may now proceed to resolve the 
several cases of Trigonometry ; previous to which, however, 
it may be proper to add a few preparatory notes and observa- 
tions, as below. | 


Note 1. There are usually three methods of resolving tri- 
angles, or the cases of trigonometry ; namely, Geometrical 
Construction, Arithmetical irs i and Instrumental 
Operation. | 


In the first Method, The trinwdle is foasteqdeely by male 
the parts of the given magnitudes, namely the sides from a 
scale of equal parts,;and the angles from a seale of chords, 


or 
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or by some other instrument. Then measuring the unknown 
parts by the same. scales or instruments, the solution will be 
obtained near the truth. 

In the Second Method, Having stated the terms of the pros’ 
portion according to the proper rule or theorem, resolve it 
like any other proportion, in which a fourth term is to be 
found from three given terms, by multiplying the second and 
third together, and dividing the product by the first, in work- 
ing with the natural numbers ; or, in working with the loga- 
rithms. add the logs. of the second and third terms together, 
and from the sum take the log. of the first term; then the 
natural number ee to the remainder 1 in the fourth term 
sought. 

In the. Third Method, Or Instturientally, as suppose by the 
log. lines on one side of the common two-foot scales; Ex- 
tend the Compasses from the first term, to the second or third, 
which happens to be of the same kind-with it; then that ex- 
tent will reach from the other term to the fourth term, as re- 
quired, taking both extents towards the same end of the scale. 

Note 2. Every triangle has six parts, viz. three sides and 
three angles. And in every triangle, or case in trigonometry, 
there must be given three of these parts, to find the other 
three. Also, of the three parts that are given, one of them 
at least must be a side ; because, with the same angles, the 
sides ne ‘be greater or less in any proportion. 

Note 3, All the cases in trigonometry, may be comprised 
- in three varieties only; viz. 

ist, When aside and its opposite angle are given. 

2d, When two sides and the contained angle are given. 

3d, When the three sides are given. 

For there cannot possibly be more than these three varie- 
ties of cases ; for each of which it will therefore be proper to 
give a separate radtalel, as follows ; 


THEOREM Tf. 
When a Side and its Opposite Angle are two of the Given Parts. 


Tein the unknown parts will be found by this theorem ; 
viz. The sides of the triangle have the same proportion te 
each other, as the sines of their opposite angles have. 

That is, As any one side, 

Is to the sine of its opposite angle ; 
. So is any other side, 
Te the sine of its opposite angle, ) 
Demonstr, - 
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Demonstr. For, let. anc be the pro-. . 
posed triangle, having ap the greatest 
side, and gc the least. Take ap=sec, 
considering it as a radius; and let fall 
the perpendiculars pe, cr, which will 
evidently be the sines of the angles A | 
and s, to the radius ap or gc. Now: the trian ADE, ACF, 
are equiangular ; ; they therefore have their like sides propor- 
tional, namely, ac : cr :: ap or ct DE; that is, the side ac 
is to the sine of its opposite angle B, as the side gc is to the 
sine of its opposite angle a. 

Note 1. In practice, to find an angle, begin the propantion 
with a side opposite to a given angle. And to find a side, 
begin with an angie opposite to a given side. 

Note 2. An angle found by this rule is ambiguous, or it is 
uncertain whether it be acute or obtuse, unless it be a right 
angle, or unless its magnitude be such as to prevent the ambi- 
guity ; because the sine answers to two angles, which are 
supplements to each other; and accordingly, the geometrical 
construction forms two triangles with the same parts that are 
given, as in the example below; and when there is no res- 
triction or limitation included in the question, either of them 
may be taken. The number of degrees in the table, answer- 
ing to the sine, 1s the acute angle ; but if the angle be obtuse, 
subtract those. degrees from 180°, and the remainder will be 
the obtuse angle.’ When a given angle is obtuse, or a right 
one, there can be no ambiguity ; for then neither of the other 
angles can be obtuse, and the geometrical conyrenshiog will 
form only one triangle. hE tes 





EXAMPLE I. 


In the plane triangle axc, 
AB 345 yards 
Given Bc 232 yards 
Z 4 37° 20' 
Required the other parts. 





% Geometrically. 


Draw an indefinite line ; onwhichset off as=345 from some 
convenient scale of étyual parts.—Make the angle a = 37°92, 
—With a radius of 232, taken from the same scale of equal 
parts, and centre B, cross ac in the two points ¢, c. —Lastly, 
join Bc, Bc, and the feure i is constructed, which gives two tri- 
angles, ‘and shows that the case is ambiguous. 

Then, 
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Then, the sides ac measured by the scale of equal parts, 
and the angles w and c measured by the line of chords, or 
other instrument, will be found to be nearly as below ; viz. 
ac 174. > Ze Q7?e Zo 11504, 
er 3744 or 78} or 641 


2. Arithmetically, ° 
First, to find the angles at c. 


As side BC 232 - - log. 2 365488 
Tosin. op. Za 37° 20’. - ~ 9°782796 
So side AB 345 - - 2°537819 


Sosin. op Z4¢ 115° 36’ or 64° 24’ 9°955127 
add ZA 37 20 37. 20 

> the sum 152 56o0r 101 44 
faketifrom 180 00 ° 180 CO 
leaves AB 27 04 or 78° 16 


Then, to find the side ac. 
As sine Zia BP LOO 0% ~ log. 9-782796 


T 9 op. side Bc 232 - - 2365488 

$osin, 23 ts 04 - 9°658037 

ar 190. O96 €':) Fs - 9°990829 

To op. side ac 174-07 wets 2240729 
or 37456 > = 2°573521 


3. Instrumentally. 


In the first proportion. — Extend the compasses from 232 to 
345 on the line of numbers ; then that extent will reach, on 
the sines, from 37°} to 64°4, the angle c. 

‘In the second proportion, —Extend the compasses from 
37°1 to 27° or 78°1, on the sines ; then that extent will reach, 
on the line of Waters from 232, to 174 oF 3741, the two 
values of the side ac. | 


EXAMPLE IL 


In the plane triangle asc. 


az 365 poles 4a. 98% 3! 
Given ¢ za 57° 12! Ans: ¢{ ac 154 33 
(ZLB 24 45 BC 309°86 


Required the other parts. 
Vor. L 50 _ EXAMPLE 


eg 
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EXAMPLE If. 
{n the plane triangle azc, 
ZB 64° 35! 
ac 120 feet pe, e a 
Given< se 112 feet Ans. of tw on 
La BT? 28 
ap 1126 feet. 
Required the other parts. or 16°47 feet. 
THEOREM II. 


When two Sides and thetr Contained Angle are given. 


First add the two given sides together, to get their sum, 
and subtract them, to get their difference. Next subtract the 
given angle from 180°, or two right angles, and the remainder 
will be the sum of the two other angles ; then divide that by 
2, which will give the half the sum of the said unknown an- 
sles. Then say, 

As the sum of the two given sides, 

Is to the difference of the same sides ; 

So is the tang. of half the sum of their op. angles, 
To the tang. of half the diff. of the same angles. 

Then add the half difference of the angles, so found, te 
their half sum, and it will give the greater angle, and sub- 
tracting the same will leave the less angle ; because the half 
sum of any two quantities, increased by their half difference, 
gives the greater, and diminished by it, gives the less. 

Then all the angles being now known, the unknown side 
will be found by the former theorem. 

Note. Instead of the tangent of the half sum of the un- 
known angles, in the third term of the proportion, may be 
used the cotangent of half the given angle, which is the same 
thing. 

Detiontt Let asc be the proposed tri- 
angle, having the two given sides ac, Ff 
Bc, including the given angle c. With 
the centre c, and radius ca, the less of C 
these two sides, describe a semicircle, D 
meeting the other side sc produced in 
p, E, and the unknown side ap, in 4, c. 
Join ag, ap, ca, and draw pr parallel 
to AE. 

Then se is the sum of the two given oid AC, CB, OF ‘of 
EC, CB; and ep is the difference of the same two given sides 

AC; 


A——6¢ FB 


ro i») 

Me Sa : 

Pa 
we 
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ac, Bc, or of cp, cp. Also, the external angle ace, is equal 
to the given sum of the two internal angles cas, cpa; but | 
the angle apr, at the circumference, is equal to’ half the 
angle ace at the centre: therefore the same angle apg i$ 
equal to half the given sum of the angles cap, cpa. Also, 
the external angle acc, of the triangle pce, is equal to the 
sum of the two internal angles ccs, ceo, or the angle ace 
is equal to the difference of the two angles acc, esc ; but 
the angle cap is equal to the said augle acc, these being op- 
posite to the equal sides ac, ca; and the angle nas, at the 
circumference, is equal to half the angle pce at the centre ; 
therefore the angle pas is equal to half the difference of the 
two a IY cBa; of which it has been shown that apr or 
cepa is the half sum. | 

Now the angle pag, in a semicircle, is a right angle, or az 
is perpendicular to ap ; and pr, parallel to ax, is also per- 
pendicular to ap: consequently as is the tangent of cpa the 
half sum, and pr the tangent of pas the half difference of 
the angles, to the same radius ap, by the definition of a tan- 
gent. But the tangents az, pr, being parallel, it will be as 
BE : BD 7: AE: DF; that is, as the sum of the sides is to 
the difference of the sides, so is the tangent of half the sum 
ef the opposite angles, to the tangent of half their differ- 
ence. 


EXAMPLE f. 


In the plane triangle asc, C 


aB 345 yards ~ 
Given is 174-07 yards 
ZA 37° 20° 
Required the other parts. e z 


1. Geometrically. 


Draw ap = 345 from a scale of equal parts. Make the 
angle a = 37° 20’. Set off ac == 174 by the scale of equal 
parts. Join gc, and it is done. 

Then the other parts being measured, they are found to be 
nearly as follows ; viz. the side pc 232 yards, the angle zB 27°, 
and the angle c, 115°. 


2. Arithmetically. 


The side as 345. + From 180° 00’ 
the side ac 174:07 take Za 37 20 
theirsum 519-07 | sumofcands 142 40 


_ their differ. | 170-93 half sum of do. 71 20 
As 
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As sum of sides an, ac, - + 519°07°) log. — 2°715226 
To diff. of sides ap, ac, = -. 170:93 - 2°232818 
So tang. halfsum 2 sc and wp 71° 20’ - 10:471298 
Totang. half diff. Zsc and np 44 16 «+ °° 9.988896 

these added give Z c 115 36 : : 

and subir. give ZB 27 4 

Then, by the former theorem, . 

As sin. Z c $15° 36! or 64° 24! . log. 9°955126 


To its op.-side aB 345 - - ° 2°537819 
So sin. of Z a 37° 20! : wiive 9°782796 
To its op. side Bc 232—- - 2°365489 


3. Instrumentally. 


In the first proportion.—Extend the compasses from 519 
to 171, on the line of numbers ; then that extent will reach, 
on the tangents, from 71°4 (the contrary way, because the 
tangents are set back again from 4 5°) a little beyond 45, which 
being set so far back from 45, falls upon 44°, the fourth 
term. 

In the second proportion.—Extend from 64°! to 37°1 on 
the sines ;. then that extent will reach on the numbers, from. 
345 to 232, the fourth term sought. 


EXAMPLE II. 
In the plane triangle azc, 
AB 365 poles | Bc 309 86 
Given ¢ ac 154°33 ZB 24° 45’ 
: Za 57° 12° Z¢e98 3 
Required the other parts. e | 
EXAMPLE IIf. 
In the piane triangle azc, 
ac i20 yards aB 112°6 
Given Bc 112 yards ZA 57° 28! 
Zc 57? 57 ZB 6435 


Required the other parts. 
THEOREM III. 
When the Three Sides of a Triangle are given.- 


First, let fall a perpendicular from the greatest angle on the 
opposite sine, or base. dividing it into two segments, and the 
whole triangle into two right-angled triangles: then the pro- 
portion will be, ; 

8 
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As the base, or sums of the segments, 

is to the sum of the other iwo sides ; 
Sos the difference of those sides, 

To the diff. of the segments of the base.’ 

Then take half this difference of the segments, and add tt 
to the half sum, or the half base; for the greater segment ; 
and subtract the same for the less segment. 

Hence, in each of the two right-angled triangles, there 
. will be known two sides, and the right angle opposite to one 
of them: consequently the other angles will be found by the 
first theorem. 

Demonstr. By theor. 35, Geom. the rectangle of the sum 
and difference of the two sides, is equal to the rectangle of 
the sum and difference of the two segments. Therefore, by 
forming the sides of these rectangles into a proportion by 
theor. 76, Geometry, it will appear that the sums and differ- 
ences are proportional as in this theorem. 





EXAMPLE I. 
In the plane triangle asc, C 
Given th02, 283, ards ; ve 
the sides ) “© ae << 4 
Be 174:07 \ 


A. PB 
To find the angles. 


‘ 1. Geometrically, 


Draw the base an=345 by ascale of equal parts. With 
radius 232, and centre a, describe an arc; and with radius 
174, and centre p, describe another arc, cutting the former 
inc. Join ac, Bc, and it is done. 

Then, by measuring the angles, they will be found to be 
nearly as follows, viz, 

ZLAPTAS ZB 3792, and Zc 1159. 


2. Arithmetically. 


Having let fall the perpendicular cr, it will be, 
As the base ap : ac+ Bc ?: ac—BC : AP—BP, 
that is, as 345 : 406-07 2: 57:95 ; 68:18==arp—sp. 
its half is LoS Bd09 
the half base is 172°50 - 
the sum of these is 206°59="apP 
and their diff. is 138-41=—sBe 
Then, 
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Then, in the triangle, arc, right-angled at r, 


Astheside ac. - - 232 - log. 2°365488 
Tosin.op. Zep -. -. 90° - - + 10°000000 
Soistheside ap - - 206°59 - - 92315109 


Tosin. op. ZacPp - - .62° 56’ «+. 9949621 | 
Which taken from - 90 00 ; ) 
leavesthe Za 27 04 


Again, in the triangle src, right-angled at P, 


As the side se -. - 174:07 - log. 2°240724 
.Tosin. op. Zr .-.- 90°: - = 10-000000 
Se is side BP -. - 138-41 - » 2141168 
Tosin.op.Zpcr - - 52940! - -~ § 9-900444 


which taken from - 90 00 
leaves the 7B - 37. 20 


Also, the Zace 62° 56! 
added to ZpBce 52 40 
gives the whole Zacs 115 36 


So that all the three angles are as follow, viz. 


the £4 279 4'; the /xB 379 20’; the Zc 115° 36’. 


3. Instrumentally. 


In the first proportion. —Extend the compasses from 345 to 
406, on the line of numbers; then that extent will reach, on 
the same line, from 58 to 68°2 nearly, which is the difference 
of the segments of the base. 

In the second proportion.—Extend from 232 to 2061, on 
the line of numbers ; then that extent will reach, on the sines, 
from 90° to 63°. 

In the third proportion.—Extend from 174 to 1383 ; ther 
that extent will reach from 90° to 52°2 on the sines. 


EXAMPLE II. 


In the plane triangle axc, 


; aB 365 poles Za bie tae 
raagh Ac 154 33 A ZB 24 45 
i Bc 309 86 2°98 3 


To find the angles. 
/ EXAMPLE 
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EXAMPLE III. 


In the plane triangle asc, 


oe AB 120 ; ZA 57 QB’ 
merges ac 1126 Ans..? 7B 57 57 
Bo 112 Zc 64 35 


To find the angles. 





The three foregoing theorems include all the cases of plane 
triangles, both right-angled and oblique. But there are other — 
theorems suited to some particular forms of triangles, which 
are sometimes more expeditious in their use than the general 
ones; ome of which, as. the case for which it serves so fre- 
quently occurs, may be here taken, as follows : 


THEOREM IV. 


When a Triangle 1s Right-angled ; any of the unknown parts 
may be found by the following proportions: viz. 


As radius ; 

Is to either leg of the triangle ; 

So is tang. of its adjacent angle, 
To its opposite leg ; 

And so is secant of the same angle, 
To the hypothenuse. 


Demonstr, ap being the given leg, in the 
right-angled triangle asc ; with the centre 
a, and any assumed radius ap, describe an 
arc pe, and draw pr perpendicular to as, 
er parallel to pc. Then it is evident, from 
the definitions, that pr is the tangent, and 
ar the secant of the arc bE, or of the an- ! 
gle a which is measured by thatarc, to the radius av. Then, 
because of the parallels pc, pr, it willbe, - - - - as 
AD : AB +: DF: Bc_and ** aF: ac, which is the same as the 
theorem is in words. 

Note. The radius is equal, either to the sine of 90°, or the 
tangent of 45°; and is expressed by 1, in a table of natural 
sines, or by 10 in the log. sines. 





EXAMPLE I. 


In the right-angled triangle ABC, | 
the leg as 162 
Given ; 24 53°7 48" To find ac and Be. 
‘ 1, Geometrically; 
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1. Geometricalty, 


Make an = 162 equal parts, and the angle a=53° 7’ 48”; 
then raise the perpendicular gc, meeting ac inc. So shall 
ac measure 270, and Be 216. 


2. Arithmetically. 


As radius ‘ - - log. 10:000000 
To legs aB - 162 a) abeat ~) 2°209515 
So tang. ZA - 53°,'7 48" — 10-124937 
To leg. Be - 216 - 2°334452 
So secant ZA - 53°, 7 48" + 10221848 
To hyp. ac “ 270... = +) 2431363 


3. Instrumentally. 


Extend the compasses from 45° to 53°1, on the tangents. 
Then that extent will reach from 162 to 216 on the line of 
numbers. 


EXAMPLE II. 


In the right-angled triangle anc, 

; the leg an 180 Ae 392°0146 
patiren ; the Za 62°40’ ane Be 348-2464 

‘To find the other two sides. | 

Note. There is sometimes given another method for right- 
angled triangles, which is this : 

ape being such a triangle, make one 
leg aB radius; that is, with centre a, 
and distance ap, describe an arc BF. 
Then it 1s evident that the other leg Be 
represents the tangent, and the hypo- 
thenuse ac the secant, of the arc BF, or 
of the angle a. 

In tike manner, if the leg sc be made 
radius ;.then the other leg 4B will re- 
present the tangent, and the hypothenuse ac the secant, of the 
arc, BG or angle c. 

But if the hypothenuse be made radius ; then each leg will 
represent the sine of its opposite angle ; namely, the leg as 
the sine of the arc ar or angle c, and the leg BC the sine of the 
arc cp or angle a. 

Then the general rule for all these cases is this, namely, 
that the sides of the triangle bear to each other the same PE: 
portion as the parts which they represent. 

And this is called, Making every side radius. 





Note 
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Note 2. When there are given two sides of a right-angled 
triangle, to find the third side ; this is to be found by the pro- 
perty of the squares of the sides, in theorem 34, Geom. viz. 
that the square of the hypothenuse, or longest side, is equal 
to both the squares of the two other sides together. There- 
fore, to find the longest side, add the squares of the two short- 
er sides together, and extract the square root of that sum ; 
but to find one of the shorter sides, subtract the one square 
from the other, and. extract the pdotidt the remainder. 


% 


OF HEIGHTS AND DISTANCES, &c. 


BY the mensuration and protraction of lines and angles, 
are detérmined the lengths, heights, depths, and distances of 
bodies or objects. 

Accessible lines are measured by applying to them some 
certain measure a number of times, as an inch, or foot, or 
yard. But inaccessible lines must be measured by taking 
angles, or by such-like methed, drawn from the principles of 
geometry. 

When instruments are used for taking the magnitude of the 
angles in-degrees, the lines are then calculated by trigonome- 
try : in the other methods, the lines are calculated from the 
principle of similar triangles, or some other geometrical pro- 
perty, without regard to the measure of the angles. 

Angles of elevation, or of depression, are usully taken 
either with a theodolite, or with a guadrant, divided into de- 
grees and minutes, and ‘farnished with a plummet suspended 
from the centre, and two open sights fixed on one of the radii, 
or. hele with telescopic sights. 


To take an Angle of Altitude and Depression with the Quadrant. 


Let a be any object, as the sun, La 
moon, or a star, or the top of a 
tower, er hill, or other eminence: 
and let it be required to find the 
measure of the angle asc, which a 
line drawn from the object makes 
above the horizontal line xc. 

Place the centre of the quadrant 
in the angular point, and move it 

Vor. I. 51 round 
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round there as a centre, till with one eye at p, the other be- 
ing shut, you perceive the object a through the sights ; them 
will the arc cx of the quadrant, cut off, by the plumb- -line aes 
be the measure of the angle asc as required. 
The angle asc of depression of B 
any object a, below the horizontal 
line. Bc, is taken in the same man- 
ner ; except that here the eye is 
applied to the centre, and the mea- 
sure of the angle is the arc GH, on 
the other side of the plumb-line. 





The following examples are to be constructed and calculat- 
ed by the foregoing methods, treated of in Trigonometry. 


EXAMPLE I. 


Having measured a distance of 200 feet, in a direct hori- 
zontal line, fromthe bottom of a steeple, the angle of eleya- 
tion of its top, taken at that distance, was found to be 47° 30 ; 
from hence it is required to find the height of the steeple. 


Construction. 


Draw an indefinite line ; on which set off ac = 200 equal 
parts for the measured distance. Erect the indefinite per- 
pendicular as ; and draw cs so as to make the angle c= 
47° 30'; the angle of elevation ; and it is done. Then ap, 
measured on the scale of equal parts, is nearly 2181. — 





Calculation. 
As radius - ~ 10-000000 
Toac 200 - - ' 2301030 
So tang. Z c 47° 30° 10:037948 
To ap 218-26 required 2°3389798 
EXAMPLE II. 


What was the perpendicular height of a cloud, or of a bal- 
loon, when its angles of elevation were 35° and 64°, as taken ~ 
by two observers, at the same time, both on the same side of 
it, and in the same verticle plane; the distance between them 
being half a mile or 880 yards. And what was its distante 
from the said two observers ? 

. Constemmian: 
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Construction. 


Draw an indefinite ground line, on which set off the given 
distance aB = 880; then a and B are the places of the obser- 
vers. Make the angle a = 35°, and the angle 8s = 64° ; then 
the intersection of the lines at c will be the place of the bal- 
loon : whence the perpendicular cp, being let fall, will be its 
perpendicular height. Then by measurement are found the 
distances and height nearly as follow, viz. ac 1631, nc 1041, 
pe 936. 


Calculation. LS 
First, from ZB | 64° : i i 


take Za 85 
leaves 4 acp 29 


e 
Pos 
2 o 1 
o* 
‘SR oF? 5 
* rs 
cod & 
e Pd s 
» 








A. B D 

Then in the triangle axc, 
As sin. £ ACB 29° - - ° 9 685571 
To op. side aB 880 - - ° 2:944483 
So sin. ZA 352 - - ° 9°758591 
Toop sidesc 1041:125 - - - 3:017503 
As sin, Z ACB 992 -  - = ~~ 9685571 
To op. side aB - 880 - - - 2°944483 
So sin. # B 116° or 64° - - - 9°953660 
To op. side ac 1631-442 - - . 3°212572 

And in the triangle scp, © 
As. sin, Z D 90°. - -  10°000000. 
To op. side sc 1041-125 - - - 3°017503 
So sin. 48 Bae or ene. 8, | SOB 
To op. side cd 935°757 - - - | 2:971163 

EXAMPLE Iii. 


Having to find the height of an obelisk standing on the top 
of a declivity, 1 first measured from its bottom a distance of 
40 feet, and there found the angle, formed by the oblique plane 
and a line imagined to go to the top of the obelisk, 41°; but 
after measuring on in the same direction 60 feet farther, the 
like angle was only 23° 45'. What then was the height of the 
obelisk ? a 

Construction, 
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; 
Construction. 


Draw an indefinite line for the sloping plane or declivity, 
in which assume any point a for the bottom of the obelisk, 
from which set off the distance ac = 40, and again cp = 60 
equal parts. Then make the angle c = 41°, and the angle p 
= 23° 45’; and the point 8 where the'two lines meet will 
be the top of the obelisk. Therefore as, joined, will be its 
height. aa | Ses i 


Calcwation. AB 


‘From the / c 41° QO’ 
take the / bp 293 45 
leavesthe Z ppc 17 15 








Then in the triangle pzc, 
As sin. Z pBc (72% 15° - : - 9:472086 
To op. side pc 60 - - - - 1°778151 
Sosin. Z D (23 45 - - : 9°605032 
To op. side cp 81:488 - ~ - 1:911097 





ae Ss A Ps Ew 
And in the triangle apc, « Ls. SQ 
As sum of sides cB. CA 121:488 - 2:0845338 














To diff. of sides cn, cA 41-488 - © 1°617923 — 
So tang. halfsum Zsa,B “69° 30! .- \10°427262 
Totang. half diff. zsa,B 42 241. - 9:960652 
the diff. of these is Z cpa 27 53 < 
Lastly, as sin. Z cpa 27° 524 - : 9°658284 © 
To op. side ca it hag - - © 1:602060 
So sin. Zc 41° 0 - - 9°816943. 
To op. side aB 57°623 - - 1-760719 | 
EXAMPLE [Y. 


W anting to know the distance between two inaccessible trees, 
or other objecis, from the top of a tower 120 feet high, which © 
lay in the same right line with the two objects, I took the an- 
gles formed by. the perpendicular wall and lines conceived to 
be drawn from the top of the tower to the bottom of eack 
tree, and found them to be 33° and 64°. What then may be 
the distance between the two objects ? apie: 
Construction. 


* 
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Construetion, 


Draw the indefinite ground line 
BD, and perpendicular to it na = 
120 equal parts. Then draw the 
two lines ac, ap, making the two 
angles Bac, BaD, equal. to .the 
given angles 33° and 64°14. So 
shall c and p be the places of the 
two objects. 





Calculation. 


First, in the right-angled triangle asc, 


_ As radius - - - : - 10-0000600 
To aB - . 120. - - «) ra (ROT9ISL 
So tang. Z Bac 33° - - - 9°812517 
To Be -77°929_ - . - 1-891698 

Then in the right-angled triangle agp, 
As radius - ° - - - + 10°:000000 
Toas - ~ - 120 - - 2°079181 
So tang. Z Bap - 6494 - - 10:321A04 
Topp - °§ - 251°585 - - 2°400685 


From which take sc 77:929 
leaves the dist. cp 173-656 as required. 


EXAMPLE V. 


Being on the side of a river, and wanting to know the dis- 
tance to a house which was seen on the other side, 1 measured 
200 yards in a strait line by the side of the river ; and then, 
at each end of this line of distance, took the horizontal angle 
formed between the house and the other end of the line; 
which angles were, the one of them 68° 2, and the other 
73° 15’; What then were the distances from each end to the 
house ? 


Construction. 


Draw the line as = 200 equal parts. Then draw ac so 
a3 to make the angle a = 68°? 2’, and sc to make the angle 
B = 73° 15. Sq -shall the point ¢ be the place of the house 
required. ; 
Calculation, 
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‘Calculation. 


To the given Z A 68e.. 2 
add the given 7 B 73 15 
then their sum 141 17 
being taken from 180 =O 
leaves the third Zc 38 43 





Hence, As sin. 7 c §8° ° 43) 2- 9:796206 
To op. side as 200 - 2°301030 
Sosin. Z A 68° a 9-967268 
To op, side gc 296°54 - 2°472092 

And, As sin. / € 38° 43° -  9:796206 
To op. side ax 200 : 2-301030 
So sin. Z B 7a? 15° -  +9°981171 
To op. side ac 306°19 - 2°485995 


Exam. vi. From the edge of a ditch, of 36 feet wide, sur- 
rounding a fort, having taken the angle of elevation of the 
top of the wall, it was found to be 62° 40°; required the 
height of the wall, and the length of a ladder to reach from 
my ‘station to the top of it? A height of wall 69-64, 

ladder, 78:4 feet. 

Exam. vir. Required the length of a-shoar, which being to 
strut 11 feet from the upright ef a building, will support a 
jamb 23 feet 10 inches from the ground ? 

Ans. 26 feet 3 inches. 

Exam. vir. A ladder 40 feet long, can be so planted, that 
it shall reach a window 33 feet from the ground, on one side 
of the street ; and by turning it over, without moving the foot 
out of its place, it will do the same by a window 21 feet high, 
on the other side: required the breadth of the street? 

Ans. 56°649 feet. 

Exam. rx. A maypole, whose top was broken off by a blast 
ef wind, struck the ground at 15 feet distance from the foot 
of the pole: what was the height of the whole maypole, sup- 
posing the broken piece to measure 39 feet in length ? 

Ans. 75 feet. 

Exam. x. At 170 feet distance from the bottom of a tower, 
the angle of its elevation was found to be 52° 30': required 
the altitude of the tower ? Aas. 2°1:55 feet. 

Exam. x1. From the top of a tower, by the sea-side of 143 
feet high, it was observed that the angle of depression of a 
ship’s bottom, then at anchor, measured 35°: what then was 
the ship’s distance from the bottom of the wall? . 

Ans. 20422 feet. 
Exam. 


¢ 
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Exam. xu. What is the perpendicular. height of a hill, 
its angle of elevation, taken at the bottom of it, being 46°, 
and 200 yards farther off, on a level with the bottom, the an- 
gle was 31° ? Ans. 286-28 yards. 


Exam. xu. Wanting to know the height of an inacces- 
sible tower ; at the least distance from it, on the same hori- 
zontal plane, [ took its angle of elevation equal to 58° ; then 
going 300 feet directly from it, found the angle there to be on- 
ly 32°; required its height, and my distance from it at the 
first station ? Fee tinct 307-53 

ae " Q distance 192-15 


Exam. xiv. Being on a horizontal plane, and wanting to 
know the height of a tower placed on the top of an inacces- 
sible hill ; I took the angle of elevation of the top of the hill 
40°, and of the top of the tower 51°; then measuring ina 
line directly from it to the distance of 200 feet farther, | found 
the angle to the top of the towers to be 23° 45... What then 
is the height of the tower ? 

Ans. 93.33148 feet. 


Exam. xv. From a window near the bottom of a house, 
which seemed to be on a level with the bottom of a steeple, 
I took the angle of elevation of the top of the steeple equal 
40° ; then from another window. 18 feet directly above the 
former, the like angle was 37° 30 : what then is the height 
and distance of the steeple,? ‘Ane ; height 210-44 

"9 distance 250°79 


Exam. xvi. Wanting to know the height of, and my dis- 
tance from, an object on the other side of ariver, which seem- 
ed to be ona level with the place where I stood, close by the 
side of the river; and not having room to measure backward, 
on the same plane, because of the immediate rise of the bank, 
I placed a mark were | stood, and measured in a direction 
from the object, up the ascending ground to the distance of 264 
feet, where it was evident that | was above the level of the 
top of the object ; there the angles of depression were found 
to be, viz. of the mark left at the river’s side 42°, of the bot- 
tom of the object, 27°, and of its top 19°. Required then 
the height of the object, and the distance of the mark from 
its bottom ? A height 57-26 

| . ; distance 150°50 


Exam. xvi. If the height of the mountain called the 
Peak of Teneriffe be 21 miles, as it is nearly, and the angle 
taken 
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taken at the top of it, as formed between a plumb-line and a 
line conceived to touch the earth in the horizon, or farthest 
visible point, be 87° 58’; itis required from these to deter- 
mine the magnitude of the whole earth, and the utmost dis- 
tance that can be seen on its surface from the top of the moun- 
tain, supposing the form of the earth to be perfectly round ? 


if dist. 140-876 mil . 
diam. 7936 ate 


Exam. xviit..” Two ships of war, intending to cinubbade 
a fort, are by the shallowness of the water, kept so far from 
it, that they suspect their guns cannon reach it with effect. In 
order therefore to measure the distance, they separate from 
each other a quarter of a mile, or 440 yards ; then each ship 
observes and measures the angle which the other ship and the 
fort subtends, which angles are 83° 45 and 85° 15‘. What 
then is the distance between each ship and the fort?» 
292-26 ards. 
hice: pies ‘05 fies 


Exam. x1x. Being on the side of a river, and wanting to 
know the distance to a house which was seen at a distance on 
the other side; I measured out for a base 400 yards in a right 
line by the side of the river, and- found that the two angles, 
one at each end of this line, subtended by the other end and 
the house, were 68° 2! and 73° 15°. - What then was the dis- 
tance between each station and the house ? 

Ans eas, ar 
*2612:38 J 


Exam. xx. Wanting to know the breadth of a river, I 
measured a base of 500 yards in a straight line close by one 
side of it; and at each end of this line I found the angles sub- 
tended by the other end and a tree close to the bank on the 
other side of the river, to be 53° and 79° 12’; What ten 
was the perpengienlar breadth of the river ? 

Ans. 529°48 ea 


Exam. xxt. Wanting to know the extent of a piece of wa- 
ter, or distance between two headlands ; I measured from each 
of them to a certain point inland, and found the two distances 
to be 735 yards and 840 yards ; also the horizontal angle sub- 
tended between these two lines was 55° 40’. What then was 
the distance required ? Ans. 741-2 yards 


Exam. xxu. A point of land was observed, by a ship at 
gea, to bear east-by-south ; and after sailing north- east 12 


miles, it was found to. bear south-east-by-east. It is required 
to 


ds. 


, ee 
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to determine the place of that headland, and the ship’s dis- 
tance from it at the last unaery Nee: ? Ans. 26°0728 miles, 


EXaM. XXIIl, Wanting to abe the distance between a 
house and a mill, which were seen at a distance on the other 
side of a river, 1 measured.a base line along the side where 
I was, of 600 yards,. and at each end of if took the angles sub- 
tended by the other end and the house and mill, which were 
as follow, viz. at one end the angles were 88° oof and 95° 20’, 
and at the otherend the like angles were 53° 30’ and 98° 45’; 
What Hib: was me wehes between the house and mill ? 

: Ans, 959°5866 yards, 


feral XXIY. ‘Wanting to know my. distance from an inac- 
cessible object 0, on the other side of ariver; and having 
no instrument for taking angles, but only « chain, or chord for 
measuring distances ; from each of two stations, a and B, which 
were taken at 500 yards asunder, | measured in a direct line 
from the object 0 100 yards, viz. ac and wp each equal to 100 
yards ; also the diagonal av measured 450 yards, and the dia- 
gonal sc 560. What. then was the distance of the object 0 

from each station aands? . roe ; AO 536°25 
| | : BQ_500°09 
| P Exaat! xxv. Ina garrison besieged are three remarkabie 
objects, 4, B, c, the distances of which from each other are 
discovered by means of a map of the place, and are as fol- 
low, viz. aB 2661, ac 630, Bc 3271 yards, Now, having to 

erect a battery against it, at a certain spot without the place, 
and being desirous to know whether the distances from the 
three objects be such, as that they may from thence be bat- 
tered with effect, I took, with an instrument, the horizontal 
angles subtended by these objects from my station s, and found 
them to be as follow, viz. the angle asp 13° 30’, and the an- 
gle ssc 29° 50 ; required the three distances, sa, sp, sc; the 
abject B being situated nearest to me, and between the two 
others A and « re Gos sa 757:14 
} An ¥ 537-10 

sc 655-30 

EXAM. XXVI. Required the same as in the last example, 
when the object 8 is the farthest from my station, but still 
seen between the two others as to angular position, and those 
angles being thus, the angles asg 33° 45, and sso 22° 30, also 
the three distances, ap 600, ac-800, ec 400 yards ? 


SA 7092 
~Ans. < SB 10422 
sc 934 
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MENSURATION OF PLANES. 


THE area of any plane figure, is the measure of the space 
contained within its extremes or bounds ; without any regard 
to thickness. | | a 

‘This area, or the content of the plane figure, is estimated 
by the number of little squares that may be contained in it ; 
the side of those little measuring squares being an inch, a foot, 
a yard, or any other fixed quantity. And hence the area or 
content is ‘said to be so many square inches, or square feet, or 
square yards, &c. . | Be ote he 

Thus, if the figure to be measured be » 
the rectangle agcp, and the little square 
&, whose side is one inch, be the mea- 
suring unit proposed: then as often as 
the said little square is contained in the » 
rectangle, so many square inches the 
rectangle is said to centain which in the 
present case is 12. 





PROBLEM I. 


To find the Aree of any Parallelogram ; whether it be a Square, 
a Rectangle, a Rhombus, or a Rhomboid. 


Muttiety the length by the perpendicular breadth, or 


height, and the product will be the area.* | 
‘ EXAMPLES, 





* The truth of this rule is proved in the Geom. theor. 81, cor. 2. 
The same is otherwise proved thus: Let the foregoing rectangle be the figure 
proposed: and let the length and breadth be divided into several parts each ae 
to the linear measuring unit, being here 4 for the length, and 3 for the breadth; 
and let the opposite points of division be connected by right lines.—Then it is 
evident that these lines divide the rectangle into a number of little squares, each 
@qjual to the square measuring unit £; and further, that the number of these little 
squares, or the area of the figure, is equal to the number of linear measuring units, 
' ~~ in 


ay 
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EXAMPLES. 


Ex. 1. To find the area of a parallelogram, the length be- 
ing 12°25, and height 8:5. vi 
‘ 12°25 length 
8°5 breadth 





Me 6125 
9800 


104°125 area 


_ Ex. 2. To find the area of a square, whose side is 35°25 
chains. Ans. 124 acres, 1 rood, 1 perch, 

Ex. 3. To find the area of a rectangular board, whose 
length is 123 feet, and breadth 9 inches. Ans, 92 feet. 

Ex. 4. To find the content of a piece of land, in form of a 
rhombus, its length being 6°20 chains, and perpendicular 
height 545, | Ans. 3 acres, 1 rood, 20 perches. 

Ex. 5. To find the number of square yards of painting in 
a rhomboid, whose length is 37 feet, and breadth 5 feet 3 in- 
ches. Ans. 21,% square yards. 


PROBLEM UU. 


Yo find the Area of a Triangle. 


_ Rure I. Muxtiery the base by the perpendicular height, 
and take half the product for the area.* Or, multiply the 
one of these dimensions by half the other. 








in the length, repeated as often as there are linear measuring units in the breadth, 
or points that is, equal to the length drawn into the height; which here is 4.3. 
er 12. dk a) 
And it is proved. (Geom. theor. 25, cor. 2), that any oblique parallelogram 
is equal to a Se a of equal length and perpendicular breadth. ‘Therefore 
the rule is general for all parallelograms whatever. | ib 

* The truth of this rule is evident, because any triangle is the half of a paral- 
Ielogram of equal base and altitude, by Geom, theer. 26. beet Ve 

EXAMPLES: 
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- EXAMPLES, RW 


Ex. 1. To find the area of a tangle; whose hese is 085, $s 
and perpendicniar height 520 links ? one 


Here 625 X 260 = 162500 square Ninkkey 3 
or equal 1 acre, 2 roods, 20 perches, the answer. 
Ex. 2. How many square yards contains the triangle, 
whose base is 40, and perpendicular 30 feet? -* 
“Ans. 663 square yards. 
Ex. 3. To find the number of square yards i ina rang 
whose base is 49 feet, and height 25 feet ? 
Ans. 6823. or 68: 7361. 
- Ex. 4. To find the area of a triangle, whose ‘base is 18 feet 
4 inches, and height 11 feet 10 inches? ; 
Ans. 108 feet, 52 inches. 


Rute If. When two sides and their contained angle are. 
given: Multiply the two given sides together, and take half 
their product: Then say, as radius is to the sine of the given 
angle, so is that half product, to the area of the triangle. - 

Or, multiply that half product by the natural sine of the 

said angle, for the area.* 


Ex. 1. What is the area of a triangle, whose two sides are 
30 and 40, and their contained angle 28° 57 ? 


By Natural Numbers. By Logarithms. — 
First 4 & 40 X 30 = 600, . 
then, 1: 600 ;; -484046 sin. 28° 57’ — log. 9°684887 
600 a RE Bae 


Answer 290°4276 the area answering 2°463038 » 





Ex. 2. How many square yards contains the triangle, of 
wah one anEle is 45°, and its containing sides 25 and 211 


feet? Bis Ans. 20: 86947. 


2 





* For, let aB, Ac, be the two given sides, including . 
the given angle a. Now 4 a8 x cp is the area, by the age 
. first rule, cp being the perpendicular. But, by trigo- PAN 
nometry, as sin. f P, or radius: ac:: sin, ZA: CP, 
which is therefore ==ac X sin. Z A, taking radius —=1. 





‘Therefore the area $.aBn X cp is == 4 4B X AC x Sin, A PB 
#. A, to radius 1; or, as rading sin. ZA: 3 AB XAG: a of 
the arex oir} 


: Rete i. 
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Rete Ill. When the three sides are given: Add all the 
three sides together, and take half that sum. Next, subtract 
each side severally from the said half sum, obtaining three 
remainders. Then multiply the said half sum and those three 
remainders all together, and extract the square root of the 
last product, for the area of the triangle.* 








' *® For let anc be the given tri- Cc 
angle. Draw the parallels ar, Bp, Pee 
meeting the twosides ac, ¢8, pro- a c 
duced, in p and g, and making cp tf ‘, R 
=cp, aud ck =c4. Also draw Hf anaes | er 
ere bisecting-pp and ar perpendi- i 
cularly in ¥ and Gg; and Fxi paral- ‘ 





‘ ayy F : ° "Enamerens “ beisiceidiantaohethsictiaiebs od de 2 : 
lel tothe side az, meeting acin H, rT. rN £G ay 
and az produced in 1. Lastly, del peek 
with centre u, and radius ur, de- bie ee od 


scribe a circle meeting ac produc- ; 
ed in x; which will pass through e, berate ¢ is a right angle, and through 1, 
because, by means of the parallels Al == FB s= Ds, therefore HD => HA, and uF 
“ sm HE == 4 AB, 


Pa 


Hence a or up is half the difference of the sides ac, cp, and nc = half their 
sum or = Fact 4B ; also HK = HI = sig or dan; conseq. CK = tac 4cB 
“+48 half the sum of all the three sides of the triangle anc, or ck = ts, call- 
ing s the sum of those three sides.. Again x = ui = 31" = }ABor KL=AB; 
theref. cr = cx aE is —~ ap, and AK = ck — ca 98 — Ac, and au =pK 
= ck —cp = 35 — cB. 


. Now, by the first rule, ac. ca = the A acu, and ac. rc == the A azz, theref, 
As .cr =A acs. Also by the parallels, ag: ca@:: pFor1a: cr, theref. Ac . 


* = 
oF Sagan ACB =) CG .1A == CG. DF, Conseq. AG. CF. CG. DF = AF ACB. 








~~ 


“But co « CF == ck. cL = s. 43 — ap, and AG . D¥ == AK. AL =53 — Ac 














1s. no; ‘theref. AG. CF. CG. pF == A? ACB =35. 3 38 — AB. $8 — Ac. $5 —Ec 


is the square of the area of the triangle anc. 9. =. D. 


¥ 


oe 


Otherwise. 


Because the rectangle ac . cr== the A anc, and since ce : aG:: cx : pr, draw- 
ing the first and secoad terms into cr, and the third and fourth into ae, the pre- 
por. becomes ce . er : Ac cr #: AG. CF: AG. DF, or ca. cE: A ABC: : A anc: 
AG . D¥; that is, the A anc is a mean proportional between ce . cr and ac . DE; 
or between $8. $a — aBand tg — ac. g8— Be. Q. E. D, 


Ex. 4, 


F 
g 
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Ex. 1. To find the area of the jeter whose three, oa 
are 20, 30; 40. 
"20 


(4B Mis 364 ae Ha 
30 | i) BO 30 h 40. 
40 . od ates ) tee” Ap 
vecanie 25 Istrem. 15 2drem. © 53drem,’ | 
2)90 aol os wi 


A5 balf sum 


Then 45 X 25 X 15 X 5 = 84375, 
The root of which is 290:4737, the area. 


Ex. 2. How many equare yards of plastering are in a tri- 
angle, whose sides are 30, 40, 50, feet ? ,, Ans. 662., 


Ex. 3. How many acres, &c. contains the triangle, whose 


sides are 2569, 4900, 5024 links ? 
Ans. 61 acres, 1 rood, 39 perches. 


- PROBLEM Mit... 


To find the Area of a Trapezoid. 


Avy together the two parallel sides; then multiply their. 
sum by the perpendicular breadth, or. the distance between. 
them; and take half the product o the area. By Geom. 
theor. 29. 


Ex. 1. In a trapezoid, the parallel sides are 750 and 1225, 
and the perpendicular distance between them 1540 links: te 
find the area. . 

e225 
760 


ae 


1975 X 770 = 152075 square links =15 acr. 33 perc, 


Ex. 2. How many square feet are contained in the plank, 
whose length is 12 feet 6 inches. the breadth at the greater 


énd 15 inches, and at the less end 11 inches ? ! 


Ex. 3. In measuring along one side az of a aiiaarsoigael 
field, that side. and the two perpendiculars let fall on it from 
the two opposite corners, measured as below, required the 


content. 
AF 
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ap == 110 links. 
A~g= TAS 

AB = 1110 

cP = 352 
- DQ= 595 

Ans. 4 acres, 1 rood, 5°792 perches 





| PROBLEM IY. 
To find the Area of any Trapezium. 


Divine the trapezium into two triangles by a diagonal ; 
then find the areas of these triangles, and add them toge- 
ther. | 


Or thus, let fail two perpendiculars on the diagonal from 
the other two opposite angles ; then add these two perpendi- 
culars together, and multiply that sum by the diagonal, taking: 
half om product for the area of the trapezium, 


Ex. 1. To find the area of the trapezium, whose diagonal, 
is 42, ad the two perpendiculars on it 16 and 18, 
Here 16+ 18 = 34, its half is 17, 
Then 42 X 17 = 714 the area, 


Ex. 2. How many square yards of paving are in the tra- 
pezium, whose diagonal is 65 feet, and the two perpendiculars 
let fall on it 28 and 333 feet ’ . Ans, 222, yards, 


Ex. 3. In the quadrangular field ascp, on account of ob- 
structions there could only be taken the following measures, 
viz. the two sides pc 265 and ap 220 yards, the diagonal ac 
378, and the two distances of the perpendiculars from the 
ends of the diagonal, namely, az 100, and cr 70 yards. Re- 
quired the construction of the figure, and the area in acres, 
when ici ta yards make an acre? 

. Ans, 17 acres, 2 roods, 21 perches, 


PROBLEM V, — 
To find the Area of an Hsbwhlav Polygon. 


Dae diagonals dividing t . proposed polygon into trape- 
ziums and ‘triangles. T hen find the areas of all these sepa- 
rately, and add them together for the content of the whole 


OLY ZO, p: 
POYE x _ “EXAMPLE, 
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_Examene.. To find the content of. the irregular’ figure 
ABCDEFGA, in Which are given the following diagonals and per- 
pendiculars namely, ee ~ re 


Ac 55 
rp 52 
cc 44 
em 13 
pn 18 
pert Bw 64 
Ep 8 
pq 23 


Ans, 18782 





PROBLEM VI. | 
To find the Area of a Regular Polygons ‘ 


Rure I. Mucripry the perimeter of the polygon, or sum 
of its sides, by the perpendicular drawn from its centre on 
one of its sides, and take half the product for the area.* 


Ex. I. To find the area of the regular pentagon, each side 
being 25 feet, and the perpendicular from the centre on each 
side is 17°2047737. : er ee 


Here.25 X 5 = 125 is the perimeter. . 
‘And 17°2047737 X 125 = 2150°5967125. ‘ 
Its half 1075°298356 is the areasought. oe 


Rure IL. Square the side of the polygon ; then multiply. 


| that, square by the tabular area, or multiplier set against its 
name in the following table, and the product will be the 


area. . ; 
f No. 








* This is only in effect resolving the polygon into as many equal triangles as 
it has sides, by drawing lines from the centre to all the angles; then finding their 


areas, and adding them all together. 


+. This rule is founded on the property, that like polygons, being similar figures, . 


are to one another as the squares of their like sides; which is proved in\ the 
Geom. theor. 89,. Now, the multipliers in the table, are the areas of the respec- 
tive polygons to the side 1. Whence the rule is manifest. c 


: Note: 
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No. of N: Areas, or 
Sides. iii Multipliers. 
3 | Trigon or triangle 0°4330127 
4 Tetragon or square 1-0000000 
5 Pentagon 1:7204774 
6 | Hexagon 2°5980762 
7 Heptagon ; 3°6339124 
8 Octagon 48284271 
y Nonagon 6:1818242 
10 ‘Decagon 7°§6942088 
1] Undecagon 9°3656399 
12 Dodecagon 11°1961524 © 


Exam. Taking here the same example as before, namely, 


a pentagon, whose side is 25 feet. 
Then 252 being = 625, 
And the tabular area 1'7204774 ; 


Theref. 17204774 X 625 = 1075°298375, as before. 


Ex. 2. To find the area of the trigon, or 
gle, whose side is 26, 


_Ex. 3, To find the area of the hexagon 


equilateral trian- 
Ans. 17320508, 


whose side is 20. 


Ans. 1039-23048, 


* 4 : 
Ex. 4, To find the area of an octagon whose side is 20. 
Ans, 1931°37084, 


Ex. 5. To find the area of a decagon whose side is 20. 
Ans. 3077°68352, 


eel 


JVote. The areas in the table, to each side 1, may be 
computed in the following manner: From the centre c of 
the polygon draw lines to ‘every angle, dividing the whole 
figure into as many equal triangles as the polygon has 
sides ; and let anc be one of those triangles, the perpen- 
dicular of which is cp. Divide 360 degrees by the num- 
ber of sides in the polygon, the quotient gives the angle at 
the centre acs. The half of this gives the angle acn; 
and this taken from 90°, leaves the angle cap. Then it 








NC 


ADB 





will be, as radius is to ap, so is tang. angle cap, to the perpendicular cp. Thig 
perpendicular, multiplied by the half base ap, gives the area of the triangle axc ; 
which being multiplied by the number of the triangles, or of the sides of the po- 
lygon, gives its whole area, as in the table, for every one of the figures. — 


Wot aoe ey 53 
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PROBLEM VIi. 


To find the Diameter and Circumference of any Circle, the one 
from the other. aR sa 


Tus may be done nearly by either of the two following 
proportions, | i: 


viz. As 7 is to 22, so is the diameter to the circumference. 
' Or, As 1 is to 3-1416, so is the diameter to the circum- 
ference.* | 


Ex. 1, To find the circumference of the circle whose dia- 
ameter is 20. ; oo 

By the first rule, as 7 : 22 7; 20: 628, the answer. — 

: a we: 2. 








* For, let ancp be any circle, whose centre is z, and 
let aB, Bc be any two equal arcs. Draw the several 
chords as in the figure, and join Bz; also draw the dia- 
meter Da, which produce to g, till Br be equal to the 
chord pp. 

Then the two isosceles triangles DEB, DBF, are equi- 
angular, because they have the angle at » common ; 
consequently pk: DB:: DB: oF. But the two triangles 
AFB, DcB are identical, or equal in all respects, because - 
they have the angle r= the angle npc, being each 
equal to the angle ans, these being subtended by the 
equal arcs AB, Bc; also the exterior angle rap of the 
quadrangle axcp, is equal to the opposite interior an- 
gle at cs. and the two triangles have also the side Br== 
the side Bp; therefore the side a¥ is also equal to the 
side pc. Hence the proportion above, viz. DE: DB:: DB: DF == DA -f af, be- 
comes DE: DB:: DB: 2pE ++ Dc. Then, by taking the rectangles of the ex- 
tremes and means, it is pB? = Qpu” + DE. DC. post 





Now, if the radius pz be taken = 1, this expression becomes pg? = 2 + pe, 
and hence the root pp = ./2-{- pc. That. is, If the measure of the supple- 
mental chord of any arc be increased by the number 2, the syuare root-of the 
- gum will be the supplemental chord of half that arc. & | 

Now, to apply. this to the calculation of the circumference of the circle, let the 
arc Ac be taken equal to % of the circumference, and be successively bisected by — 


the-above theorem: thus, the chord 4c of ¢ of the circumference, isthe side of 
the inscribed regular hexagon, and is therefore equal to the radius as or]: 


hence ,in the right-angled triangle acp, it will be pc =\/ ave = seni 
> 4/3 1'7320508076, the supplemental chord of ¢ of the periphery. 


Then, 
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Ex. 2. If the circumference of the earth be 25000 miles, 
what is its diameter ? | 

By the 2d rule, as 3°1416 ; 1 :; 25000 : 79572 nearly the ~ 
diameter. 

Note sy R. Aprain. Having applied my new theory of 
most probable values to the determination of the magnitude 
and figure of the earth, | found the true mean diameter of 
the earth, taken as a globe, to be 7918-7 English miles, and 
consequently its circumference 24877°4 E. miles, and a degree 
of a great circle equal to 69-1039 miles. 








Then, by the foregoing theorem, by always bisecting the arcs, and adding 2 
to the last square root, there will be found the supplemental chords of the 12th, 
the 24th, the 48th, the 96th, &c. parts of the periphery ; thus, 


Os 


43° 7320508076 = 179318516525 








Pa al 

4739318516525 = 1-9898807297 | S| at ] S, 

4/3 9828897227 = 1-9957178465 | 2° | 3 | 8 

4/3°9957178465 = 1:9989291743 | BE] yy e 

4/3°9989291743 = 1:9997322757 f 2S) 51, f 8 

49997322757 = 1-9999330678 | ¢ = | 51; #3 

- 4/3°9999330678 = 1-9999832669 | =~ | ate 1s 
of 39999832669 =~ - = = -J 8 Lids): 


Since then it is found that 3-9999832669 is the square of the supplemental 
éhord of the 1536th Se of the periphery, let this number be taken from 4, which 
is the square of the diameter, and the remainder 0-0000167331 will be the square 
ef the chord of the said 1536th part of the periphery, and consequently the root 
«/ 00000167331 = 0-0040906112 is the length of that chord; this number then 
being muitiplied by 1536, gives 6-2831783 for the perimeter of a regular polygon 
ef 1536 sides inscribed in the circle; which, as the sides of the polygon nearly 
eoincide with the circumference of the circle, must also express the length of the 
circumference itself, very nearly. et 


~ But now, to show how near this determination is to the 

truth, let agr = 0°0040906112 represent one side of such S 
aregular polygon of 1536 sides, and srr a side of an- A 
ether similar polygon described about the circle; and 
from the centre £ let the perpendicular egr be drawn, 


KT 
P 


bisecting ap and sr'ing andr. Then since ag is=4 

ap = 0:0020453056, and za = J, therefore EO” = EA" 

— ag? = -9999958167, and consequently its root gives 

EQ == ‘9999979084; then because of the parallels ap, st, » 

it is EQ: ER:: AP: sv: : as the whole inscribed perime- 

ter: to the circumscribed one, that is, as ‘9999979084 : E ' 
1; : 62831788 : 6°2831920 the perimeter of the circumscribed polygon. Now, 


| the 
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PROBLEM VIE 90) 1 
To find the Length of any Arc of a Circle. 
Muuttrry the decimal 01745 by the degrees in the civil 


arc, and that product by the radius of the circle, for the length 
of the arc.* | 


Ex. 1. To find the length of an arc of 30 degrees, the ra- 


dius being 9 feet. Ans. 4°'7115, 
_Ex. 2. To find the length of an arc of 12% 10’, or 12°, 
the radius being 10 feet. Ans. 2°1231. 


PROBLEM IX. 


To find the Area of a Circle.{ 


Rute I. Murttery half the circumference by half the 
diameter. Or multiply the whole circumference by the whole 


diameter, and take 1 of the product. 
: Rue 








the circumference of the circle being greater than the perimeter of the inner po- 
lygon, but less than that of the outer, it must consequently be greater than 7 
62831788, 

but less than 6°2831920, 


arid miist therefore be nearly equal 4 their sum, or 6:2831854, 
which in fact is true to the last figure, which should be a 3 instead of the 4. 
Hence, the circumference being 6°2831854 when the diameter is 2, it will be 
the half of that, or 3°1415927, when the diameter is 1, to which the ratio in the 
rule, viz. 1 to 3°1416 is very near. Also the other ratio in the rule, 7 to 22 or 1 


to 34 = 3°1428 &c. is another near approximation. 
* It having been found, in the demonstration.of the foregoing problem, that 
when the radius of a citcle is 1, the length of the whole circumference is ~ 
62831854, which consists of 360 degrees; therefore as 360% ; 62831854: : 1°: 
"01745 &c. the length of the arc of 1 degree. Hence the decimal -01745 | 
multiplied by any number of degrees, will give the length of the arc of those de-. 
grees. And because the circumferences and arcs are in proportion as the dia- 
meters, or as the radii of the eircles, therefore as the radius 1 is to any other ra- 
dius 7, so is the length of the arc above mentioned, to 01745 X degrees in the 
arc X71, which is the length of that arc, as in the rule. test aie 
+ The first rule is proved in the Geom. theor, 94. ; 
And the 2d and 3d rules are deduced from the first. rule, in this manner.—By : 
that rule, dc, <= 4 is the area, when d denotes the diameter, and c the circum- 


» 
ference. 
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Ren II. Square the diameter, and multiply that square by 
the decimal 7804, for the area. 


Rute III. Square the circumference, and ‘multiply that 
square by the decimal -07958. | 

Ex. 1. To find the area of a circle whose diameter is 10, 
and its circumference 31°416, 

















By Rule 1. By Rule 2. By Rule 3. 
31-416 "7854 31-416 
10 102== 100 31:416 
4)314-16 ) | 986-965 
78-54 (te -07958 
OF EM 
78°54 





So that the area is 78-54 by all the three rules. 


Ex. 2. To find the area of a circle, whose diameter is 7, 
and circumference 22. Ans. 381. 


Ex. 3. How many square yards are in a circle whose dia- 
meter is 31 feet. | | Ans. 1:069. 


Ex. 4. To find sth area of a circle whose circumference i is 
12 feet. , Ans. 11:4595. 


PROBLEM X. 


To find the Area of a Circular Ring, or of the Space included 
between the Circumferences of two Circles ; the one being con- 
tained within the other. 


Taxe the difference between the areas of the two circles, 
as found by the last problem, for the area of the ring.—Or, 








ference. But, by prob. 7, cis = 3:1416d; therefore the said area de -z. 4, be- 


comes @ X3°1416d +. 4 = -7854d" , which gives the second rule.—Also, by the 
same prob. 7, dis=c > 31416; therefore again the same first pag dc —= 4, 
becomes ¢ == - 31416 Keow4=— c* = 12:5664, which is = c*? & 07958, 
by taking the reciprocal of 12: 5664, or changing that divisor into the multiplier 
-07958 ; which gives the 3d rule. | 
Corol. Hence, the areas of different circles are in proportion to ene another, 
‘as the square of their diameters, or as the square of their circumferences ; as 


before proved in the Geom, theor. 93. 
which 
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which is the same thing, subtract the square of the less dia- 
meter from the square of the greater, and multiply. their dif. 
ference by -7054.—-Or lastly, multiply the sum of the diame- 

ters by the differenct of the same. and that product by -7854 ; 


which is still the same thing, because the product of the sum — 


aud difference of any two quantities, is equal to the difference 
of their squares. 


Ex. {. The-diameters of two concentric circles being 10 
and 6, bapibed the area of the ring contained between thei 
circumferences. 


Here 10 + 6 = 16 the sum, 10—6=4 the diff. 
Therefore ° 7854 X 16% 4 =-°7854 X 64 = 50°2656. 


the area. 
Ex. 2. What is the area of the ring; the dintoters of 


whose bounding circles are 10 and 20? Ans. 23562. 


PROBLEM XI. . 


Yo find the Area of the Sector of a Cree: 


Rure I. Morrrecy the radius, or half the avenue, by half 


the arc of the sector. for the area. Or, multiply the. whole 
diameter by the whole arc of the sector, and take } of the 
product. ‘Lhe reason of which is the same as for the first 
rule to problem 9, for the whole circle. 


Rune Il. Compute the area of the while circle : then say, 
as 350 is to the degrees in the arc of the sector, so is the area 
of the whole circle to the area of the sector. 


This is evident, because the sector is: proportional to the | 


length of the arc, or to the degrees contained in it. 


Ex. 1. To find the area of a circular sector, whose are 
contains 18 degrees ; the diameter being 3 feet | gf 


1. By the Ist Rule. oN a Soe 
Binat. 3° att x 3 == 9'4248, the circumference. a Mola 
And 360 : rade A248 : “47194, the length of the arc. 


Then: ‘47124 K3—e 4141972245 Sa i the areas 3 


2. By the 2d Rule: 


First, ° 7854 So Bae cos ag 0686, the area of the whole ee 


Then, as-360 218 33 7: 0686 : 35343, the » area. of the 
sector. 
En 2 
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Bx 2. To find the area.of a sector, whose radius is: 10, 


gaa arc 20... + - Ans. 100, 

Ex. 3. Required the area of a sector, whose radius is 25, 

and its arc coniaiming 147° 29. Ans. 804-3986, 
PROBLEM XII. 


To iad the Area of a Segment of a Circle. 


Rute tf: Rix the area of the sector having the same arc 
with the segment, by the last problem. 

Find: also, the area of the triangle, formed by the chord of 
the segment and the two radii of the sector. 

‘Then add these two together for the answer. when the 
-‘gegment is greater than a semicircle; or ‘subtract them 
when it is less than a semicircle.—As is evident by inspec- 
tion. 

‘Ex. 1. To find ‘the area of the eet acppa, its chord 
AB being 12, and the radius ag or ce 10, 


| First, As an : sin, Zo 90° *y aD. t Sinj: C 
36° 521 = 36 87 degrees, the degrees.in the AZ USB 


ZL AEC oF are ac. . ‘| heir donble, 73°74, are f Er 3 
the degrees in the wlinl@ancacnia Penk. 
‘Now -7854 * 400 = 314°16, the area of ss Gicdl ae § 
the whole circle. ONES 
Therefore 360° ; 73.74 aR ld 1B : 64°3504, area of the 
sector AcBE. 


Again. ./ au? — ap? = «/ 1 10 — 36 = ,/ 64 = 8 = ode. 
_Theref. AD X DE = 6 xX 8 = 48, the area of the triangle 
dil) AR 
Hence sector aces AEB-= 16: 3504, area of nd 
_ ACBDA. 


Rutz If. Divide the height of the segment by the ee ea 
and find the quotient in the column of heights in the following 
tablet ; Take out the corresponding area in the next column 
on the right hand; and multiply it by the square | of the cir- 
cle’s SPEIER for the area of the segment.* 

aes Note. 








* The truth of this ha depends on. the principle: of similar plane feviee, 
which are to one another as the square of their like linear dimensions. "The Seg 
ments | in the table are those of a circle whose diameter is 1; and the first column 

. contains 
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Note. When the quotient is not found exactly in the table, 
preportion may be made between the next less and greater 
area, in the same manner as is done for logarithms, or any 
other table. | : ute: 


Table of the Areas of Circular Segments. 


u~ 





lS 


Height. 





Area of 
the Segm. 





Area of 
the Segin. 
Height 
Area of 
the Segm. 
Height. 
Area of 
the Segm.. 





Area of 
the Segm. 
FPeicht. 





31|-20736||41|30819] 














ett diag ee Wd Liars Sal 
°01/°06133'}+11/°04701| ‘11990 


*62'-00374)|: 
03)-00687)|° 
0401054): 
*0)-O1468))° 
-01924)/- 
"0241 7||° 


12}-05339 


13/‘06000'|- 


wt % 0 we 


14/-06623 
15/-07387 
{6)-08F11 


17)*08853'1- 
18]-09613)} 


Sy ST ew KD ome 


‘12811 
°13646 
°14494 
°15354 
*16226 
‘17109 
*18002)|:38)-27386 


-32|*21667 
+33) 22603 


*34)°23847 
*35)°24498| 
-46|°35274 
-4'7|-36272 
-48!°37270 


*36}*25455 
°37/°26418 


-42|+31304 
*43)/°322931 © 
244 ‘33284 


45|*34278 





|-08 -02944]|- 
(*09)-03502!|- 19} 10394) 
-10,-04088)|-20F11182/|- 


*49)+38270 
-50|*39270 


-18905]|-39]-28359 
-1981'7||-40|-29337, 








Ex. 2. Taking the same example as before, in which are 
given the chord as 12, and the radius 10, or diameter 20. 


And having found, as above, pe = 8; thence —peE =cp 


=10—8s=2. Hence, by the rule, cp — cr = 2 > 20 ='1 
the tabular height. . This being found in the first column of 
the table, the corresponding tabular area is ‘04088. Then 
-04088 X 20? = :04088 X 400 = 16:352, the area, nearly 
the same as before. | tithes 
Ex. 3. What is the area of the segment, whose height is 18,” 
and diameter of the circle 50 ? 
Ex. 4. Required the area of the segment whose chord is 
16, the diameter being 20 ? : 


aoe 





~ 


contains the corresponding heights or versed sines divided by the diameter. 
Thus then, the area of the similar segment, taken from the table, and multiplied 


by the square of the diameter, gives the area of the segment to this diameter. _ 


PROBLEM 


Ans. 636-375... 


Ans, 44-728. 
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PROBLEM XII. 
To measure long Irregular Figures, 


Take or measure the breadth at both ends, and at several 
places at equal distances. Then add together all these inter- 
mediate breadths and half the two extremes, which sum mul- 
tiply by the length, and divide by the number of parts for the 
area.* 

Note. If the perpendiculars or breadtha be not at equal 
distances, compute all the parts separately, as so many trape- 
zoids, and add them all together, for the whole area. 

Or else, add all the perpendicular. breadths together, and 
divide their sum by the number of them for the mean breadth, 
to multiply by the length ; which will give the whole area, 
not far from the truth. 

Ex. 1. The breadths of an irregular figure, at five equi- - 
distant places, being 8:2, 7-4, 9:2, 10°2, 8°6; and the whole 
length 39 ; required the area ?: 

8-2 











35.2 sum. 
8:6 39 
2) 16°8.sum of the extremes. 3168 
aE) 1056 
8-4 mean of the extremes. 
7-4 4) 1372 8 
9-2 
10-2 343:2 the area. 
35°2 sum. | ' Ex. 





* This rule is made out as follows :—Let 





BoD be the irregular piece ; having the se- i et iis C 
veral breadths A», EF, GH, IK, BC, at the equal 

distances’ Ak, EG, G1, 18. Let the several ab ¢| a 
breadths in order be denoted by the corres- mies Say 3 
ponding letters a, b, c,d, e, and the whole mabe Oe, 7 rena Bale 


length aB by 7; then. compute the areas of | 
the parts into which the figure is divided by the perpendiculars, as so many trae 
pezoids, by prob. 3, and add them all togetticn Pts, the sum of the parts is, 


Ce hie at SC apie ian 4! oF! x w= it tx x qU+ 


be xy ett a4 te? petaegeeedardy x 
i= (mb bo pe a d)41 which is the whole area, agreeing with the rule: m 


being 
Yor. f, 54 
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Ex. 2. The length of an irregular figure boise 84, and the 


breadths at srx equidistant re 17-4, 20°6, 14 2, 16°5, 20-1, 
24°4; what is the area | ? Ans. Bh 64. 


PROBLEM XIV. 


To find the Area of an Ellisis or Oval. 


Mvttiety the longest diameter, or axis. by the shortest ; 
then multiply the product by the decimal °7854, for the ar ea, 
As appears from cor. 2, theor. 3, of the Ellipse, in the Conie 
Sections. 


Ex. 1. Required the area of an ellipse whose two axes 


are 70 and50. Ans. 2748°9, 

.. Ex. 2. To. find the area of the oval whose tied axes are 

24 and'18. Ans. 339°2928. 
PROBLEM XV. 


To find the Area of any Elliptic Segment. 


Finn the area of a corresponding circular segment, having 
the same height and the same vertical axis or diameter. ‘Then 
say, as the said vertical axis is to the other axis, parallel ‘to 
the segment’s base, so is the area of the circular segment be- 
fore found, to the area of the elliptic segment sought. This 
tule also comes from cor: 2, theor 3 of the Ellipse. 


Otherwise thus. Divide the height of the segment by the 
vertical axjs of the ellipse ; and. find, in the table of circular 
segments to prob. 12, the circular segment having the above 
quotient for its versed sine: then multiply all together, this — 
segment and the two axes of the ellipse, for the area. 


Ex. 1. To find the area of the elliptic segment, whose 
height is 20, the vertical axis being 70, and the parallel 
axis 50. 





being the arithmetical mean between the extremes, or half the sum * them both, 
om a the number of the parts. And the same for any other number of parts 
whatever, 


Here 
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Here 20 — 70 gives 284 the quotient or versed sine ; fo 
which in the table ahswert the seg. °18518° 





then 70 
12-96260 
50 





648-13000 the area. 


Ex. 2. Required the area of an elliptic segment, cut off. 
parallel to the shorter axis; the height being 10, and the 
two axes 25 and 35. Ans. 162-03. 

Ex. 3. To find the area of the elliptic segment, cut off 
parallel to the longer axis ; the height being 6, and the axis 
20 and 35. Ans. 97°8425. 


PROBLEM XVI. 
To find the Area of a Parabola, or its Segment. 


Murmipety the base by the perpendicular height ; then take 
two-thirds of the product forthe area. As is proved in theo- 
rem 17 of the Parabola, in the Conic Sections. 

Ex. 1. To find the area of a parabola; the height being 2, 
and the base 12. 

- Here 2 X 12 =24. Then 2 of 24= 16, is the area. 

Ex 2. Required the area of the parabola, whose height is 

10, and its base 16. Ans. 1062; 


_ MENSURATION OF SOLIDS. 


BY the Mehsteatinis of Solids are datomained the spaces 
included by contiguous surfaces ; and the sum of the measures 
of these including surfaces, is the whole surface or superficies 
of the body. 

The measure of a solid, is called its solidity, capacity, or 
content. 

Solids are measured by hae whose sides are inches, or 
feet, or yards, &c. And hence the solidity of a body is said 
to be so many cubic inches, feet, yards, &c. as will fill its capa- 
éity or space, or another of an equal magnitude. . 

The 


420 MENSURATION 
The least solid measure is the cubic inch, other cubes 


being taken from it according to the proportion in the follow- 
ing table, which is formed by cubing the linear proportions. 


_ Tabie of Cubie or Solid Measures. 


1728. cubic inches make 1 cubic foot 
27. cubic feet - 1 cubic yard 
1662 cubic yards . - 1 cubic pole 
64000 cubic poles. « - 1 cubic furlong 
512 cubic furlongs - 1 cubic mile 
PROBLEM I. 


To find the Superficies of a Prism or Cylinder. 


Murtiery the perimeter of one end of the prism by the 
length or height of the solid, and the product will be the sur- 
face of all its sides. To which add also the area of the two 
ends of the prism, when required.* ! 

Or, compute the areas of all the sides and ends separately, 
and add them all together. 


Ex: 1. To find the surface of a cube, the length of each 
side being 20 feet. _ Ans. 2400 feet. 

Ex. 2. To. find the whole surface of a triangular prism, 
whose length is 20 feet, and each side of its end or base 18 
inches. Ans. 91°948 feet: 

Ex. 3. To find the convex surface of a round prism, or 
cylinder, whose length is 20 feet, and the diameter of its 
base is 2 feet. | Ans. 125°664. 

Ex. 4. What must be paid for lining a rectangular cistern 
with lead, at 2d. a pound weight, the thickness of the lead 
being such as to weigh 7lb. for each square foot of surface ; 
the inside dimensions of the cistern being as follow, viz. the 
length 3 feet 2 inches, the breadth 2 feet 8 inches, and depth 
2 feet 6 inches? ree Ans. 2l. 3s. i03d.- 


* The truth of this will easily appear, by considering that, the sides of any 
prism are parallelograms, whose common length is the same as the length of the 
solid, and their breadths taken all together make up the perimeter of the ends 
of the same. — . ‘, 

And the rule is evidently the same for the surface of a cylinder.” . 
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| PROBLEM I. 
To find the Surface of a regular Pyramid or Cone. 


Mutripzy the perimeter of the base by the slant height, 
or perpendicular from the vertex on a zide of the base, and 
half the product will evidently be the surface of the sides, or 
the sum of the areas of all the triangles which form it. To 
which add the area of the end or base, if requisite. | 

Ex. 1. What is the inclined surface of a triangular pyra- 
mid, the slant height being 20 feet, and each side of the base 
3 feet ? Ans. 90 feet. 

Ex. 2. Required the convex surface of a cone, or circular 
pyramid, the slant height being 50 feet, and the diameter of its 
base 81 feet. ? Ans. 667-59. 


PROBLEM III. 


To find the Surface of the Frustrum of .a@ regular Pyramid or 
Cone; being the lower part when the top is cut off by a plane 
parallel to the base. 


_ App together the perimeters of the two ends, and multiply 
their sum by the slant height, taking half the product for the 
answer.—As is evident, because the sides of the solid are 
trapezoids, having the opposite sides parallel. 

Ex. 1, How many square feet are in the surface of the 
frustrum of a square pyramid, whose slant height is 10 feet ; 
also, each side of the base or greater end being 3 feet 4 in- 
ches, and each side of the less end 2 feet 2 inches ? 

) Ans. 110 feet. 

Ex. 2. To find the convex surface of the frustum of a cone, 
the slant height of the frustum being 124 feet, and the cir- 
cumferences ef the two ends 6 and 8-4 feet. Ans. 90 feet. 


& 


PROBLEM IV. 
To find the Solid Content of any Prism or Cylinder. 
Fino the area of the base, or end, whatever the figure of 


it may be; and multiply it by the length of the prism or cy- 
linder, for the solid content.* 





* This rule appears from the Geom. theor. 110, cor. 2. The same is more 
particularly shown as follows: Let the annexed rectangular parallelopipedon be 
th 
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Note. For a cube, take the cube of its side by multiplying 
this twice by itself; and fora parallelopipedon. multiply the 
length, breadth, and depth all together, for the content. ~ 


Ex. 1. To find the solid content of a cube, whose side is _ 
24 inches. Ans. 13824. 


Ex. 2. How many cubie feet are in a block of marble, ite ‘ 
length being 3 feet 2 inches, breadth 2 feet 8 inches, and thick- 
ness 2 feet 6 inches ? Ans. 211. 


Ex. 3. How many gallons of water will the cistern con- 
tain, whose dimensions are the same as in the last example, - 
when 282 cubic inches are contained in one gallon ? 

Ans. 12917. 


Ex. 4. Required the solidity of a triangular prism, whose 
length is 10 feet, and the three sides of its triangular end or 
base are 3. 4. 5 feet. | Ans. 60. 


Ex. 5. Required the content of a round pillar, or cylinder, 
whose length is 20 feet, and circumference 5 feet 6 inches. 
Ans. 48°1459 feet. 








the solid to me measured, and the cube rp the 
solid measuring unit, its side being 1 inchy 
or 1 foot, &c. ; also, let the length and breadth 
of the base, aBcp and also the height aun, be 
éach divided into spaces equal to the length 
of the base of the cube p, namely, here 3m 
the length and 2 in the breadth, making 3. 
times 3 or 6 squares in the base ac, each 
equal to the base of the cube p. Hence it is 
manifest that the parallelopipedon will con- 
tain the cube p, as many times as the base 
Ac contains the base of the cube, repeated as | 
often as the height an contains the height of A R 
_the cube. . That is, the content of any paral- beg 
lelopipedon is found, by multiplying the area of the base by the altitude of that 
solid. "es 
And, because all prisms and cylinders are equal to parallelopipedons of equal 

bases and altitudes, by Geom. theor. 108, it follows that the rule is general for 
all such solids, whatever the figure of the base may be. . 
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| PROBLEM V. 
To find the Content of any Pyramid or Cone. 


Finp the area of the base, and multiply that area by the 
- perpendicular height ; then take 4 of the product for the con- 
tent.* 


Ex," 1. sReyaited the solidity of the square soy tala each 
side of its ee being 30, and its perpendicular height 25. 
| ae Ans. 7500. 


ABR, ' To find the content of a triangular pyramid, whose 
perpendicular height is 30, and each side of the base 3. 
Ans. 38:97117, 


Ex. 3. To find the content of a triangular pyramid, its 
ae being 14 feet 6 inches, and the three sides of its base 
, 7 feet. Ans. 71°0352, 


Ex. ‘4. What is the content of a pentagonal pyramid its 
height being 12 feet, and each side of its base 2 feet ? 
Ans, 27°5276. 


Ex. .. What is the content of the hexagonal pyramid, 
whose height is 6-4 feet, and each side of its base 6 inches ? 
Ans. 1:38564 feet. 


Ex. 6. Required the content of a cone. its height being 
102 feet and the circumference of its base 9 feet. 
Ans. 22°56093, 


fw PROBLEM VI. 
To find the Solidity of the Frustrum of a Cone or Pyramid. 


* App into one sum, the areas of the two ends, and the mean 
proportional between them: and take 1 of that sum for a 
mean area; which being multiplied by the perpendicular 
height or length of the frustrum will give its content T e 

ote, 








* This rule follows from that of the prism, because any pyramid is 4 of @ 

prism of equal base and altitude ; by Geom. theor. 115, cor. 1 and 2. 
+ Let ancp be any pyramid, of which scpersz is a frustum. And put a for 
tke area of the base xcp, 67 the area of the top uve, h the height zm of the frus- 
Tune, 


f 
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Note. This general rule may be otherwise expressed, as 
follows, when the ends of the frustum are circles or regular 
polygons. [no this latter case, square one side of each poly- 
gou, and also multiply the one side by the other; add all 
these three products together ; then multiply their sum by 
the tabular area proper to the polygon, and take one-third of 
the product for the mean area, to be multiplied by the length, 
to give the solid content, And in the case of the frustum 
of a cone, the ends, being circles, square the diameter or the 
circumference. of each end, and also multiply the same two 
dimensions together ; then take the snm of the three pro-r 
ducts aud multiply it by the proper tabular number, viz. by. 
°7854 when the diameters are used, or by :07958 in using the 
circumferences ; then taking one-third of the product to mul- 
tiply by the length, for the content. 


Ex. 1. To find the number of solid feet in a piece of tim- 
ber, whose bases: are squares, each side of the greater end 
being 15 inches, and each side of the less end 6 inches ; also, 
the length or perpendicular altitude 24 feet. Ans. ‘193. 


Ex, 2. Required the content. of a pentagonal fedstuimd 
whose height is 5 feet, each side of the base 18 inches, and 
each side of the top or less end6 inches. Ans. 9:31925 feet, 


{ 
s otadinemneaeuiial 





tum, and c the height a1 of the top part above it. 
Then ¢ +--+ h = an is the height of the whole pyra- 
mid. 

Hence, by the last prob. $ a” (c +h) is the con- 
tent of the whole pyramid azep, and } 67 c the con- 
tent of the top part arre; therefore the difference 
4a? (c 4+ h)—+} 0? cis the content of the frus- 
tum BcpeFE. But the quantity ¢ being no dimen- 
sion of the frustum, it must be expelled from this. 
formula, by substituting its ye une in the following manner. By Geom > 
theor. 112, a? : 6? :: (c +h)? : c7, or a: b::¢-+-h: c, hence (Geom. th. es 


a-—Bb:b:sh: ¢, anda — 6: a::b:¢ ph; henge thereibne qe a aaa 








cHph= mi a 53 then these values of c andc +h being substituted for them 


in the oe for the content of the frustum, gives that content =} a? 4 
ah ay bh 1 a° rn b 2 2 


is the rule above piles ab being the mean between a” and 5?. | 





Ex, 3, 
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Ex. 3. To find the content of a conic frustum, the alti- 
tude being 18, the greatest diameter 8, and the least diame- 
ter 4, Ans. 527-7888. 


Ex. 4. What is the solidity of the frustum of a cone,’ the 
altitude being 25, also the circumference at the greater end 
being 20, and at the less end 0? | Ans. 404216, 


Ex: 5. If a cask, which is two equal conic frustums joined 
together at the bases, have its bung diameter 28 inches, the 
head diameter 20 inches, and length 40 inches ; how many 
gallons of wine will it hold. : Ans. 79:0613, 


Se 
fA34 


PROBLEM VII. 
To find the Surface of a Sphere, or any Segment. 


*Rurce 1. Mutriery the circumference of the sphere 
by its diameter, and the product will be the whole surface 
of it.* 


- 


‘ . . , , Rue Il. 





< / 

* These rules come from the following theorems, for the surface of a sphere, 
viz. That the said surface is equal to the curve surface of its circwnscribing 
aylinder ; or that it is equal to 4 great circles of the same sphere, or of the same 
diameter ;, which are thus proved. 

Let asco be a cylinder, circumscribing the 
sphere ercu; the former generated by the ro- 
tation of the rectangle rzcu about the axis or 
diameter ru; and the latter by the rotation of 

the semicircle raH about the same diameter 
FH. Draw two lines ki; Mn, perpendicular to 
the axis intercepting the parts LN, or, of the 
cylinder and sphere ; then will the ring or cy- 
lindric surface generated by the rotation of LN, 
be equal to the rig or spherical surface gene- 
rated by the arc op. For first, suppose the pa- 
rallels kx and mv to be indefinitely near toge- 
ther ;. drawing 10, and also og parallel to tn. Then, the two triangles 1x0, ogp, 
being equiangular, it is, as op : OQ or LN: : 10 or KL: KO: : circumference de- 
scribed by KL: circumf. described by xo; therefore the rectangle op X circumf. 
of KO is equal to the rectangle tn x circumf. of KD; that is, the ring described 
by op on the sphere, is equal to the ring described by in on the cylinder. 





And 
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Rute Il. Square the diameter and multiply that square by 
3°1416, for the surface. j 


Rule III. Square the circumference ; then either multi. 
ply that square by the decimal -3183, or divide it by 3°1416, 
for the surface. : 


Note. For the surface of a segment or frustum, multiply the 
whole circumference of the sphere by the height of the part 
required. 


Ex. 1. Required the convex superficies of a sphere, whose 
diameter is 7, and circumference 22 Ans. 154. 


Ex. 2. Required the superficies of aglobe, whose diameter 
is 24 inches. Ans. 18095616. 


Ex. 3. Required the area of the whole surface of the 
earth, its diameter being 7918°7 miles. 
| Ans. 196994111 sq. miles. 


Ex. 4. The axis of a sphere being 42 inches, what is the 
convex superficies of the segment wkose height is 9 inches ? 
Ans. 1187°5248 inches. 


Ex. 5. Required the convex surface of a spherical zone, 
whose breadth or height is 2 feet, and cut from a sphere of 
121 feet diameter. Ans. 78°54 feet. 








And as this is every where the case, therefore the sums of any corresponding 
number of these are also equal; that is, the whole surface of the epiate, Assen 
ed by the whole semicircle rex, is equal to the whole curve surface of the cylin- 
der, described by the height Bc; as well as the surface of any segment described 
by ro, equal to the surface of the corresponding segment described by Bi. 


Corol. 1. Hence the surface of the sphere is equal to 4 of its great circles, or: 
equal to the circumference Ereu, or of pc, multiplied by the height Bc, or by the 
diameter FH. . 


Corol. 2. Hence also, the surface of any such part as a segment or frustum, or 
zone, is equal to the same circumference of the sphere, multiplied by the height 
of the said part. And consequently such spherical curve surfaces are to one an- 
other in the same proportion as their altitudes. "4 
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PROBLEM VIII. 
To find the Solidity of a Sphere or Globe. 


Rute I, Maltiply the surface by the diameter, and take 
1 of the product for the content.* Or, which is the same 
thing, multiply the square of the diameter, by the circumfer- 
ence, and take ! of the product. 


Rute Il. Take the cube of the diameter, and multiply it 
by the decimal -5236, for the content. 


Rute Ul. Cube the circumference, and multiply by 
01688. | 


Ex. 1. To find the content of a sphere whose axis is 12. 
' * Ans. 904°7808. 


Ex. 2. To find the solid content of the globe of the earth 
supposing its diameter to be 7918-7, and consequently its cir- 


cumference 24877°4 miles. . 
Ans. 260002677535 miles. 


PROBLEM IX. 
To find the Solid Content of a Spherical Segment. 


{Rute I. From 3 times the diameter of the sphere take 
double 








* For, put @d = the diameter, c = the circumference, and s = the surface of 
the sphere, or of its circumscribing cylinder: also, a == the number 31416. 

Then, } s is== the base of the cylinder, or one great circle of the sphere ; and 
dis the height of the cylinder; therefore 4ds is the content of the cylinder. 


But 2 of the cylinder is the sphere, by th. 117, Geom, that is, 2 of 4 ds, or dds 
is the sphere ; which is the first rule. 

Again, because the surface s is = ad? ; therefore $ds = dad® == -5236d%, is 
the content, as in the 2d rule. Also d being = c <= a therefore } ad 34,3 
am a? ‘xs ‘01688, the 3d rule for the content. ; 

+ By corol. 3, of theor. 117, Geom. it appears 
that the spheric segment prw, is equal to the dif- 
ference between the cylinder azo, and the conic 
frustum ABMQ. 

But, putting d = ag or ru the diameter of the 
sphere or cylinder, h = rx the height of the seg- 
ment, ry ==Pk the radius of its base, and a = 
31416; then the content of the cone as1is = 


1 ° . 
gad” X 3 FI =zad* ; and by the similar cones 
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double the height of the segment: then multiply the remain- 
der by the square of the height, and the product by the deci- 
mal »5236, for the content. 


Rute Il. To 3 times the square of the radius of ‘the 
segment’s base. add the square of its height ; then multiply 
the sum by the height, and the product by 5236, St the con- 
tent. 


Ex. 1. To find the content of a spherical segment, of 2 
feet 1 in hohe cut from a sphere of » feet diameter. 
Ans. 4}: 888. 


Ex. 2. What is the solidity of the segment of a sphere, its 
height being 9, and the diameter of its base 20? 
Ans. 1795:4244. 


Note. The general rules for measuring all sorts of figures 
having been now delivered, we may next proceed to apply 
them to the several practical uses in life, as follows. 








é ) the cone emir; therefore the cone aB1— the cone emi = pyat® 
4d 
d—h 
- pad? x 2 ye — ta a? h—-z tadh? +s rah? j is = the conic frustum 
oe 
2 
ABMQ. 


And fad" h is = the cylinder aso. 


Then the difference of these two is 3 adh® —tah? — tah? x (3d — hy 
for the spheric segment pFx ; which is the first rule. 


Again, because px? == rk X KH (cor. to theor. 87, Geom.) orr? ah (d@— —h). 
re 


therefore d=— ph, and 3d ss MA Ne iid 





3 which being sub- 


h* 
; : t 2. 2 4 h? 
stituted in the former Ai it becomes i ah x2 a =+ ah a eae im 
h?),,.which is the 2d rule. 


Note. By subtracting a segment from half a sphere or fli ascii segment, 
the content of any frustum or zone may be foun 
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LAND SURVEYING. 
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SECTION I. 


DESCRIPTION AND USE OF THE INSTRUMENTS. 
1. OF THE CHAIN. 


LAND is measured with a chain, called Gunter’s Chain, 
from its inventor, the length of which is 4 poles, or 22 yards, 
or 66 feet. It consists of 100 equal links ; and the length of 
each link is therefore 22, of a yard, or ,%°; of a foot, or 7:92 
inches. 

Land is estimated in acres, roods, and perches. ‘An acre is 
equal to 10 square chains, or as much as 10 chains in length 
and 1 chain in breadth. Or, in yards, it is 220 X 22 = 4840 
square yards. Or, io poles, it is 40 X 4=160 square poles. 
Or, in links, it is 1000 X 100 =.100000 square links: these 
being all the same quantity. . 

Also, an acre is divided into 4 parts called roods, and a rood 
into 40 parts called perches, which are square poles, or the 
square of a pole of 5} yards long, or the square of + of a chain, 
or of 25 links. which is 625 square links. So that the divi- 
sions of land measure, will be thus : 

625 sq. links = 1 pole or perch 
40 perches = 1 rood 
4roods = 1 acre. 

The length of lines, measured with a chain, are best sei 
down in links as integers, every chain in length being 100 
links ; and not in chains and decimals. Therefore, after the 
content is feund, it will be in square links ; then cut off five 
of the figures on the right hand for decimals, and the rest will 
be acres. These decimals are then multiplied by 4 for roods, 
and the decimals of these again by 40 for perches. 

Exam. Suppose the length of arectangular piece of ground 
be 792 links, and its breadth 385 ; to find the area in acres, 
roods, and perches. 











792 304920. 
385 | 4 
3960. 19680 
6336 40 
2376 
ns 787200 
304920 = “ 





Ans. 3 acres, 0 roods, 7 perches. 2, OF 
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2. OF THE PLAIN TABLE. ae 


Tus instrument consists of a plane rectangular board, of 
any convenient size: the centre of which, when used, is fixed 
by means of screws to a three-legged stand, having a ball and. 
socket, or other joint, at the top, by means of which, when 
the legs are fixed on the ground, the table is inclined in any 
direction. . 

To the table belong various paris, as follow : 

1. A frame of wood, made to fit round its edges, and to 
be taken eff, for the convenience of putting a sheet of paper 
on the table. - One side of this frame is usually divided into 
equal parts, for drawing lines across the table, parallel or 
perpendicular to the sides ; and the other side of the frame 
is divided into 360 degrees, to a centre im the middle of the 
table ; by means of which the table may be used as a theodo- 
lite, be’ 

2. A magnetic needle and compass, either screwed into the 
side of the table, or fixed beneath its centre, to point out the 
directions, and to be a check on the sights. 

3. An index, which'is a brass two-foot scale, with either a 
small telescope, or open sights set perpendicularly on the 
ends. ‘These sights and one edge of the index are in the same 
plane, and that is called the fiducial edge of the index. 

To use this instrument, take a sheet of paper which will 
cover it, and wet it to make it expand ; then spread it flat on 
the table, pressing down the frame on the edges, to stretch it 
and keep it fixed there ; and when the paper is become dry, 
it will, by contracting again, stretch itself smooth and flat from 
any cramps and unevenness. On this paper is to be drawn 
the plan or form of the thing measured. 

Thus, begin at any proper part of the ground; and make a 
point on a “convenient part of the paper or table, to repre- 
sent that place on the ground; then fix in that point one 
lez of the compasses, or a fine steel pin, and apply’ to it 
the fiducial edge of the index, moving it round till through 
the sights you perceive some remarkable object, as the corner 
of a field, &c.; and from the station-point draw a line with 
the point of the compasses along the fiducial edge of the in- 
dex, which is called setting or taking the object: then set 
another object or corner, and draw its line ; do the same by 
another ; and so on, till as many objects are taken as may be 
thought fit. Then measure from the station towards as many 
of the objects as may be necessary, but not more, taking the 
requisite offsets to corners or crooks in the hedges, laying 


the measures down on their respective lines on the a 
en 
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Then at any convenient place measured to, fix the table in 
the same position, and set the objects which appear from that 
place: and so on, as before. And thus continue till the work 
is finished, measuring such lines only as are necessary, and 
determining as many as may be by intersecting lines of direc- 
tion drawn from different stations. 

Of shifting the Paper on the Plain Table. 


When one paper is full, and there is occasion for more ; 
draw a line in any manner through the farthest point of the 
last station line, to which the work can be conveniently laid 
down ; then take the sheet off the table, and fix another on, 
drawing a line over it, in a part the most convenient for the 
rest of the work ; then fold or cut the old sheet by the line 
drawn oa it, applying the edge to the line on the new sheet, 
and, as they lie in that position, continue the last station line 
on the new paper, placing on it the rest of the measure, be- 
ginning at where the old sheet left off. And so on from sheet 
to sheet. 

When the work is done, and you would fasten all the sheets 
together into one piece, or rough plan, the aforesaid lines are 
to be accurately joined together, in the same manner as when 
the lines were transferred from the old sheets to the new 
‘ones. Butit is to be noted, that if the said joining lines, on 
the old and new sheets, have not the same inclination to the 
side of the table, the needle will not point to the original de- 
gree when the table is rectified ; and if the needle be re- 
quired to respect still the same degree of the compass, the 
easiest way of drawing the lines in the same position, is to 
draw them both parallel to the same sides of the table, by 
means of the equal divisions marked on the other two sides. 


3. OF THE THEODOLITE. 


Tue theedolite is a brazen circular ring, divided into 360 
degrees, &c. and having an index with sights, or a telescope, 
placed on the centre, about which the index is moveable ; also 
a compass fixed to the centre, to point out courses and check 
the sights ; the whole being fixed by the centre on a stand of 
a convenient height for use. 

In using this instrument, an exact account. or field-book, of 
all measures and things necessary to be remarked in the plan, 
must be kept, from which to make out the plan on returning 
home from the ground. 

Begin at such part of the ground, and measure in such di- 
rections as are judged most convenient ; taking angles or di- 
rections to objects. and measuring such distances as appear 

necessary, 
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necessary, under the same restrictions as in ‘the use of the 
plain table. And it is safest to fix the theodolite in the origi- 
nal position at every station, by means of fore and back ob- 
jects, and the compass, exactly as in using the plain table; re- 
gistering the number of degrees cut off by the index ‘when 
directed to each object ; and, at any station. placing the index 
at the: same degree as when the direction towards that station 
was taken from ‘the last preceding one, to fix the theodolite 
there in the original position. 

The best method of laying down the aforesaid ines of di- 
rection, is to describe a pretty large circle ; then quarter it, 
and lay on it the several numbers of degrees cut off by the 
index in each direction, and drawing lines from the centre to 
all these marked points in the circle. ‘hen, by means of a 
parallel ruler. draw from station to station, lines parallel to 
the aforesaid lines drawn from the. centre to the “weapeemiye 
points in the circumference. shy 


4. OF THE CROSS. 


The cross consists of two pair of sights set at right angles 
to each other, on a staff having a sharp point at the bottom, 
to fix in the ground. 

The cross is very useful to measure small and crooked pieces 
of ground. The method is, to measure a base or chief line, 
usually in the longest direction of the piece, from corner to 
corner; and while measuring it, finding the places where 
perpendiculars would fall on this line, from the several cor- 
ners and bends in the boundary of the piece, with the cross, 
by fixing it, by trials, on such parts of the line, as that 
through one pair of the sight both ends of the line may ap- 
pear, and through the other pair the corresponding bends or 
corners ; and then measuring the lengths of the said bri 


diculars. 
REMARKS. 


Besides the fore-mentioned instruments, which are most 
commonly used, there are some others ; as, 

The perambulator, used for measuring roads, and viher: 
sreat distances, level ground. and by the sides of rivers. It 
has a wheel of &1 feet, or half a’'pole, in circumference, by 
the turning of which the machine goes forward : and the dis- 
tance measured is pointed out by an index, which is moved 
round by clock work. . 

Levels, with telescopic or other sights, are used to find the 
level between place and place, or how much one place is 
higher or lower than another. And in measuring any sloping 


er oblique samidd either ascending or descending, a small! 
pocket 
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pocket level is useful for showing how many links for each 
chain are to be deducted, to reduce the line to the horizontal 
length. 

An offset-staff is a very useful instrument, for measuring the 
offsets and other short distances. It is 10 links in vehi 
being divided and marked at each of the 10 links. 

Ten small arrows, or rods of 1 iron, or wood, are need to 
mark the end of every chain length, in measuring lines, And 
sometimes pickets, or staves with flags, are set up.as marks or 
objects of direction. 

Various scales are also used in protracting and measuring 
on the plan or paper; such as plane scales, line or chords, 
protractor, compasses, reducing scale, parallel and perpendi- 
cular roles, &c. Of plane scales there should be several 
sizes, as a chain in 1 inch, a chain in 2 of an inch, a chain in 
4 an inch; &c. And of these, the best for use are those that 
are laid on the very edges of the ivory scale, to mark off dis- 
tances, without compasses. 


SECTION II. 
THE PRACTICE OF SURVEYING. 


Turs part contains the several works proper to tn done in 
the field, or the ways of measuring by all the instruments, and 
in all situations. 


PROBLEM I. 
To Measure a Line or Distance. 


To measure a line on the ground with the chain : Having 
provided a chain, with 10 small arrows, or rods, to fix one 
into the ground, as a mark, at the end of every chain ; two 
persons take hold of the chain. one at each end of it ; and all 
the 10 arrows are taken by one of them, who goes foremost, 
and is called the leader ; the other being called the follower, 
for distinction’s sake. 

A picket, or station-staff being set up in the direction of the 
line to be measured, if there do not appear some marks na- 
turally in that direction, they measure straight towards it, the 
leader fixing down an arrow at the end of every chain, 
which the follower always takes up, as he comes at it, till 
all the ten arrows are used. They are then all returned to 
the leader, to use over again. And thus the arrows are 
changed from the one to the other at every 10 chains’ length, 
till the whole line is finished ; then the number of changes 
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of the arrows shows the number of tens, to which the fol- © 
lower adds the arrows he holds in his hand, and the number 
of links of another chain over to the mark or end of the 
line. So, if there have been 3 changes of the arrows. and 
the follower hold 6 arrows and the end of the line cut off 45 
links mor; the whole length of the jine is set down in links 
thus, 3640. . 
When the ground is not level, but either ascending or de- 
scending ; at every chain length, lay the offset-staff, or link- 
staff, down in the slope of the chain, on which lay the small 
pocket level, to show how many links or parts the slope line 
is longer than the true level one ; then draw the chain for- 
ward so many links or parts, which reduces the line to the 
horizontal direction. 


PROBLEM II. 


To take Angles and Bearings. 


Ler sp and ¢ be two objects, or C 
two pickets set up perpendicular ; | 
and let it be required to take their C 
bearings, or the angles formed be- 
tween them at any station a. Ft D 5 


1. With the Plain Table. 


The table being covered with a paper, and fixed on its 
stand ; plant it at the station a, and fix a fine pin, or a foot of 
the compasses, in a proper point of the paper, to repre- 
sent the place a: Close by the side of this pin lay the fiducial 
edge of the index, and turn it about, still touching the pin, 
till one object B can be seen through the sights: then by the 
fiducial edge of the index draw a line. In the same manner 
draw another line in the direction of the other objectc. And 
_ itis done. 


2. With the Theodolite, &c. 


Direct the fixed sights along one of the lines, as aB, by 
turning the instrument about till the mark B is seen through 
these sights; and there screw the instrument fast. Then 
turn the moveable index round, till through its sights the ofher 
mark cis seen. Then the degrees cut by the index, on the 
sraduated limb or ring of the instrument, show the quantity of 


le. | 
the ang see 3. Witk 
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3. With the Magnetic Needle and Compass. 


Turn the instrument or compass so, that the north end of 
the needle point to the flower-de-luce. Then direct the 
sights to one mark as B, and note the degrees cut by the nee- 
dle. Next direct the sights to the other mark c, and note again 
the degrees cut by the needle. Then their sum or difference, 
as the case may be, will give the quantity of the angle Bac. 


4, By Measurement with the Chain, &c. 


Measure one chain length, or any other length, along both 
directions, as to band c. ‘Then measure the distance bc, and 
it is done.—This is easily transferred to paper, by making a 
triangle abc with these three lengths, and then measuring the 
angle a. 


PROBLEM III. 


To Survey a Triangular Field asc. 
1. By the Chain. 
C 


ap 794 

rc 826 
| A BB 
Having set up marks at the corners, which is to be done in 
all cases where there are not marks naturally ; measure with 
the chain from a to p, where a perpendicular would fall from. 
the angle c, and set up a mark at p, noting down the distance 
ap. Then complete the distance as, by measuring from Pp to 
s. Having set down this measure, return to Pp, and measure 
the perpendicularrc. And thus, having the base and perpen- 
dicular, the area from them is easily found. Or having the 
place e of the perpendicular, the triangle is easily constructed. 
Or, measure all the three sides with the chain, and note 
them down. From which the content is easily found, or the 

figure is constructed. 


2. By taking some of the Angles. 


Measure two sides as, ac, and the angle a between them. 
‘Or measure one side as, and the two adjacent angles a and B. 
From either of these ways the figure is easily planned ; then 
by measuring the perpendicular cp on the’plan, and multi- 
plying it by half as, the content is found. 

PROBLEM 


PROBLEM IV. 


To Measure a Four-sided’Field. 


1. By the Chain. 
age 214] 210 ve . 
AF 362 |'306 Br 
ac 592 





Measure along one of the diagonals, as ac; and either the 
two perpendiculars pe, BF, as in the last problem; or else 
the sides aB, Bc, cp, DA. From either of which the figure 
may be planned and computed as before directed. 


Otherwise by the Chain. 


D 
Ap 110 |] 352 prc 
Aq 745} 595 ap eh &: 
aB 1110 


ee: 2 Q B 
Measure on the longest side, the distances ar, aq, aB ; and 


the perpendiculars pc, ap. 
2. By taking some of the ‘Angles: 
Measure the diagonal ac (see the last fig. but one), and the 


angles cap. CAD, acB, acp..—Or measure the four sides, aud . 
any one of the angles, as BAD. 





Thus. Or thus. 
ac 591 AB 486 
can S87: 20 Bc 394 ‘ae 
cap 41 15 cp 410 v9 
acB 72. 25 DA 462 = 
acp 54 40 BAD 78° 35! 





PROBLEM V. 3 
To Survey any Field by the Chain only. 


Havine'set up marks at the corners, where necessary, of 
the proposed field ascperc, walk over the ground, and con- 
sider how it can best be divided in triangles and trapeziums ; 
and measure them separately, as in the last two problems. 
Thus, the following figure is divided into the two trapeziums’ 
ABCG, GDEF, and the triangle ccp. Then, in the first tra- 
pezium,. beginning at a, measure the diagonal ac, and ne 

: wo 
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two perpendiculars cm, sn. Then the base ec, and the 
_ perpendicular pq. Lastly, the diagonal pr, and the two 
perpendiculars pe,oc. All which measures write against the 
corresponding parts of a rough figure drawn to resemble 
a figure surveyed, or set them down in any other form you 
choose. 


Thus, 
am 135]130 mG 
An 410}180 ns 
AC 550 





cq 152/230 gqp 
CG. 440 


ro 237/120 oc 
Fp 288) 80 pre 
FD 520 





Or thus | 


Measure all the sides as, Bc, cp, DE, EF, FG, GA; and the 
diagonals ac, cc, GD, DF. 


Otherwise. 


Many pieces of land may be very well surveyed, by mea- 
suring any base line, either withia or without them, with the 
perpendiculars let fall on it from every corner. For they are 
by those means divided into several triangles and trapezoids, 
all whose parallel sides are perpendicular to the base line ; 
and the sum of. these triangles and trapeziums will be equal 
to the figure proposed if the base line fall within it ; ; if not, 
the sum of the parts which are without being taken from the 
sum of the whole which are both within and without, will 
leave the area of the figure proposed. 

In pieces that are not very large, it will be sufficiently ex- 
act to find the points, in the base line, where the several per- 
pendiculars will fall, by means of the cross, or even by judging 
by the eye only, and from thence measuring to the corners 
for the lengths of the perpendiculars.—And it will be most 
convenient to draw the line se as that all the perpendiculars 
may fall within the figure. | 

Thus, in the following figure, beginning at a, and measuring, 
- along the line aa, the distances and perpendiculars on the right. 
and left are as below. ’ : 


- 


ab 
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ab 315] 350 bs 
ac 440] 70 cc 
ad 585 | 320 dp 
ae 610] 50 er 
af 990] 470 fr 
AG 1020} O 
PROBLEM VI. 





Po Measure the Offsets. ; 
ahikImn being a crooked hedge, or brook, &c. From a’ 
measure in a straight direction along the side of itto x. And 
in measuring along this line aB, observe when you are direct- 
ly opposite any bends or corners of the boundary, as at c, d, 
e, &c.; and from these measure the perpendicular offsets ch, 
di. &c. with the offset-staff, if they are not very large, other- 
wise with the chain itself; and the work is done. The regis- 
ter, or field-book, may be as follows : 


Offs. left. || Base line as 











0 © A 
ch 62) 454,ac 
di 84 |} 220 ad 
ek 70| 340 ae 
fl 98 510 af 





| gm 57: 634 ag. 


Bn 91.785 AB 
a 


PROBLEM VII. 
To survey any Field with the Plain Table. 
1. From oné Station. 


Prant the table at any angle as 
c, from which all the other angles, 
or marks set up, can be seen; 
turn the table about till the needle 
point- to the flower-de-luce; and — 
there screw it fast. Make a point 
for c on the paper on the table, 
and lay the edge of the index to c, 
turning it about c till through the B 
sights you see the mark p: and by the edge of the index 
draw a dry or obscure line: then measure the distance cp, 
and lay that distance down on the line co. Then turn the 
index about the point c, till the mark & be seen through the 

sights, 
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sights, by which draw a line, and measure the distance to £, 
laying it on the line from c toe. In like manner determine 
the positions of ca and cs, by turning the sights successively 
to a and B; and lay the lengths of those lines down. Then 
connect the points, by drawing the black lines cp, pz, EBA, AB, 
Bc, for the boundaries of the tield. 

2. From a Station Within the Field. 

When all the other parts cannot nts ee 
be seen from one angle, choose some : 
place 0 within, or even without, if 
more convenient, from which the i 
other parts can be seen. Plant the EC ~~. : 
table at 0, then fix it with the needle 
nerth, and mark the point 0 on it. 
Apply the index successively to 0, 
turning it round with the sights to A B 
each angle, a, B, c, D, &, drawin 
dry lines to them by the edge of the index ; then measuring 
the distance oa, op, &c. and laying them down on those lines. 
Lastly, draw the boundaries aB, BC, CD, DE, EA. 

3. By going Round the Figure. 

When the figure is a wood. or water, or when from some 
other obstruction you cannot measure lines across it; begin 
at any point a, and measure around it either within or without 
the figure, and draw the directions of all the sides, thus: 
Plant the table at a; turn it with the needle to the north. or 
flower-de-luce ; fix it, and mark the point a4, Apply the index 
to a, turning it till you can see the point £, and there draw a 
line: then the point 8, and there draw a line: then measure 
these lines, and lay them down fromatoz ands. Next move 
the table to B, lay the index along the line as, and turn the 
table about till you can see the mark a, and screw fast the 
table ; in which position also the needle will again point to the 
flower-de-luce, as it will do indeed at every station when the 
table is in the right position. Here turn the index about z till 
through the sights you see the mark c; there draw a line, 
measure Bc, and lay the distance on that line after you have 
set down the table at c. Turn it then again into its proper 
position, and in like manner find the next line cp, And so on 
quite around by £,te a again. Then the proof of the work will 
be the joining at a: for if the work be all right, the last di- 
rection EA on the ground, will pass exactly through the point 
a on the paper; and the measured distance will also reach 
exactly to a. If these do not coincide, or nearly se, some 
error has been committed, and the work must be examined 


over again. PROBLEM 
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PROBLEM Vu. 
To Survey a Field with the Theodolite, be. 
1. From One Point or Station. 


Wuen all the angles can be seen from one point, as the an- 
gle c (first fig. to last prob.) place the instrument at c, and 
turn it about, till through the fixed sights you see the mark B, 
and there fix it. Then turn the moveable index about till the 
mark a be seen through the sights, and note the degrees cut 
on the instrament. Next turn the index successively to & and 
p, noting the degrees cut off at each; which gives all the an- 
gles BCA, BCE, BCD. Lastly measure the lines cB, cA, CE, CD35 
and enter the measures in a field-book, or rather against the 
corresponding parts of a rough figure drawn by guess to 
resemble the caps 

. Froma point Within or Without. 

“Plant the i has at O (last fig.) and turn it about till the 
fixed sights point to any object, as a ; and there screw it fast. 
Then turn the moveable index round till the sights point suc- 
cessively to the othér points £, D, c, B. noting the degrees cut 
off at each of them; which gives all the angles round the 
point 0. Lastly measure the distances oa, OB, OC, OD, OE, 
noting them down as before, and the work is done. 


3. By going Round the Field. 


By measuring round, either 
within or without the field, pro- 
ceed thus. Havingset up marks 
at B, c, &c. near the corners as 
usual, plant the instrument at 
any point a, and turn it till the 
fixed index be in the direction 
an, and there screw it fast : then 
turn the moveable index to the 
direction ar; and the degrees 
cut off willbe the angle a. Measure the line az, and plant 
the imstrument at B, and there in the same manner observe 
the angle a. Then measure sc, and observe the angle c. 
‘Then measure the distance cp, and take the angle p.. Then 
measure DE, and take the angle r=. Then measure ger, and 
take the angle r. And lastly measure the distance Fa. 

To prove the work; add all the inward angles 4, B, c, 
&c. together ; for when the work is right, their sum will be 
equal to twice as many right angles as the figure has sides, 
wanting 4 right angles. But when there is an angle, as F; 


that bends inwards, and you measure the external angle, 
which 
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which is less than two right angles, subtract it from 4 right 
angles, or 360 degrees, to give the internal angle greater than 
a semicircle or 180 degrees. 


| Otherwise. 

Instead of observing the internal angles, we may take the 
external angles, formed without the figure by producing the 
sides farther out, And in this case, when the work is right, 
their sum altogether will be equal to 360 degrees. But when 
one of them, as F, runs inwards, subtract it from the sum of 
the rest, to leave 360 degrees, | 

PROBLEM IX. 
To Survey @ Field with Crooked Hedges, $c. 

Wiru any of the instruments, measure the lengths and 
positions of imaginary lines running as near the sides of the 
field as you can; and, in going along them, measure the off- 
sets in the manuer before taught ; then you will have the plan 
on the paper in using the plain table, drawing the crooked 
hedges through the ends of the off-sets ; but in surveying with 
the theodolite, or other instrument, set down the measures 
properly in a field-book, or memorandum-book, and plan them: 
pehieoiteges from the field, by laying down ail the lines and 
angles, | Be oe 





aso AEAS fR STOLE LASTLY, © a 


So, in surveying the piece ascpe, set up marks a, b, c, d, 
dividing itso as to have as few sides as may be. ‘Then begin 
at any station, a, and measure the lines ab, bc, td, da, taking 
their positions, or the angles a, b,c, d3 and, in going along 
the lines, measure all the offsets, as at m,n, 0, p, &c. along 
every station-line. | 

And this is done either within the field, or without, as may 
be most convenient. When there are obstructions within, as. 
wood, water, hills, &c. then measure without, as in the next 
following figure. Pets . 

Vor. 7. 57 PROBLEM 
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PROBLEM X. | . 
To Survey a Field, or any other Thing, by Two Stations. 
This is performed by choosing two stations from which all 
the marks and objects can be seen ; then measuring the dis- 
tance between the stations. and at each station taking the angles 
formed by every object from the station line or distance. _ 
The two stations: may be taken either within the bounds, or 
in one of the sides, or in the direction of two of the objects, 
or quite at a distance and without the bounds of the objects or 
part to be surveyed. | 
In this manner, not only grounds may be surveyed, without 
even entering them, but a map may be taken of the principal 
parts of a county, or the chief places of a town. or any part.of 
a river or coast surveyed, or any other inaccessible objects ; by 
taking two stations, on two towers, or two hills, or such-like. 





ROHL XI. 
To Survey a Large Estate. 4 pie 
Ir the estate be very large, and contain a great number of 
fields, it cannot well be done by surveying all the fields 


_ singly 


SURVEYING. | 443 


singly, and then putting them together; nor canit be done by 
taking all the angles and boundaries that enclose it. For in 
these cases, any small errors will be so much increased, as to 
render it very much distorted. But proceed as below. 

1. Walk over the estate two or three times, in order to get a 
perfect idea of it, or till you can keep the figure of it pretty 
wellinmind. And to help your memory, draw an eye-draught 
of it on paper, or at least of the principal parts of it, to guide 
you; setting the names within the fields in that draught. 

2. Choose two or more eminent places in the estate, for 
stations, from which all the principal parts of it can be seen: 
selecting these stations as far distant from one another as con- 
venient. 

3. Take such angles, between the stations, as you think 
necessary, and measure the distances from station to station, 
always in a right line: these things must be done, till you 
get as many angles and lines as are sufficient for determining 
allthe points of station. And in measuring any of these station- 
distances. mark accurately where these lines meet with any 
hedges, ditches, roads, lanes, paths, rivulets, &c. ; and where 
any remarkable object is placed, by measuring its distance from 
the station-line ; and where a perpendicular from it cuts that 
line. And thus as you go along any main station-line, take 
offsets to the ends of all hedges, and to any pond, house, mill, 
bridge, &c. noting every thing down that is remarkable. 

-4. As to the inner parts of the estate, they must be deter- 
‘mined, in like manner, by new station-lines : for after the 
main stations are determined, and every thing adjoining te 
them, then the estate must be subdivided into two or three 
parts by new station-lines ; taking inner stations at proper 
places, where you can have the best view. Measure these 
station-lines as you did-the first, and all their intersections 
with hedges, and offsets to such objects as appear. Then 
proceed to survey the adjoining fields, by taking the angles 
that the sides make with the station-line, at the intersections, 
and measuring the distances to each corner, from the inter- 
sections. For the station-lines will be the bases to all the 
future operations ; the situation of all parts being entirely 
dependent on them; and therefore they should be taken of 
as great length as possible ; and it is best for them to run 
along some of the hedges or boundaries of one or more fields, 


or to pass through some of their angles. All things being 


determined for these stations, you must take more inner sta- 
tions, and continue to divide and subdivide till at last you 
come to single fields ; repeating the same work for the inner 

stations 
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stations as for the outer ones, till all is done; and close the 
work as often as you can, and in as few lines as possible. - 

5. An estate may be so situated that the whole cannot be 
surveyed together ; because one part of the estate cannot be 
seen from.another. In this case, you may divide it into three 
or four parta, and survey the parts separately, as.if they were 
lands belonging to different persons; and at last jeu them toh 
gether, 

6. Ags it is necessary to protract or lay down the work as 
you proceed in it, you must have a scale of a due length to 
do it by. To get such a scale, measure the whole length of 
the estate in chuins; then consider how many inches long 
the map is to be ; and from these will be known how many 
chains you must have in aninch ; then make the scale ac- 
yelonsivacs or choose one already made. 


PROBLEM XII. 
To survey a County, or large Tract of Land. 


1. Cuoose two, three, or four eminent places, for stations ; 
such as the tops of high hills or mountains, towers, or church 
steeples which may be seen from one another ; from which 
most of the towns and other places of note may also be seen ; 
and so as to be as far distant from one auother as possible. 
On these places raise beacons, or long poles, with flags of 
different colours flying at them, so as to be visible ram all the 
other stations. 

2. At all the places which you would set down in ‘the map, 
plant long poles, with flags at them of several colours to dis- 
tinguish the places from one another ; fixing them on the tops 
of church steeples, or the tops of houses; or in the centres 
of smaller towns aud villages. 

These marks then being set up at a convenient number of 
places, and such as may be seen from both stations ; go, to 
one of these stations, and, with an instrument to take angles, 
standing at that station, take all the angles between the other 
station and each of these marks. Then go to the other 
station, and take all the angles between the first station and 
each of the former marks, setting them down with the others, 
each against its fellow with the same colour. You may, if 
convenient, also take the angles-at some third station, which 
may serve to prove the work, if the three lines intersect in 
that point where any mark stands. The marks must stand till 
the observations are finished at both stations ; and then they 
may be taken down, and set up at new places. The same 
operations must be performed, at both stations; for these 
new places; and the like for others. The instrument for 

taking 
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taking angles must be an exceeding good one, made on pur- 
pose with telescopic sights, and of a good length of radius. 

3. And though it be not absolutely necessary to measure 
any distance, because, a stationary line being laid down from 
any scale, all the other lines will be proportional to it; yet it 
is better to measure some of the lines, to ascertain the dis- 
tances of places in miles, and to know how many geometrical 
miles there are in any length; a3 also from thence to make a 
scale to measure any distance in miles. In measuring any dis- 
tance. it will not be exact enough to go along the high roads ; 
which by reason of their turnings and windings, hardly ever 
he in a right line between the stations ; which must cause 
endless reductions, and require great trouble to make it a right 
line; for which reason it can never be exact. But a better 
way {js to measure in a straight line witha chain, between sta- 
tion and station, over hills and dales, or level fields, and all 
obstacles. Only in case of water, woods, towns, rocks, banks, 
&c. where we cannot pass, such parts of the line must be 
measured by the methods of inaccessible distances ; and be- 
sides allowing for ascents and descents, when they are met 
with. A good compass, that shows the bearing of the two 
stations, will always direct us to go straight, when the two 
stations cannot be seen; and in the progress, if we can go 
straight, offsets may be taken to any remarkable places, like- 
wise noting the intersection of the‘station-line with ail roads, 
rivers, &c. 

4. From all the stations, and in the whole progress, we 
must be very particular in observing sea-coast, river-mouths, 
towns, castles, houses, churches, mills, trees, rocks, sands, 
roads, bridges, fords, ferries, woods, hills, mountains, rills, 
brooks, parks, beacons, sluices, floodgates, locks, &c. and in 
general every thing that is remarkable. 

5. After we have done with the first and main station-lines, 
which command the whole county ; we must then take inner 
stations at some places already determined ; which will divide 
the whole into several partitions : and from these stations we 
must determine the places of as many of the remaining towns 
as wecan. And if any remain in that part, we must take more 
stations, at some places already determined, from which we 
may determine the rest. And thus go through all the parts 
of the county, taking station after station, till we have deter- 
mined the whole. And in general the station-distances must | 
always pass through such remarkable points as have been de- 
termined before, by the former stations. 


PROBLEM 
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PROBLEM X1ll. 
Te Survey a Town or City. a 

Tars may be done with any of the instruments. fn) taking 
angles, but best of all with the plain table, where every mi- 
nute part is drawn while in sight. Instead: of the common 
surveying or Gunter’s chain, it will be best, for this purpose, 
to have a chain 50 feet long, divided into 50 links of one foot 
each, and an offset-staff of .10 feet long. 

Begin at the meeting of two or more of the principal 
streets, through which we can have the longest prospects, to 
get the longest station-lines: there having fixed the instru- 
ment, draw lines-of direction along those streets, using two 
men as marks, or poles set in wooden pedestals, or perhaps 
some remarkable places in the houses at the farther ends, as 
windows, doors, corners, &c. Measure these lines with the 
chain, taking offsets with the staff, at all corners of streets, 
bendings, or windings, and to all remarkable things, as churches, 
markets, halls, colleges, eminent houses, &c. Then remove 
the instrument to another station, along one of these lines ; 
and there repeat the same process as } atiiee And’so on til 


i the whole is finished. 





ae 
~ Me ee ee eet 





Thus, fix the instrument at a, and draw lines in the direc- 
tion of all the streets meeting there ; then measure 4B, noting 
the street on the left at m. At the second station B, draw 
the directions of the streets meeting there; and measure 
from B to c, noting the places of the streets at n and o as you 
pass by them. At the third station c, take the direction of all 
the streets meeting there, and measure cp. Atp do the same, 
and measure DE. noting the place of the cross streets at P. 
And in this manner go through ail the principal streets. This 
done, proceed to the smaller and intermediate streets ; and 
lastly to the lanes, alleys, courts, yards, and every part that 


it may be thought proper to a ari in the reat entilient 
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PROBLEM XIV. 
To lay down the Plan of any Survey. 


Ir the survey was taken with the plain table, we have a 
rough plan of it already on the paper which covered the table. 
But if the survey was with any other instrument. a plan of it 
is to be drawn from the measures that were taken in the sur- 
vey ; and first of all a rough plan ov paper. 

Lo do this, you must have a set of proper instruments, for 
laying down both lines and angles, &c.; as scales of various 
sizes (the more of them, and the more accurate the better), 
scales of chords, protractors, perpendicular and parallel ra- 
ers, &c. Diagonal scales are best for the lines, because they 
extend to three figures, or chains, and links, which are.100 
parts of chains. But in using the diagonal scale, a pair of 
compasses must be employed, ta take off the lengths of the 
principal lines very accurately. But a scale with a thin edge 
divided, is much readier for laying down the perpendicular 
offsets to crooked hedges, and for marking the places of those 
offsets on the station-line ; which is done at only one applica- 
tion of the edge of the scale to that line, and then pricking off 
all at once the distances along it. Angles are to be laid down 
either with a good scale of chords, which is perhaps the most 
accurate way, or with a large protractor, which is much rea- 
dier when many angles are to be laid down at one point. as 
they are pricked off all at once round the edge of the protractor. 

In general, all lines and angles must be laid down on the plan 
in the same order in which they were measured in the field, 
and in which they are written in the field-book ; laying down 
first the angles for the position of lines, next the lengths of 
the lines, with the places of the offsets, and then the lengths 
of the offsets themselves, all with dry or obscure lines; then 
a black line drawn through the extremities of all the offsets, 
will be the hedge or bounding line of the field, &c. After the 
principal bounds and lines are laid down and made to fit or 
close properly, proceed next to the smaller objects, tli you 
have entered every thing that ought to appear in the plan, as 
houses, brooks, trees, hills, gates, stiles, roads, lanes, mills, 
bridges, woodlands, &c. &c. 

The north side of a map or plan:is commonly placed up- 
permost. and a meridian is some where drawn, with the com- 
pass or flower-de-luce pointing north. Also, ina vacant part, 
a scale of equal parts or chaios is drawn, with the title of the 
map in conspicuous characters, and embellished with a com- 
partment. Hills are shadowed to distingnish them in the-map. 
Colour the hedges with different colours ; represent hilly 
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grounds by broken hills and valleys; draw single dotted lines 
for foot-paths,. and double ones for. horse or carriage roads. 
Write the name of each field and remarkable place within it, 
and, if you choose, its content in acres, roods, and perches, 
tna very large estate, or.a county, draw vertical and hori-+ 
zontal lines through the map, denoting the spaces between them 
by letters placed at the top, and bottom, and sides, for readily 
finding any field or other object mentioned in a table. 

In mapping counties, and estates that haye uneven grounds 
of hills and valleys, reduce all oblique lines, measured up-hill 
and down-hitl, to horizontal straight lines, if that was not done 
during the survey, before they were entered in the field-book, 
by making a proper allowance to shorten them, For which 
purpose there is commonly a small table engraven on some of 
the instruments for surveying. | 


THE NEW METHOD OF SURVEYING. 
| PROBLEM XV. : 
To Survey and Plan. by the New Method. 


In the former method of measuring a large estate, the ace 
curacy of it depends both on the correctness of the instru- 
ments, and on the care in taking the angles.. To avoid the 
errors incident to such a multitude of angles, other methods 
have of late years been used by some few skilful surveyors : 
the most practical, expeditious, and. correct, seems to be the 
following, which is performed, without taking angles, Rice mea- 
suring with the chain only. 

Choose two or more eminences, as grand stations, and mea 
sure a principal base line from one station to another; noting 
every hedge, brook, or other remarkable object, as you pass 
by it; measuring also such short perpendicular lines ‘to the - 
bends of hedges as may be near athand. From the extremi- 
ties of this base line, or from any convenient parts of the 
same, go off with other lines to some remarkable object situ 
ated towards the sides of the estate, without regarding the 
angles they make with the base line or with one another; 
still remembering to note every hedge, brook, or other object, 
that you pass by. These lines, when laid down by inter- 
sections, will, with the base line, form a grand triangle on, 
the estate ; several of which, if need be, being thus mea» 
sured and laid down, you may proceed to form other smaller 
triangles and trapezoids on the sides of the former: and so on 
till you finish with the enclosures individually. By. which 


means a kind of skeleton of the estate may first be nara 
an 
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and the chief lines serve as the bases of such triangles and 
trapezoids as are necessary to fill up all the interior parts. _ 

The field-book is ruled into three columns, as usual. In 
the middle one are set down the distances on the chain-line, 
at which any mark, offset, or other observation, is made ; and 
in the right and left hand columns are entered the offsets and 
observations made on the right and left hand respectively of 
the chain-line ; sketching on the sides the shape or resem- 
blance of the fences or boundaries. 

It is of great adyantage, both for brevity and perspicuity, 
to begin at the bottom of the leaf, and write upwards ; denot- 
ing the crossing of fences, by lines drawn across the middle 
column, or only a part of such a line on the right and left op- 
posite the figures, to avoid confusion; and the corners of 
fields, and other remarkable turns in the fences where offsets 
are taken to, by lines joining in the manner the fences do ; as 
will be best seen by comparing the book with the plan annex: 
ed to the field-book following, p. 450. 

The letter in the left-hand corner at the beginning of every 
line, is the mark or place measured from; and that at the 
right hand corner at the end, is the mark measured to: But 
when it is not convenient to go exactly from a mark, the place 
measured from is described such a distance. from one mark 
towards another ; and where a former mark is not measured 
to, the exact place is ascertained by saying, turn to the right 
or left hand, such a distance to such a mark, it being always 
understood that those distances are taken in the chain-line. 

The characters used are, { for turn to the right hand, for 
turn to the left hand, and--placed over an offset, to show that 
it is not taken at right angles with the chain-line. but in the 
direction of some straight fence; being chiefly used when 
crossing their directions; which is a better way of obtaining 
their true places than by offsets at right angles. 

When a line is measured whose position is determined, 
either by former work (as in the case of producing a given 
line, or measuring from one known place or mark to another) 

_ or by itself (as in the third side of the triangle), it is called a 
fast line, and a double line across the book is drawn at the 
conclusion of it; but if its position is not determined (as in 
the second side of the triangle), it is called a loose line, and a 
single line is drawn across the book. When a line becomes 
determined in position, and is afterwards continued farther, a 
double line half through the book is drawn. 

When a loose line is measured, it becomes absolutely ne- 
cessary to measure some other line that will determine its 
Position. Thus, the first line ah, or bh, being the base of a 
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triangle is always determined ; but the position of the second 
side hj, does not become determined, till the third side 7b is 
measured ; then the position of both is determined, and the 
triangle may be constructed. 

At the beginning of a line, to fix a loose hie to the nike 
or place measured from, the sign of turning to the right or 
left hand must be added, as at h in the second, andj in the 
third line ; otherwise a stranger, when laying dows the work, 
may as easily construct the triangle hjb on the wrong side of 
the line ah, as on the right one ; but this error cannot be 
fallen into, if the sign above named be carefully observed. 

In choosing a line to fix a loose one, care must be taken 
that it does not make a very acute or obtuse angle ; as in the 
triangle psr, by the angle at 8 being very obtuse, a small de- 
viation from truth, even the breadth of a point at p or r would 
make the error at 8. when constructed, very considerable ; 
but by constructing the triangle pq, such a deviation is of no 
consequence. 

Where the words leave off are written in the field-book, it 
signifies that the taking of offsets is from thence discontinued ; 
and of course something 1s wanting between that and the next 
offset, to be afterwards determined by measuring some other 
line. 

The field-book for this method, and the plan ave from 
it, are contained in the four following pages, engraven on cop- 
per-plates ; answerable to which, the pupil is to draw a plan 
from the measures in the field- book, of a larger size, viz. to 
a scale of a double size will be convenient, such a scale being 
also found on most instruments. In doing this, begin at the 
commencement of the field-book, or bottom of the first page 
and draw the first line at in any direction at pleasure, and 
then the next two sides of the first triangle bhy by sweeping 
intersecting arcs ; and so all the triangles in the same man- 
ner, after each other in their order; and afterwards setting 
the perpendicular and other offsets at ‘their proper places, and 
through the ends of them drawing the bounding fences. 

Note. That the field-book begins at the bottom cf the first 
page, and reads up to the top; hence it goes to the bottom of 
the next page, and to the top; and thence it passes from the 
bottom of the third page to the top which is the end of the 
field-book. The several marks measured to or from, are here 
denoted by the letters of the alphabet, first the small ones a, 
b, c, d. &c. and after them the capitals 4, B, C, D,&c. But, 
instead of these letters, some surveyors use the numbers i in 
order, 1; 2,3, 4, &c. ae 
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OF THE OLD KIND OF FIELD-BOOK. 

In surveying with the plain table, a field-book is not used, 
as every thing is drawn on the table immediately when it is 
- measured. Butin surveying with the theodolite, or any ether 
instrument, some kind of a field-book must be used, to write 
down in it a register or account of all that is done and occurs 
relative to the survey in hand. 

This book every one contrives and rules as he thinks fittest 
for himself. The following is a specimen of a form which has 
been formerly used. itis ruled into three columns, as below. 

Here {0) 1 is the first station, where the angle or bearing is 
105° 25’, On the left, at 73 links in the distance or principat 
line, is an offset of 92; and.at 610 an offset of 24 to a cross 
hedge. On the right at 0. or the beginning, an offset 25 to the 
coraer of the field; at 248 Brown’s boundary hedge com- 
mences ; at 610 an offset 35; and at 954, the end of the first 
line, the 0 denotes its terminating in the hedge. And so on 
for the other stations, : 

A line is drawn under the work, at the end of every station 
line, to prevent confusion. — _ 

Form of this Field-Book. 
































eae Stations, 
Offsets and remarks | Bearings, | Offsets and Remarks 
on the left. | and on the right. 
Es | Distances. cy 
| © 1 
195° 25'1 
~ .80 00.|~ 25 corner 
92 tS ) 
| 248 Brown’s hedge 
aeross hedge 24 | 610 35 
wc 954 00 
© 2 
: “| 53° 10° 
house corner 51 — 25 21 
| 120 29 a tree 
34 734 40 a stile 
© 3 
679 20 
Pe . . 61 35 
a brook 30 248 
| te 639 16 a spring 
foot path 16 - 810 
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Then the plan, on a small scale drawn from the above field> 
book, will be as in the following figure. But the pupil may 
draw a plan of 3 or 4 times the size on his paper book. The 
dotted lines denote the 3 chain or measured lines, and the 
black lines the boundaries on the right and left. ae 





But seme skilful surveyors now make use of a different 
method for the field-book, namely, beginning at the bottom 
of the page and writing upwards ; sketching also a neat bound- 
dary on either hand, resembling the parts near the measured 
lines as they pass along ; an example of which will be given 
further on, in the method of surveying a large estate. | 

In smaller surveys and measurements, a good way of set- 
ting down thé work, is, to draw by the eye oti a piece of 
paper, a figure resembling that which is to be measured ; and 
“go writing the dimensions, as they are found, against the cor- 
responding parts of the figure. And this method may be prac- 
tised toa considerable extent, even in the larger surveys. 

Another specimen of a field-book, with its plan, is as fol- 
lows ; being a single field, surveyed with the chain, and the 
theodolite for taking angles; which the pupil will likewise 
draw of a larger size. | : 











© A ee . © C 
82° 55’ 57° 10° 
0 0 35 268 
40 230 50 470 
48 572 0 846 
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© B © D = 
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0 238 25 |. AM 
20 520 45 312 
Se eC Se pe eRe 0 554 
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SECTION Ill. 


OF COMPUTING AND DIVIDING. 
PROBLEM XVI. 
To Compute the Contents of Fields. 


i, Comrure the contents of the figures as divided into tri- 
angles, or trapeziums, by the proper rules for these figures 
laid. down in measuring; multiplying the perpendiculars by 
the diagonals or bases, both in links, and divide by 2; the 
quotient is acres, after having cut off five figures on the Tight 
for decimals. Then bring these decimals to roods and perches, 
by multiplying first by 4, and then by 40. An example of 
which is given in the description of the chain, pag. 429. 

2. In small and separate pieces, it is usual to compute their 
contents from the measures of the lines taken in surveying 
een without making a correct plan of them. 

. In pieces bounded by very crooked and winding hedges, 
le by offsets, all the parts between the offsets are most 
accurately measured separately as small trapezoids. 

4. Semetimes such pieces as that last mentioned, are com- 
puted by finding a mean breadth, by adding all the offsets to- 
gether, and dividing the sum by the number of them, account- 
ing that for one of them where the boundary meets the. sta- 
tion-line, (which increases the number of them by 1, for the 
divisor, though it does not increase the sum or quantity to be 
divided) ; then multiply the length by that mean breadth. 

_ 5. But in larger pieces and whole estates, consisting of many 
fields, it is the common practice to make a rough plan of the 
whole, and from it compute the contents, quite independent 
of the measures of the lines and angles that were taken in 
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surveying. _ For then new lines are drawn i in the fields. on the 
plan, so as to divide them into trapeziums and triangles, the 
bases and perpendiculars of which are measured on the plan 
by means of the scale from which it was drawn, and so multi-_ 
plied together for the contents. In this way, the work is very ~ 
expeditiously done, and sufficiently correct ; for such dimen- 
sions are taken as afford the most easy method of calculation ; 
and among a number of parts, thus taken and applied to ascale, 
though it be likely that some of the parts will be taken a small 
matter too little, and others too great, yet they will, on the 
whole, in all probability, very nearly. balance one another, 
and give a sufficiently accurate result.. After all the fields and 
particular parts are thus computed separately, and added all 
together into one sum ; calculate the whole estate independent 
of the fields by dividing it into large and arbitrary triangles 
and trapeziums, and add these all together. Then if this sum 
be equal to the former, or nearly so, sthe work is right ; but if 
the sums have any considerable difference, itis wrong, and they 
must be examined, and re-computed, till they nearly agree. 

6. But the chief art in computing, consists in finding the 
contents of pieces bounded by curved or very irregular lines, 
or in reducing such crooked sides of fields or boundaries to 
straight lines, that shall inclose the same or equal area with 
those crooked sides, and so. obtain the area of the curved 
figure by means of the right-lined one, which will commonly 
be a trapezium. Now this reducing the crooked sides to 
straight ones, is very easily and accarately performed in this 
manner :—Apply the straight edge of a thin, clear piece of 
lanthorn-horn to the crooked line, which is to be reduced, in 
such a manner, that the smail parts cut off from the crooked 
ficure by it; may be equal to those which are taken in: which 
equality of the parts included and excluded you will presently 
be able to judge of very nicely by a little practice; then with — . 
a pencil, or point of a tracer, draw a line by the straight edge 
of the horn. | Do the same by the other sides of the field or 
figure. So shall you havea straight-sided figure equal to the. 
curved one ; the content of which, being computed as before 
directed, will be the content of the crooked figure proposed. 

Or, instead of the straight edge of the horn, a horse hair, 
er fine thread, may be applied across the crooked sides in the 
same manner: and the easiest way of using the thread, is to 
string a small slender bow with it, either of wire or cane, or 
whalebone, or such like slender elastic: matter ; for the bow 
keeping it always stretched, it can be easily and neatly appli- 
ed with one hand, while the other is at liberty to make two 
marks by the side of it, to draw the straight line by. — 

EXAMPLE 
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; EXAMPLE, 
: Thus, Jet it be required to find the contents of the same 


figure as in Prob. ax, page 441, to a scale of 4 chains to an 
inch, i 





‘Draw the 4 dotted straight lines an, Bc, cp. pa, cutting off 
equal quantities on both sides of them. which they do as near 
as the eye can judge : so is the crooked figure reduced to an 
equivalent right-lined one of 4 sides, ascp, Then draw the 
diagonal sp, which, by applying a proper scale to it, measures 
suppose 1256. Also the perpendicular or nearest distance 
from a to this diagonal, measures 456 ; and the distance of c 
from it, is 428. 

Then, half the sum of 456 and 428, multiplied by ae dia- 
ie 1256, gives 555152 square links, or 5 acres, 2 roods, 

8 perches, the content of the trapezium, or of the irregular 
crooked piece. 

As a general example of this practice, let the contents be 
computed of all the fields separately in the foregoing plan 
in page 452, and by adding the contents altogether, the whole 
sum or content of the estate will be found nearly equal to 
1031 acres Then, to prove the work, divide the whole plan 
into ‘two parts, by a pencil line drawn across it any way near 
the middle, as from the corner / on the right, to the corner 
near s on the left; then by computing these two large parts 
separately, their sum must be nearly equal to the isigre sum, 
when the work i is all right. 


PROBLEM XVI. 
To Transfer a Plan to Another Paper, &c. 


Arrer the rough plan is completed, and a fair one is wants 
ed ; this may be done by any of the following methods.. 
ae Firs: 
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First Method.—Lay the rough plan on the clean paper, 
keeping them always pressed flat and close together, by weights 
jaid on them. Then, with the point of a fine pin or pricker, 
prick through all the corners of the plan to be copied. Take 
them asunder. and connect the pricked points, on the clean 
paper, with lines; and itisdone. ‘his method is only to be 
practised in plans of such figures as are small and tolerably 
' regular, or bounded by right lines. 


Second Method.—Rub the back of the rough plan over with - 
black-lead powder; and lay this blacked part on the clean 
paper on which the plan is to be copied, and in the proper 
position. ‘Then. with the blunt point of some hard substance, 
as brass or sach-like, trace over the lines of the whole plan ; 
pressing the tracer so much, as that the black lead under the 
lines may be transferred to the clean paper : after which, take 
off the rough plan, and trace over the leaden marks with com- 
mon ink, or with Indian ink—Or, instead of blacking the rough 
plan, we may keep constantly a blacked paper to lay between 
the plans. 

Third Method.— Another method of copying plans, is by 
means of squares. This is performed Ly dividing both ends 
and sides of the plan which is to be copied into any conveni- 

-ent number of equal parts, and connecting the corresponding 
points of division with lines : which will divide the plan inte 
a number of small squares. Then divide the paper, on which 
the plan is to be copied, into the same number of squares, 
each equal to the former when the plan is to be copied of the 
same size, but greater or less than the others, in the propor- 
tion in which the plan is to be increased or diminished, when 
of a different size. Lastly, copy into the clean squares the 
parts contained in the corresponding squares of the old plan ; 
and you will have the copy, either of the same size, or greater 
or less in any proportion. © 

‘Fourth Method.—A fourth method is by the instrument . 
called a pentagraph, which also copies the plan in any size 
required. | Les 

‘ifth Method.—But the neatest method of any, at least in 
copying from a fair plan, is this. Procure a copying frame 
or glass, made in this manner ; namely, a large square of the 
best window glass, set in a broad frame of wood, which can be 
raised up to any angle, when the lower side of it rests on a 
table. Set this frame up to any angle before you, facing a 
strong light ; fix the old plan and clean paper together, with 
several pins quite around, to keep them together, the clean 

paper 


Me ee SURVEYING, : 455 


paper being laid uppermost, and over the face of the plan to 
be copied. Lay them, with the back of the old plan, on the 
glass ; namely, that part which yeu intend to begin at to copy 
first, and by means of the light shining through the papers 
you will very distinctly perceive every line of the plan 
through the clean paper. In this state then trace all the lines 
on the paper with a pencil. Having drawn that part which 
covers the glass, slide another part over the glass, and copy 
it in the same manner. Then another part. And so on, till 
the whole is copied. Then take them asunder, and trace 
all the pencil lines over with a fine pen and Indian ink, or. 
with common ink. And thus you may copy the finest plan 
without i injuring it in the least, 


OF ARTIFICERS’ WORKS, 
| AND 
TIMBER MEASURING. 
4. OF THE CARPENTER’S OR SLIDING RULE. 


THR Carpenter’s or. Sliding Rule, i is an idstrument muck 
used in measuring of timber aaa artificers’ works, both for 
taking the dimensions, and ‘computing the contents. | 

The instrument consists of two equal pieces, each a foot in 
length, which are connected together by a folding joint. 

One side or face of the rule, is divided into inches, and 
eighths, or half- quarters. On the same face also are several 
plane scales, divided into twelfth parts by diagonal lines ; 
which are used in planning dimensions that are taken in feet 
and inches. The edge of the rule is commonly divided: de- 
cimally, or into tenths ; namely, each foot into ten equal parts, 
and each of these into ten parts again: so that by means of 
this last scale, dimensions are taken in feet, tenths, and hun- 
dredths, and multiplied as common decimal numbers, which ig 
the best way. 

On the one part of the other face are four lines, marked 
A, B. C,D; the two middle ones e and c being on a slider, 
which runs in a groove made -in the stock. The same num» 
bers serve for both these two middle lines, ne one being 
Above the numbers, and the other below. . 
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These four lines are logarithmic ones, and the three 4, zB, 
ce, which are all equal to one another, are double lines, as 
they proceed twice over from 1 to 10, The other or lowest 
line, p, is asingle one, proceeding from 4 to 40. It is also 
called the girt. line, from its use in computing the contents 
of trees and timber ; and on it are marked we at 17°15, and 
AG at 18°95, the wine and ale gage points, to make this in- 
strument serve the purpose of a gaging rule. 

- On the other part of this face, there is a table of the wns 
of a load, or 50 cubic feet, of timber, at all prices, from 
pence to 9 shillings a foot. 

When 1 at the beginning of any line is accounted 1, then 
the i inthe middie will be 10, and the 10 at the end 100; 
but when one at the beginning is counted 10, then the one in 
the middle is 100, and the 10 at the end i000; and so on, 
And all the smaller divisions are altered proportionally. 


ee 
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AgTIFIcERS compute the contents of their works by several 
different measures. As, 

Glazing and masonry, by the foot; Painting, plastering, 
paving, &c. by the yard, of 9 square feet ; Flooring, par- 
titioning, roofing, tiling, &c. by the square of 100 square 
feet : ; 

And brickwork, either by the yard of 9 square feet, or by 
the perch, or square rod or pole, containing 2721 square 
feet, or 30} square yards, being the square of the rod 
or pole of 161 feet or 51 yards long. 

As this number 2721 is troublesome to divide by, the Lis 
often omitted in practice, and the content in feet divided only 
by the 272. 

All works, whether superficial or solid, are computed by 
the rules proper to the figure of them, whether it be a trian; 
gle, or rectangle, a parallelopiped, or any other figure. 


——— So 
1. BRICKLAYERS’ WORK. 


Bsaickwork is estimated at the rate of a bricle Bia a half 
thick. So that if a wall be more or less than this standard 
thickness, it must be reduced to it, as follows : 

Multiply the superficial content ‘of the wall by the number 
of half bricks in the thickness, and divide the product a. 
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The dimensions of a building may be taken by measuring 
half round on the outside and half round it on the inside ; the 
sum of these two gives the compass of the wall, to be multi- 
plied by the height, for the content of the materials. 

Chimneys are commonly measured as if they were solid, 
deducting only the vacuity from the hearth to the mantle, on 
account of the trouble of them. All windows, doors, &c. are 
to be deducted out of the contents of the walls in which they 
are placed. 


EXAMPLES. 


Exam. 1. How many yards and rods of standard brick- 
work are in a wall whose length or compass is 47 feet 3 in- 
ches, and height 24 feet 6 inches; the wall being 2} bricks 
er 5 half-bricks thick ? Ans. 8 rods, 172 yards. 

Exam. 2. Required the content of a wall 62 feet 6 inches 
tong, and 14 feet 8 inches high, and 21 bricks thick ? 

Ans. 169-753 yards. 

Exam. 3. A triangular gable is raised 171 feet high, on an 
end wall whose length is 24 feet 9 inches, the thickness being 
2 bricks ; required the reduced content ? 

Ans. 32°081 yards. 

Exam. 4. The end wall of a house is 28 feet 10 inches 
long, and 55 feet 8 inches high, to the eaves ; 20 feet high is 
21 bricks thick, other 20 feet high is 2 bricks thick, and the 
remaining 15 feet 8 inches is 14 brick thick ; above which 
is a triangular gable, of 1 brick thick ; which rises 42 courses 
of bricks, of which every 4 courses makea foot. Whatis the 
whole content in standard measure ? Ans. 253°626 yards. 


eee eee 


IV. MASONS’ WORK. 


To masonry belong all sorts of stone-work ; and the measure 
made use of is a foot, either superficial or solid. 

Walls, columns, blocks of stone or marble, &c. are measured 
by the cubic foot ; and pavements, slabs, chimney-pieces, &c. 
by the superficial or square foot. 

Cubic or solid measure is. used for the materials, and square 
measure for the workmanship. 

In the solid measure, the true length, breadth, and thick- 
ness are taken, and multiplied continually together. In the 
superficial, there must be taken the length and breadth of 
every part of the projection which is seen without the gene- 
ral upright face of the building, 

BXAMPLES. 
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Exam. 1. Required the solid content of a wall, 53 feet 6 
inches long, 12 feet 3 inches high, and 2 feet thick ? th ae 
Ans. 13102 feet: 
: ek 2. What is the solid content of a wall, the length 
being 24 feet 3 inches, height 10 feet 9 inches, and 2 feet 
thick ? Ans. 521-375 feet. 
Exam. 3. -Required the value of a marble slab, at 8s. per 
foot ; the length being 5 feet 7 inches, and breadth 1 foot 10 
inches ? Ans. 41. 1s. LOpds 
Exam. 4. In a chimney-piece, suppose the 
length of the mantle and slab, each 4 feet 6 inclies 
breadth of both together - 3 2 
length of each jamb ° > 4 4° 
breadth of both together - i 9 
Required the superficial content ? Ans. 21 feet 10 inches. 


ee 
V. CARPENTERS’ AND JOINERS’ WORK. | 


To this branch belongs all the wood-work of a house, such. 
as flooring, partitioning, roofing, &c: 

Large and plain articles are usually measured by the square 
foot or yard, &c.; but enriched mouldings, and some other 
articles, are often estimated by running or lineal eae s 
and some things are rated by the piece. 

In measuring of Joists, take the dimensions of one joist, 
and multiply its content by the number of them; considering 
that each end is let into the wall about 2 of the ‘thickness: as 
it ought to be. 

Partitions are measured fede wall-to wall for one di- 
mension, and from floor to floor, as far as they extend, for the 
other. 

The measure of Centering for Cellars is found by raking a 
string pass over the surface of the arch for the breadth, and 
taking the length of the cellar for the length: but in groin 
centering, it is usual to allow double measure, on account of 
their extraordinary trouble. 

In Roofing, the dimensions as to length, breadth, and depth, 
are taken as in flooring joists, and the centents computed the 
game. way: 

In Floor-boarding, take the léngth of the rooin ae one ‘als 
mension, and the breadth for the ether, to mule together 
for the content. 

Foi Steir-cases, take the breadth of all the steps, by making 
a line 


CARPENTERS* AND JOINERS’ WORK. 462 


4 line ply close over them, from the top to the bottom, and 
multiply the length of this line by the length of a step, for 
the whole area.—By the length of a step is ‘meant the length 
of the front and the returns at the two ends; and by: the 
breadth is to be understoed the shaken of its two outer pide tet 
or the tread and risers | 


For the Balustrade, take the whole length of the upper part 
of the hand-rail, and girt over its end till it meet the top of 
the newel post, for the one. dimension ; ; and twice the length 
of the baluster on the landing, with the girt of the hand-rail, 
for the other dimension. 


For Wainscoting, take the compass of the room for the one 
dimension ; and the height from the floor to the ceiling, mak- . 
ing the string ply close into all the mouldings, for the other, 


_ For Doors, take the height and the breadth, to multiply 

them together for the area.—If the door be panneled on both 
sides, take double its measure for the workmanship; but if 
one side only be panneled, take the area and its half for the 

workmanship.—For the Surrounding Architrave, girt it about 

the uppermost part for its length; and measure over it, as far 
as it can be seen when the door is open, for the breadth. 


_Window- shutters, Bases, &e. are. measured i in like manner. 


Th measuring of Joiners? work: the string is made to ply 
close into all the mouldings, and to every part of the work 
over which it passes. 


EXAMPLES. 


_ Exam. 1. Required the content of a floor, 48 feet 6 inches 
long, and 24 feet 3 inches broad? _ Ans, 11 sq. 762 feet, 


Exam. 2. A floor being 36 feet 3 inches Jong, and 16 feet 6 
inches broad, how many squares are in it ? 
, Ans. 5 sq. 981 feet. 


Exam. 3. How many squares are there in 173 feet 10 inch- , 
es in length, and 10 feet 7 inches height, of partitioning ? 
Ans. 18°3973 squares. 
Exam. 4. What cast the roofing of a house at 10s. 6d. a 
square ; the-length within the walls being 52 feet 8 inches, 
and. the breadth 20 feet 6 inches ; reckoning the roof 2 of 
the flat ? : Ans. 121. 12s. 112d, 


Exant. 
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Exam. 5. To how much, at 6s. per square yard, amounts 
ihe wainscoting of a room ; the height, taking in the cornice 
and mouldings, being 12 feet 6 inches, and the whole compass — 
83 feet 8 inches ; also the thrée window-shutters are each 7 ~ 
feet 8 inches by 3 feet 6 inches, and the door 7 feet by 3 feet 
6 inches ; the doors and shutters, being worked on both sides, 
are reckoned work and half work ? 

Ans. 361. 12s. 23d. 


ES Er 
VI. SLATERS’ AND TILERS’ WORK. 


In these articles, the content of a roof is found by multi- 
plying the length of the ridge by the girt over from eaves to - 
eaves; making allowance in this girt for the double row of 
slates at the bottom, or for how much one row of slates or 
tiles is laid over another. 

When the roof is of a true pitch, that is, forming a right 
angle at top; then the breadth of the building, with its half 
added, is the girt over both sides nearly. 

In angles formed in a roof, running from the ridge to the 
eaves, when the angle bends inwards, it is called a valley ; 
but when outwards, it is called a hip. : 


Deductions are made for chimney shafts or window holes. 
EXAMPLES. 


Exam. 1. Required the content of a slated roof, the length 
being 45 feet 9 inches, and the whole girt 34 feet 3 inches ? 
Ans. 174.5, yards. 
Exam. 2. To how much amounts the tiling of a house, at 
25s. 6d. per square ; the length being 43 feet 10 inches, and 
the breadth on the flat 27 feet 5 inches ; also the eaves pro- 
jecting 16 inches on each side, and the roof of a true pitch ? 
Ans. 241..9s. 53d. 


rape. rare 
Vili. PLASTERERS’ WORK. 


Prasrerers’ work is of two kinds ; namely, ceiling, which 
is plastering on laths ; and rendering, which is plastering on 
walls: which are measured separately. | a 


Phe 
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_ The contents are estimated either by the foot or the yard, 
or the square, of 100 feet. Inriched modidings, &c. are raid 
by running or lineal measure. 

Degitwinbs are nee for peers ree windows, we. 


EXAMPLES, 


Exam. 1. How many yards contains the ceiling which is 43 
feet 3 inches long, and 25 feet 6 inches broad ? ’ 
Ans. 1222, 
Exam. 2. To how much amounts the ceiling of a room, at. ° 
10d. per yard; the length being 21 feet 8 ane ang the 
breadth 14 feet 10 inches? . Ans. s. 83d, 
Exam. 3. The length of a room is 18.feet 6 inches. the 
breadth 12 feet 3 inches. and height 10 feet 6 inches ; to how 
much amounts the ceiling and rendering, the former at 8d. and 
the latter at 3d. per yard ; aliowing for the door of 7 feet by 
3 feet 8, and a fire-place of 5 feet square ? 
Ans. tl. 13s, 33d. 
Exam. 4. Required the quantity of plastering in a room, 
the length being 14 feet 5 inches, breadth 13 feet 2 inches, 
and height 9 feet 3 inches to the under side of the cornice, 
which girts 81 inches, and projects 5 inches from the wall on 
the upper part next the ceiling ; deducting only for a door 7 
feet by 4? 
Ans. 53 yards 5 feet 31 inches of rendering 


18 BG: of ceiling 
39 0}; , of cornice. 
—— 


VILE. PAINTERS’ WORK, 


Parnrers’ work is computed in square yards. Every part 
is measured where the colour lies ; and the measuring line is 
forced into all the mouldings and corners. 

Windows are done at so aac apiece. And it is usual te 
allow double measure for carved mouldings, &c. 


EADIE LES; 


Exam. 1. How many yards of suiting contains the room 
which is 65 feet 6 inches in Compas?) and 12 feet 4 inches 
high? Ans, 8941 yards. 

Exam. 2. The length of a room being 20 feet, its breadth 
14 feet 
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14 feet. 6 noe and height 10 feet 4 inches ; pore amany 
yards of painting are in it, deducting a fire-place of 4 feet b by 


4 feet 4 inches, ahd two windows each 6 feet by 3 feet 2 


inches 7. Mose 733; Hace 
Exam. 3. What cost tee painting of aroom, at 6d. 
yard ; its length being 24 feet 6 inches, its breadth 16 feet 3 
inches, and height 12 feet 9 inches ; also the door is 7 feet by 
3 feet 6, and the window-shutters to two windows each 7 feet 
2 by 3 feet 6G; but the breaks of the windows themselves are 
8 féet 6 inches high, and 1 foot 3 inches deep ; including also 
the window cilis or seats,.and the soffits above, the dimensions 
of which are known from the other dimensions : but deduct- 
ing the fire-place of 5 feet by 5 feet 6? : 


a2, : x 


ix. GLAZIERS’ WORK.” 


Graziers take their ciibed ane either in ey inches, and 
parts, or feet, tenths, and: hundredths. ‘And they. compnie 
their work in square feet: 


-In taking the length and breadth of a window, the cross bars” 


botneen the squares are included. Also windows. of round 
or oval forms are measured as square, measuring them to their 


greatest length and breadth, on account of the waste in cut 


ting the glass. ry ee 


EXAMPLES. 


Exam. 1. How many square feet contains the window which 
is 4°25 feet long, and 2°75 feet broad ? Ans. 112. 
Exam. 2. What will the glazing of a triangle sky-light 


come to, at 10d. per foot ; the base being 12. feet 6 incher,: 


and the perpendicular height 6 feet Q inches? 
Ans. 1. ‘15s. 12d. 
Exam. 3. There is a house with three tiers of windows, 


three windows in-each tier, their common breadth 3 feet, 11 A 


inches: 
now the height of the first tier is 7 feet 10 inches. 
of the second 6 § . 
of the third 5 4 
Required t the expense of glazing at 14d. per foot’ ve 
: > Ans, 181, Lise 104d. 
oe Ean, 


L ne 


Ans. 31, 3s. 102d. . 


a, 
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Exam. 4, Required the expense of glazing the windows of ' 
a house at 13d. afoot; there being three stories, and three 
windows in each story : 
the height of the lower tier is 7 feet 9 inches _ 
of the middle 6 
of the upper - 5 3} 
and of an oval window over the door 1 101 
the common breadth of all the windows being 3 feet 9 inches ? 
Ans. 121, 5s. 6d. 


osama > 


X. PAVERS’ WORK. 


Pavers’ work is done by the square yard. And the content 
is found by muleply Ps the Jength by the breadth. 


EXAMPLES. 


_ Exam. 1. What cost the paving a foot-path, at 33. 4d. a 
yard ; the length being 35 feet 4 inches, and breadth 8 feet 
3 inches ? Ans. 51. 7s. 111d. 

Exam. 2. What cost the paving a court, at 3s. 2d. per yard ; 
the length being 27 feet 10 inches, and the breadth 14 feet 9 
anches ? | | Ans ‘1. 4s. 51d. 

Exam. 3. What will be the expense of paving a rectangu- 
lar court-yard, whose length is 63 feet, and breadth 45 feet ; 
in which there is laid a foot-path of 5 feet 3 inches broad, 
running the whole length, with broad stones, at 3s. a yard: 
the rest being paved with pebbles at 2s. 6d, a yard ? 

Ans, 401, 5s, 101d, 


lie = 


XI. PLUMBERS’ WORK. . 


Piumsers’ work is rated at so much a pound, or else by 
the hundred weight of 112 pounds. 

Sheet lead, used in roofing, guttering, &c. is from 6 to 10 
Ib. to the square foot. Anda pipe of aninch bore is common: 
ly 13 or 14 Ib. to the yard in length. 


EXAMPLES. 


Exam. 1. How much weighs the lea which is 39 feet 6 
Vou, I. - 60 inches 
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inches long, and 3 feet 3 inches broad, at 811b. to the square 
foot ? Ans. 1091,2]b, 

Exam. 2. What cost the covering and guttering a roof with ” 
lead, at 18s. the cwt; the length of the roof being 43 feet, 
and breadth or girt over it 32 feet ; the guttering 57 feet long, 
and 2 feet wide ; the former 9°831 Ib. and the latter 7-373 Ib. 
to the square foot ? Ans. 1151. 9s. 13d. 


angel ot 


XIf. TIMBER MEASURING. 
PROBLEM I. 
Lo find the rea, or Superficial Content, of a Board or Plank, 


Muttirty the length by the mean breadth, 

Note. When the board is tapering, »dd the breadths at the 
two ends together, and take half the su'n for the mean breadth. 
Or else take the mean breadth in the middle. 


By the Sliding Rule. 


Set 12 on 8 to the breadth in inches on a: then against the 
length in feet on B, is the content on a, in feet and fractional 
parts. 


EXAMPLES. 


Exam. 1. What is the value of a plank, at 14d. per foot, 
whose length is 12 feet 6 inches, and mean breadth 11 inches ? 
Ans. 1s. 5d. 
Exam. 2. Required the content of a board, whose length 
1s 11 feet 2 inches, and breadth 1 foot 10 inches ? 
Ans. 20 feet 5 inches 6”, 
Exam. 3. What is the value of a plank, which is 12 feet 9 
inches long, and 1 foot 3 inches broad, at 21d. a foot ? 
Ans. 3s. 33d. 
Exam. 4. Required the value of 5 oaken planks at 3d. per 
foot, each of them being 171 feet long ; and their several 
breadths as follows, namely, two of 132 inches in the middle, 
one of 141 inches in the middle, and the two remaining ones, 
each 18 inches at the broader end, and 111 at the narrower? 
Ans. 1. 5s. 93d, 


PROBLEM 
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PROBLEM II. 
To find the Solid Content of Squared or Four-sided Timber. 


Muutie.y the mean breadth by the mean thickness, and the 
product again by the length, for the content nearly. 


By the Sliding Rule. 


Cc D D Cc 
As length : 12 or 10 : : quarter girt : : solidity. 


That is, as the length in feet onc, is to 12 on p, when the 
quarter girt is in inches, or to 10 on p, when it is in tenths of 
feet; so is the quarter girt on p, to the content onc. 


Note 1. If the tree taper regularly from the one end to the 
other ; either take the mean breadth and thickness inthe mid- 
dle, or take the dimensions at the two ends, and half their 
sum will be the mean dimensions ; which multiplied as above, 
will give the content nearly. 


2. If the piece do not taper regularly, but be unequally thick 
in Some parts and small in others; take several different di- 
mensions, add them all together, and divide their sum by the 
number of them, for the mean dimensions. 


EXAMPLES. 


Exam. 1. The length of a piece of timber is 18 feet 6 
inches, the breadths at the greater and less end 1 foot 6 inches 
and 1 foot 3 inches, and the thickness at the greater and less 
end 1 foot 3 inches and 1 foot ; ; required the solid content ? 

Ans. 28 feet 7 inches. 


Exam. 2. What is the content of the piece of timber, whose 
length is 241 feet, and the mean breadth and thickness each 
1-04 feet? Ans. 261 feet. 


Exam. 3. Required the content of a piece of timber, whose 
length is 20°38 feet, and its ends unequal squares, the sides of 
the greater being 191 inches, and the side of the less 97 
inches ? Ans. 29-7562 feet. 


Exam. 4. Required the content of the piece of timber, 
whose length is 27°36 feet ; at the greater end the breadth is 
1-78, and thickness 1-23; and at the less end the breadth is 
1-04, and thickness 0-91 feet ? Ans. 41:278 feet. 


PROBLEM — 
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PROBLEM III. 
To find the Solidity of Round or Unsquared Timber: 
ie 


' Muxtiecy the square of the quarter girt, or of 1 of thé 
mean circumference, by the length, for the content. pt Gaea 


By the Sliding Rule: 


As the length upon c : 12 or 10 uponb: : 
quarter girt, in 12ths or 10ths, on p : content on c. 


Note 1. When the tree is tapering, take the mean dimen- 
sions as in the former problems, either by girting it in the mid- 
dle, for the mean girt, or at the two ends, and take half the 
sum of the two; or by girting it in several places, then adding 
all the girts together, and dividing the sum by the number of 
them, for the mean girt. But when the tree is very irregu- 
lar, divide it into several lengths, and find the content of each 
part separately. 

2. This rule, which is commonly used, gives the answer 
about } less than the true quantity in the tree, or nearly what 
the quantity would be, after the tree is hewed square in the 
usual way: so that it seems intended to make an allowance 
for the squaring of the tree. 


EXAMPLES. 


Exam. 1. A piece of round timber being 9 feet 6 inches 
long, and its mean quarter girt 42 inches ; what is the con- 
tent ? Ans. 1161 feet: 

Exam. 2. The length of a tree is 24 feet, its girt at the 
thicker end 14 feet, and at the smaller end 2 feet; required 
the content ? Ans. 96 feet: 

Exam. 3. What is the content of a tree, whose mean girt 
is 3-15 feet; and length 14 feet 6 inches ? 

Ans, 8°9922 feet. 

Exam: 4, Required the content of a tree, whose length is 
171 feet, which girts in five different places as follows, namely, 
ini the first place 9:43. feet, in the second 7°92, in the third 
6°15, in the fourth 4-74, and in the fifth 3-16 ? | 
Ans. 42: 519525: 


CONIC 


Pi 
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CONIC SECTIONS. 


DEFINITIONS, 


i, Conte Sections are the figures made by a plane cutting 
4 cone. 


2. According to the different positions of the cutting plane, 
there arise five different figures or sections, namely. a trian- 
gle, a circle, an ellipsis, an hyperbola, and a parabola: the 
three last of which only are peculiarly called Conic Sections, 


1) 


3. If the cutting plane pass through 
the vertex of the cone, and any part of 
the base, the section will evidently be 
a triangle ; as VAB. 





‘4. If the plane cut the cone parallel 
to the base, or make no angle with it, 
the section will be a circle ; ag agp. 


he 
P 


5. The section pas is an ellipse 
when the cone is cut obliquely through 
both sides, or when the plane is inclin- 
ed to the base in a less angle than the 
side of the cone is. 
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6. The section is a parabola, when 
the cone is cut by a plane paraliel to 
the side, or when the cutting plane and 
the side of the cone make equal angles 
with the base. 


7. The section is an hyperbola, when 
the cutting plane makes a greater angle 
with the base than the side of the cone 
makes. 


8. And if all the sides of the cone 
be continued through the vertex, form- 
ing an opposite equal cone, and the 
plane be also continued to cut the op- 
posite cone, this latter section will be 
the opposite BYP ee to the former ; 
as dBe. 





9. The Vertices of any section, are the points where the 
cutting plane meets the opposite sides of the cone, or the 
sides of the verticle triangular section ; as a and B. 


Hence the ellipse and the opposite hyperbolas, have each 
two vertices ; but the parabola only one; unless we consider 
the other as at an infinite distance. 


10. The Axis, or Transverse Diameter, of a conic section, 
is the line or distance as between the vertices. 


Fiente the axis of a parables is Infinite in length, ab being 
enly a part of it. 


Ellipse. 


DEFINITIONS. AT} 


Ellipse. Hyperbolas. Parabola. 





11. The Centre c is the middle of the axis. 

Hence the centre of a parabola is infinitely distant from the 
veriex. ~And of an ellipse, the axis and centre lie within the 
curve; but of an hyperbola, without. 

12. A Diameter is any right line, as aB or pre, drawn 
through the centre, and terminated on each side by the curve ; 
and the extremities of the diameter, or its intersections witht 
the curve, are its vertices. 

Hence all the diameters of a parabola are parallel to the 
axis, and infinite in length. And hence also every diameter 
of the ellipse and hyperbola have two vertices ; but of the 
parabola, only one ; unless we consider the other as at an in- 
finite distance. 


13. The Conjugate to any diameter, is the line drawn through 
the centr e, and parallel to the tangent of the curve at the ver; 
tex of the diameter. So, re, parallel to the tangent at p, is 
the conjugate to pe: and ui, parallel to the tangent at a, is 
the conjugate to aB. 

Hence the conjugate HI, of the axis aB, is perpendicular 
to it. 


14. An Ordinate to any diameter, is a line parallel to its 
conjugate, or to the tangent at is vertex, and terminated by the 
diameter and curve. So pk, EL, are ordinates to the axis ap ; 
and mn, No, ordinates to the diameter be. 

Hence the ordinates of the axis are perpendicular to it. 


15. An Absciss is a part of any diameter contained between 
its vertex and an ordinate to it ; aS AK Or BK, OF DN oF EN, 


Hence, in the ellipse and hyperbola, every ordinate has two 
determinate abscisses; but in the parabola, only one; the 
other vertex of the diameter being infinitely distant. 


16. The Parameter of any diameter, is a third proppdiona 
fo that diameter and its conjugate. 
, 17. The 


x . 
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17. The Focus is the point in the axis where the ordinaie 
is equal to half the parameter. As x and x, where pk or Ex 
is equal to the semi-parameter. The name focus being given 
to this point from the peculiar property of it mentioned in the 
corol. to theor. 9 in the Ellipse and Hyperbola following, and 
to theor. 6 in the Parabola. c.f 

Hence, the ellipse and hyperbola have each two foci ; bat 
the parabola only one. 





18. If pac, rec, be two opposite hyperbolas, having as for 
their first or transverse axis, and ab for their second or con: 
jugate axis. And if dae, fbg, be two other opposite hyperbo- 
las having the same axes, but in the contrary order, namely, 
ab their first axis, and aw their second ; then thése two latter 
curves dae, fbg, are called the conjugate hyperbolas to the two 
former Dar, FBG, and each pair of opposite curves mutually 
conjugate to the other. 

19. And if tangents be drawn to the four vertices of the 
curves, or extreinities of the axes, forming the inscribed rect- 
angle aixt ; the diagonals ucx, icv, of this rectangle, are call- 
ed the asymptotes of the curves. And if these asymptotes 
intersect at right angles, or the inscribed rectangle be a square, 
or the two axes 4B and ab be equal, then the hyperbolas are 
said to be right-angled, or equilateral. | 


SCHOLIUM. 


The rectangle inscribed between the four conjugate hy 
perbolas, is similar to a rectangle circumscribed about an 
ellipse, by drawing tangents, in lke manner, to the four ex- 
tremities of the two axes; and the asymptotes or diagonals 
in the hyperbola, are analogous to those in the ellipse, cut- 
ting this curve in similar points, and making that pair of 
conjugate diameters which are equal to each other. Also, 
the whole figure formed by the four hyperbolas, is, as it 
were, an ellipse turned inside out, cut open at the extre- 
mities p, E, F, G, of the said equal conjugate diameters, and 
those four points drawn out to an infinite distance ; the cur-_ 
vature being turned the contrary way, but the axes, and the” 
rectangle passing through their extremities, continuing ixe@? 

F 
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OF THE ELLIPSE. 
THEOREM If. 


The | squares of the Ordinates of the Axis are to each other 
as the Rectangles of their Abscisses. 


Let ave be a plane passing through 
the axis of the cone; acin another 
section of the cone perpendicular to. 
the plane of the former; az the axis 
of this elliptic section ; and #c, Ht, or- 
dinates perpendicular to it. Then it 
will be, as Fa? : HI? :: AF.FB: AH . HB. 





For, through the ordinates ra, ur, 
draw the circular sections KGL, MIN, 
parallel to the base of the cone, having x1, mn, for their dia- 
meters, to which re, HI, are ordinates, as well as to the axis 
of the ellipse. 


Now, by the similar triangles art, ater, and BFK, BHM, 


it i AF : AH °? FL : HN, 
and FB : HB 2: KW : MH; 


hence, taking the rectangles of the corresponding terms, 
it 18, the rect. AF. FB: AH. HB ¢; KF. FL: MH . HN. 


Bat, by the cele. KF . FL=Fo?, and ma. aN = = HI? ; 
Pheveore the rect. aF . FB: AH. HB uF : HI?. Q. f By’ 


THEOREM IT. 


As the Square of the Transverse Axis : 
Is to the square of the Conjugate >: 
So is the Rectangle of the Abscisses : 
To the Square of their Ordinate. 


Ver. I. 7 61 That 
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That 18, aB? : ab? or 
AC? Vac?..**- aD DB DEF. 





For, by theor. 1, ac.cB: AD. DB 3; ca? : DE? ; 
But, if c be- the centre, then ac .cB = ac?, and ca isthe 
semi-conjugate. f 


Therefore AC? } AD |. DBO? ac?:.pE?'; 

or, by permutation, ac? : ac?.:: AD ‘DB : DE? | 

or, by quadrupling, me ab? 5 2D-/ DBC DER iu LR Re Me 
Corol. Or by div. ibe °° AD . DB OF CA? —cp? : DE’, | 


that is, AB: p $: AD. DB or CA? —cD? : DE? ; 
: b2 . s ? 
where p is the parameter he by the definition of it. 


That is, As the transverse, 
Is to its parameter, 
So is the rectangle of the shetiueed 
To the square of their ordinate. 


THEOREM III. 


As the Square of the Conjugate Axis : 

Is to the Square of the Transverse Axis ;: 

So is the Rectangle of the Abscisses of the Coniigaee or 
the Difference of the Squares of the Semi-conjugate and 
Distance of the Centre from any Ordinate of that Axis : 
To the Square of their Ordinate. 


That is, 
ca2 ; cB? :: ad. db or ca? —cd? : ds?. 





For, draw the ordinate Ep to the transverse AB. 
Then, by ee 2, ca? : ca® $: DE? : AD. DB or CA? — cp?, 


Oro. = - = Ca? :ca? ¢: cd? : ca? —dE?, 
But = ees Ss 3 gat sca? ** cal ny 
theref. by subtr. - ca? : ca? 33 ¢ a®—cd? or ad. ‘dbs dr?. 


Q. E. pe 


J 


Corol. 


OF THE ELLIPSE. AT5 


Corol. 1. If two circles be described on. the two.axes as 
diameters, the one inscribed within the ellipse, and the other 
circumscribed about it; then an ordinate in the circle will be 
to the corresponding ordinate in the: ellipse, as the axis of this 
ordinate, is to the other axis. 

That is, cA: Ca::DG: DE, 
and ca: ca: :dg: de. 

For, by the nature of the circle, ap . pp = pa? ; theref. by 
the nature of the ellipse, ca? : ca? :: aD. DB Or DG? : DE?, 

Or eA: Ca:: DG: DE. 

In like manner - - ca: ca:: dg: de. . 

Also, by equality, - pa: pe orcd:: de or voc: dg. 

- Therefore cge is a continued straight line. 


Corol. 2. Hence also, as the ellipse and circle are made up 
of the same number of corresponding ordinates, which are 
all in the same proportion of the two axes, it follows that 
the areas of the whole circle and ellipse, as also of any like 
parts of them, are in the same proportion of the two axes, 
or as the square of the diameter to the rectangle of the two 
axes ; thatis, the areas of the two circles, and of the ellipse, 
are as the square of each axis and the rectangle of the two ; 
and therefore the ellipse is a mean proportional between the 
two circles, 


THEOREM IV. 


The Square of the Distance of the Focus from the Centre, 
is equal to the Difference of the Squares of the Semi- 
axes ; 

Or, the Square of the Distance between the Foci, is equal to 
the Difference of the Squares of the two Axes. 


a 
That is, cr? = ca? — ca’, 


or Ff? = ap? — ab?. 
si 


For, to the focus F draw the ordinate rz ; which, by the 
definition, will be the semi-parameter. Then, by the nature 


of the curve - -~ Ca? : €a? 2: CA? CR? ; FE? ; 
and by the def. of the para. ca? : ca?.:: ca? : FE? ; 
therefore - - ca? =ca? — CF? ; 

and by addit. and subtr. cr?=ca? — ca? ; 

er, by doubling, —- - Ff?=ap? — ab? ; Q. E. D. 
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Corol. 1. The two semi-axes, and the focal distance from 
the centre, are the sides of a right-angled triangle cra; and 
the distance ra from the focus to the extremity of the conju- 
gate axis, is == ac the semi- transverse. 


Corol. 2. The conjugate semi-axis, ca, is a mean propor- 
tional between ar, FB, or between af, fe, the distances of ei- 
ther focus from the two vertices. 


For ca? = ca? — cr? = (ca-+er). (ca — cr) = AF , FB. 


THEOREM V. 


The sum of two lines drawn from the two Foci to meet 
at any point in the curve, is equal to the Transverse 
Axis. 


That is, 
FE ++ fe ==as. 





For, draw ac parallel and equal to ca the semi-conjugate ; 
and join ce meeting the ordinate pe in u ; also take ci a 4th 
proportional to ca, cr, ep. 


Then, by theor. 2, ca? : ac? ::'ca? — cp? ; pE? 5 

and by sim. tri. ca? : ac? ::-ca? — cp? ; ae? — DH? 5 
consequently. bE? =aG? — DH? = ca?—pDH?. 

Also rp = cr w cp, and Fp? = cr? —2cr . cp + cp? ; 
and, by right-angled triangles, rzE?—=rp? -+ DE? ; 
therefore rr? = cr? + ca? = 2cr.cp -+ cp? — pH?. 
But by theor. 4, cr? + ca? = ca?, 

and by supposition, 2cr . cp = 2ca. cl; 

theref. rz? = ca? — 2ca . ci + cp? — DH?. 

Again, by supp. ca? : cp? :: cF? or ca? — ac? : cI? ; 
and, by sim. tri. ca? ; ep? :: ca? — ac? : cb? — DH? ; 
therefore - ci? =cp? — pH? ; 

consequently Fe?=ca? — 20a. cr-+ c1?. 

And the root or side of this square is FE = cA cI = al. 


In the same manner it is found that fe = ca -+ cr = BI. 
Conseq. by addit. rx +- fe = ar ++ Br= ap. gq. EB D. 


Corol. 
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Corol. 1. Hence ct or ca—Fe is a 4th proportional to ca, 
CF, cD. 

Corol. 2. And fe—re=2ecr ; that j is, the difference watireah 
two lines drawn from the foci, to any point in the curve, is 
double the 4th proportional to ca, cr, cp. 

Corol. 3. Hence is derived the common method of de- 
aePine this curve mechanically by points, or with a thread 
thus : 

In the tranverse take the foci r, f, 
and any pointi. Then with the ra- 
dii ar, Br, and centres Fr, f, describe 
arcs intersecting in £, which will be 
a point in the curve. In hke man- 
ner, assuming other points 1, as ma- 
ny other points will be found in the 
curve. Then with a steady hand 
the curve line may be drawn through all the points of inter- 
section E. 

Or, take a thread of the length az of the transverse axis, 
and fix its two ends in the foci Fr, f, by two pins. Then carry 
a pen or pencil round by the thread, keeping it always stretch- 
ed, and its point will trace out the curve line. 


THEOREM VI. 


{f from any Point 1 in the Axis produced, a Line 11 be drawn 
touching the curve in one point L; and the Ordinate Lm 
be drawn; and if c be the Centre or Middle of as: 
Then shall cm be to cr as the Square of am to the Square 
of at. 





That is, 
CM: C1 :: AM? ¢: ar, 





For, from the point 1 draw any other line 1H to cut the 
curve in two points g and #; from which let fall the perpen- 
diculars ep and ue ; and bisect DG in K. 

Then, by theo. i, AD . DB: AG. GB! DE? : GH?, 
and by sim. triangles, aD? -3:1G? (20:2, DE? GH? 4 
theref. by equality, ap. pp: ac. GB :: 1p? 7163. 

But pp = cs + cp == ac +- cp = AG ++ po—ca = 2cK + ag, 
and GB = CB —~.cG = aC—-ce = ap + pc—ca = 2cK + ap; 
theref. ap . 2ck -+- ap. aG: ac. 2cK-- aD. AG: : ID? : 12, 
and, by div. pa . 2ck : 1¢7— 1p? or pG . 21K; : ap. 2cK + 

AD . AG: ID?, or 
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or -. 2cK : 21K +: ap. 2ck-- ap ..aGs ID2,~ = 
or ap. 2cK: aD. 2K :: ap: 2ckK + aD. ae: mp? ; 
theref. by div. ck : 1K: : AD. AG: Ip?-—aD : IK, 

and, by comp. eK : 1¢ :: AD. AG: IpD?—apD . iD-+FIa, 
or - CK 308 st ADY) AG 3° Al. 09 ae 





But, when the line in, by revolving about the point 1, comes 
into the position of the tangent 11, then the points e and a 
meet in the point L, and the points p, kK, G, coincide with the 
point ™; and then the last proportion becomes cm : cr: : 
AM? ; AI?. Q. E. D. . 


THEOREM VII. 


If a Tangent and Ordinate be anes rales any Point in the 
Curve, meeting the Transverse Axis ; the Semi-transverse 
will be a Mean Proportional between the Distances of the 
said ‘I'wo Intersections from the Centre. 


That is, Su 
ca is a mean proportional be- Ez 
tween cp, and cr ; Z4 & 


er cp, cA, CT, are continued a 
proportionals. 






For, by theor. 6, cD : cr :: ab? : aT?. 


that is, cD : CT :: (ca—cp)? ; (er—ca)?, 

or - CD: CT :: ¢p?-+ca? : ca2-+cT?, 

and -  €D: DT: : cv?-L- ca? : cr2—cp?2, 

or ees GDS Da ee SODpe Oats (ct-tcp) . DT, 

or - @b?.: cD. DT :: cp?--ca?:: cp. p¥-FeT . DT, - 
hence - cp*.? ca? Gp 2.DT tc? . pT, 

and - CD?) + CA8-3 ¢/eD.3 ery 

therefore (th. 78, Geom.) cp : ca :: ca: cr. Q. E. D. 


Corol. Since cr is always a third proportional to ep, ca; 
if the points p, a, remain constant, then will the point r-be 
constant also ; ‘aba therefore all the tangents will meet in this 
point t, which are drawn from the point r, of every ellipse 
described on the same axis as, where they are cut by the 
common ordinate DEE Hare from the point p. it 


THEOREM 


te, 
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‘THEOREM VIII. 


if there be any Tangent meeting Four Perpendiculars to the 
Axis drawn from these four Points, namely, the Centre, the 
two Extremities of the Axis, and the Point of Contact ; 
those Four Perpendiculars will be Proportionals. 





we 


That,is, 
AG } DE: : CH? BI. 


ae 


For, by theor. 7, Tc : ac 2: ac: De, 


theref. by div. § TA:ap ?! Tc: ac orcs, 
and by comp. SPA SED U2 ° TC's: TB, 
and by sim. tri. AG-{ DE. 2° CH: Bh’: > Q. E. D. 


Corel. Hence TA, TD, Tc, TB 
are also proportionals. 
and. .1TG, TE, TH, TI 
For these are as aG, DE, cH, BI, by similar triangles. 


THEOREM IX. 


If there be any Tangent, and two Lines drawn from the Foci 
to the Point of Contact ; these two Lines will make equal 
_ Angles with the Tangent. 


T hat is, 
the ZFeET=Z fre. 





For, draw the ordinate pr, and fe parallel to re. 
By cor. 1, theor. 5, ca :cp::cF : cA—FE, 
and by theor. 7, ca: cD: : eT : cA; 
‘therefore CT:CF ::CA: CA—FE; 
and by add. and sub. tr: Tf: : Fre: 2ca — FE or fe by th. 5. 
But by simp. tri. re: tf :< ye ; fe; / 


therefore fu=fe, and conseq. Ze=Z fre. 
But, because re is’ parallel to fe, the Ze= Z FET ; 
therefore the LYET= fre. Q. E. D. 


Corol. 
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Corol. As opticians find that the angle of incidence is equal 
to the angle of reflection, it appears from this theorem, that 
rays of light issuing from the one focus, and meeting the curve 
in every point, will be reflected into lines drawn from those 
points to the other focus. So the ray fe is reflected into re, 
And this is the reason why the points r, f, are called the foct, 
or burning points. — | 


THEOREM X. 


All the Parallelograms circumscribed about an Ellipse are 
equal to one another, and each equal to the Rectangle of 
the two Axes. - | 


That is, 
the parallelogram PQRS== 24 Tomedal 
the rectangle as . ab. 





Let rc, eg, be two conjugate diameters parallel to the 
sides of the parallelogram, and dividing it into four less and 
equal parallelograms. Also, draw the ordinates pe, de, and 
ck perpendicular to re ; and let the axis ca produced meet 
pa sides of the parallelogram, produced if necessary, in T 
and ¢. j 


Then, by theor. 7, CT: CA °° CA: cD, 

and et SCA F508 2 cae o 
theref. by equality, OT 3c: 22. 6d. 3-CD3 

but, by sim. triangles, cr: ct :: Tp: cp, 

theref. by equality, Tp: cd :: cD: cD, 

and the rectangle, TD . pc is = the square cd?. 
Again, by theor. 7, CD. | CAC*s(oa': OTs: 

or, by division, CD): CA.32 DAY AT, 

and by composition, CD : DB {3 AD: DT; 

conseq. the rectangle. cp .pr==cd? = ap . pB*, | 
But, by theor. 2, ca? ;\ca?\25 (ap. pB Or) cd’ spt gi. 
therefore cA; ca:icd: DE; 


* Corol. Because cd? =: ap . pB== ca? —cp?, 


therefore ca? = cp? = cd?, 


In like manner, ca? = pr? -Fde?. 


In 
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In like manner, CA, 1:8. 2° CD:3.de, 
or i) Ca ides" G4is GD, 
But, by theor.'7, °.. ct: ca 22 ca; CD; 
theref. by equality, cr:ca:: ca: de. 
But, by sim. tri. CT’: CK 2" ce’: des 


theref. by equality, cK: ca <:: ca: ce, 

and the rectangle ck . ce = Ca. ca. 

But the rect. ck . ce = the parallelogram crre, 

theref. the rect. ca .ca = the parallelogram cere, 

conseq. the rect. az . ab = the parallelogram pers. Q. E. D. 


THEOREM XI. 


The Sum of the Squares of every Pair of Conjugate Diame- 
ters, is equal te the same constant Quantity, namely, the 
Sum of the Squares of the two Axes. 


That is, 
ap? -+- ab? = na? + eg? ; 
where Ea, eg, are any pair of con- 
. jugate diameters. 





For, draw the ordinates rp, ed. 
Then, by cor. to theor. 10, ca? = cp? +- cd?, 
and - - - - ca? = pe? +- de? ; 
therefore the sum ca? + ca? = cp? ++ pp? + cd? +- de?.” 
But, by right-angled As, ce? = cp? + pe?, 
and - - - - ce? = cd? + pe? ; 
therefore the sum cE? -+- ce? = cp? + pe? + cd? + de?. 
consequently - ca? +- ca? = cE? + cE? ; 
or, by doubling, aB? -+ ab? = ne? -+ eg?, Q. E. D. 


THEOREM XII. 


The difference between the Semi-transverse and a Line drawn 
from the Focus to any point in the Curve, is equal toa 
Fourth Proportional to the Semi-transverse, the distance 

- from the Centre to the Focus, and Distance from the 
Centre to the Ordinate belonging to that Point of the 
Curve. 


Von. I. 62 That 
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~ That is, : 
AC — FE = Cl, OF FE = AI; 
and fe — ac =.cl, or fe == BI. 
Where ca: cF }} cp: cr the 4th 
proportional to GA, CF, CD. 





For, anaes AG parallel and ecual to ca the semi-conjugate ; : 
and join ce meeting the ordinate pe in H. 
Then, by theor. 2 ca? : ac? 2$ ca? — cD? : DE? 2 
and, by sim. tri. CA? : aG?.:: ca? —cp?,: aG2 — DH ; 
consequently DE? =aG? — DH? = ca? —DH . 
Also rp = cF. wcp, and rp? ==cr? — 2cr . cp -+ cp? ; 
but by right- -angled triangles, rp? -- pe? =FE? ; 
therefore Fe? = cF? + ca?.— 2cr . cp --cp? — “DH i 
But by theor. 4, ca? +--+ cF = ca? ; 
and, by supposition, 2cr . cp = ca . cr; 
theref. FE? = ca? — Q2ca . cl + cp?— tne ‘ 
But by supposition, ca? : cp? ::.cr? or ca? — AG? : er? ih 
and, by sim. tri. cA? : cD? :: ca? — ac? ; cD? —pH?; 
therefore - + - ci? =cp?— pH? ; 
consequently - - FPE?=caA?— 2ca.cr- ci. 
And the root or side of this square is rE = cA —CI = Ar. | 
In the same manner is found fe = ca -+- ci = HI. Q.. Es D. 


THEOREM XU. 


If a Line be drawn from either Focus, Perpendicular to a. 
Tangent to any Point of the curve ; the Distance of their 
latersection from the Centre will be equal to the Semi- 
transverse Axis. 


That is, if rp, fp 
be perpendicular to 
the tangent trp, 
then shall cp and cp 
be each equal to ca 
or cE, 
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For, through the point of contact x draw rz, and /z meet- 
ing Fe produced ine. Then, the Zcer= Z rep, being each 
equal to the Z frp, and the angles at p being right, and the side 
PE, being common, the two triangles cep, FEP are equal i in all 
respects, and so cere, andcp=rp. Therefore, since rp= 
ire, ang. eas ai and the angle at Fr common, the side cp will 
be =1fe or iap, that is cp=ca orcs. Andinthe same man- 
ner Gpeeca Or cB. Q. B.D. 


Corol. 1. A circle described on the transverse axis, as a 
diameter, will pass through the points rp, p; because all the 
lines ca, cp, cp, cB, being equal, will be radii of the circle. 


Corel. °. cp is parallel to fe, and cp parallel to rr. 


Corol. 3. If at the intersections of any tangent, with the 
cireumscribed circle, perpendiculars to the tangent be drawn, 
they will meet the transverse axis in the two foci. That is, 
the Re peo et PP, pf give the focir, f. 


THEOREM XIV. 


The equal Ordinates, or the Ordinates at equal Distances 
from the Centre, on the opposite Sides and Ends of an El- 

 lipse, have their Extremities connected by one Right Line 
passing through the Centre, and that Line is bisected by the 
Centre. : 


That is, if cp==ca, or the ordinate pe=cu ; 
then shall ce==cu, and ecu will be a right line. 





For, when co=ce, then also is pe=GH by cor. 2, th. 1. 
But the p=, being both right angles ; 
therefore the third side cz==cu, and the ZDCE= /GCH, 


and consequently cx is a right line. 
‘ Corol, 
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Corol. 1. And, conversely, if rcn. bea rishi line passing 
through the centre; then shall it be bisected by the cemiees 
or have ce=cu; also ve will be. = cu, and cp=ce. Me 


Corol. 2. Hence also, if two tangents be drawn to the ine 
ends, £, H of any diameter EH; they will be parallel to each 
other, and will cut the axis at equal angles, and at equal dis- 
tances from the centre. For, the two cp, ca being equal to 
the two ca, cs, the third proportionals cr, cs will be equal 
also; then the two sides ce, ct being equal to the two cu, 
cs, and the included angle Ecr equal to the included angle 
acs, all the other corresponding parts are equal : and so the 
Z1=Z3, and Te parallel to ns. 

Corol. 3. And kence the four tangents, at the ae extremi- 
ties of any two conjugate diameters form a parallelogram cir- 
cumscribing the ellipse, and the pairs of opposite sides are 
each equal to the corresponding parallel conjugate diameters. 
For, if the diameter.ch. be drawn parallel to the tangent TE or 
Hs, it will be the conjugate to 2H by the definition ; and the 
tangents to e, h will be parallel to.each other, and to the dia- 
meter cu for the same reason. 


THEOREM XV. 


If two Ordinates np, ed be drawn from the Extremities n, e 
of two Conjugate Diameters, and Tangents be drawn to 
the same Extremities, and meeting the Axis produced i in T 
and R ; 

Then shall cp be a mean proportional between ods dr, 
and cd a mean proportional between cp, pT. © 





For, by theor. 7, CD. : CArStiCas eT, 

and by the same, cd: CA 3: CA: CR} 

theref. by. equality, ep: cd::cR: crt, © 

But by sim. tri. DT s\Odth5 CP 2\GR § 

theref. by equality, cp:cd::cd: pr. AR 
In like manner, cd’: Cb: cp t dR. + QED. 
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Corol. 1. Hence cp : cd: :'cr: G7. 


Corol. 2. Hence also cp: cd: : DE. 
And the rectangle cD. pe=cd . ie or Acpe= A cde. | 
Corol. 3. Also cd2=cp . pt, i 
and cp?=cd. dr. 
Or cda mean proportional between cn, pr ; 
and cp a mean proportional between cd, dr. 


THEOREM XVI. 


The same Figure being constructed as in the last Theorem, 
‘each Ordinate will divide the Axis, and the semi-axis added 
“to the external Part, in the same Ratio: 
[See the last fig.] 
That is, DA: DT : : DC : DB, 
and da: dr: : dc: ds. 
Ror by theot::7,cp': ca: : ca: eT; 


and by div. CD. Cac SAD VAT, 

‘and by comp. CD: DB ::'AD: DT, 
Or,------- DA? DT :: DC : DB. 

In like manner, da: dr::dc:ds. Ss BoD. 


Corel. 1. Hence, and from cor. 3 to the last, it is, 
cd2=cbD . DT=AD . DB=cA?2,—cpD?, 
cp?=cp...dr=ad :dp=ca?—cd?. 0). 4 
Corol. 2. Hence also, ca? =cp?-+cd?, 
and ca? =p? -+de?. 
Corol. 3. Further, because ca? : ca?.:: ap. pp or cd? : pr2, 
therefore ca :ca::cd: De. 
likewise cA : cA: : cp: de, 


. THEOREM XVII. 


If from any Point inthe Curve there be drawn an Ordinate, 
and a Perpendicular to the Curve, or to the Tangent at that 
point : Then, the 
Dist. on the Trans. between the Centre and Ordinate, cD: 

Will be to the Dist. pp : : 

_ As sq. of the Trans. Axis : 

To sq. of the Conjugate. 


Phe =) CGF 88 DCL DP: | 





For, 
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For, by theor. 2, ca? : ca? : :.aD . DB: DE, si 
But, by rt. neice As, the rect. Tp. pp=DE? ; 


and, by cor. 1, theor, 16. cp. pT=ap. “DBS. 
therefore’ - - ca? : ca? : >TD.DC: TD . DP, 
MOF ae 8) oe OFS a4 3-3 BG ope | ae oan 


‘THEOREM XVII. 


If there be Two Tangents drawn, the One to the Extremity 
of the Transverse, and the other to the Extremity of any 
other diameter, each meeting the other’s diameter produc- 
ed; the two Tangential ecg seae: so dpa will be cue: 


That is, 
the triangle cetT=the 
triangle cAN. 





For, draw the ordinate pz. - Then. 
By sim. brranglet OB PCA ts CRs CR? 
‘but, by theor. 7, cD: cA: :cA:cT; 
theref. by equal. ca : CT: 2 CE: CN. 


The two.triangles cet, can have then the sige c common, 
and the sides about that angle reciprocally proportional ; those — 
triangles are therefore equal, namely, the AcerT=Acan. 


Corol. 1. From each of the equal tri. CET, CAN, 


take the common space CaPE, 
and there remains the external APAT= APNE. 


Corol. 2... Also from the equal triangles CET, CAN, at 
take the common triangle - é CED,» ee 
and there remains the “A TeD=trapez. ANED. 


THEOREM XIX. ite 


= 


The same bine dipenbed as in the last Proposition § then any 
Lines ka, 6, drawn parallel-to the two Tangents, shall also 


cut off equal Spaces. . That is, 
om 
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Axqae = trapez. anna, 4 f 


and A Kgg=trapez. anhg. TC ky <1 Wieras es 


For draw the ordinate pr. Then 
The three sim. triangles can, cpg, co, 


are to each other as. ca, cp?, co? ; 
th. by diy. the trap. avep : trap. ANHG : : CA? — cp?*: ca2 —cG?. 
But, by theor. 1, DE? : GQ? +: CA2..cp? : ca? cg? 
theref’ by equ. trap. ANED ; trap. ANHG : : DE? > GQ?, | 
but, by sim. As, tri. TED : tri. KQG. :: DE? 7 GQ? ; 
theref. by equality, anep : TED ::ANHG., +KQG. 


But, by cor. 2, theor. 18, the trap. anED == A TED ; 
and therefore the trap. anHG = A xK@é. 
In like manner the trap. anhg = A Kgg. Q. E. Db. 
Corol. 1. The three spaces anne, TEHG, Kc are all equal. 
Corol. 2. From the equals anne, Kaa, — 
take the equals anhg, Kgg. 
~ and there remains ghuc = ggac. 
Corol. 3. And from the equals ghuc, gqac, 
’ take the common space gqunc, 
and there remains the A LQu = A igh. 
Corol. 4. Again from the equals Kac, TEHG, 
take the common space KLHG, 
and there remains» TELK = A LQu. 


Corol. 5.. And when, 
by the lines ke, Gn, 
moving with a parallel 
motion, KQ@ comes into 
the position in, where 
er is the conjugate to 
ca; then 





the triangle. «qc becomes the triangle ire, 
and the space anuc becomes the triangle ANCS 
: and therefore the A inc = A anc= A TEC. 


Corol. 6. Also when the lines Ka and He, by moving with : a ; 


parallel motion, come into the position ce, me, Sa 
the 
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the triangle tan becomes the triangle cem, ~ . 
and the space’ TELK becomes the triangle TE ; - 
and theref. the A cem = A TEC =A anc= A IRC. 


THEOREM XX. 


Any: Diameter bisects all its Double ‘Ordinates, or the Lines 
drawn Parallel to the Tangent at its Netter or to its Con- 
jugate diem ome 





oh 


_ Thatis, if gg be parallel of 
to the tangent TE, or'toce, Po 
then shall re = 19. . | 


For, draw qa, gh perpendicular to the transverse. _ | 

Then by cor. 3, theor. 19, the A ren = A igh 5 

but these triangles are also equiangular ; 

consequently their like sides.are equal, or La = 1g. 
Corol. Any diameter divides the ellipse into. two. ‘equal 

arts. 

: For, the ordinates on each side being equal to each other, 

and equal in number; all the ordinates, or the area, on one: 

side of the diameter, is equal to all the ordinates, or oe area, 

on the other side of it. 


THEOREM XXL 


As the Square of any Diameter: 

Is to the Square of its Conjugate : 

- So is the Rectangle of any two Abseistes 
To the Bauare of their Ordinate. 


‘That i ib CE? : C@ >: EL . LG Or cnt SOLA: LQ?. 


For, draw the tangent 
TE, and produce the. or- 
dinate au to the trans- 
verse at kK. Also draw 
qu, em perpendicular to 
the transverse, and meet- 
ting EG in H ‘and M. 

Then similar triangles 
being as the squares of their like sides, it is; 
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by sim. triangles, Acer: AcLK ::cE?: e495 
or, by division, . Acet : trap. TELK :: CE? : cE? ~cL?, 
Again, by sim. tri. Acem: AL@H:: ce? : Le. 

But, by cor. 5, theor. 19, the Acem= Acer, 

and, by cor. 4, theor. 19, the Arqu=trap. TELK ; 

theref. by equality, ce? : ce? : : ce? —cL? : LQ, 

or a8 ho CE* ' ce? ts BL. LGVLe?: Q. E. D, 


Corol.. 1. The squares of the ordinates to any diameter, 
are to one another as the rectangles of their respective ab- 
scisses, or as the difference of the squares of the semidiame- 
ter and of the distance between the ordinate and centre. For 
they are all in the same ratio of ce? to ce?. 

Corvl. 2. The above being the same property as that be- 
longing to the two axes, all the other properties before laid — 
down, for the axes, may be understood of any two conjugate 
diameters whatever using only the oblique ordinates of these 
diameters, instead of the perpendicular ordinates of the axes ; 
namely, all the properties in theorems 6, 7, 8, 14, 15, 16, 
18 and 19, | 


THEOREM XXII. 


If any Two lines, that any where intersect each other, meet 
j the Curve each in Two Points ; then 

The Rectangle of the Segments of the one : 

Is to the Rectangle of the Segments, of the other: : 

As the Square of the Diam. Parallel to the former : 

To the Square of the Diam. Parallel to the latter. 






“That is, if cr and cr, be ; 


Parallel to any two Lines 3e3\}-—4qQ 
rue, pig; then shall 
CR? ; cr? :;: PH.HQ: pH .Hq. 


For, draw the diameter cHe, and the tangent re, and its 
parallels rx, rt, mH, meeting the conjugate of the diameter 
GR io the points T, K,1,m. Then, because similar triangles 
are as the squares of their like sides, it is, 


Vor, I. 63 by 
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by sim. triangles, cr? : Gp? :: Acri: AGPK, 
and - - = - ¢R?.: GH? :: Ack: AGHM; 
theref. by division, cr? : cP? —GH? : : CRI: KPHM, — 
Again, by sim. tri. ce? : cH? :: ACTE: Aca; 
and by division, cE? ; ce? — cH? :: AcTE: TEHM. 
But, by cor. 5, theor. 19, the A cre= Actin, — 
and by cor. 1, theor. 19, reHc=KPuHG, or TEHM=KPHM ; 
theref. by equ. cr? : cE? —cH? : : cr? ; GP? — GH? or PH . He. 
In like manner ce? : cE? —cH? : : cr? : pH . Hq. 
Theref. by equ. cr? : cr? :: PH . HQ: pH. Hg. Q. E. B. 


Corol. 1. In like manner, if any other lines p'n’g’, paralle} 
to cr or to.pg, meet PHQ; since the rectangles pu'e, p'H 9g’ 
are also in the same ratio of cr? to er? ; therefore rect. 
PHQ ? pHY:: PHA: p'He’. ples 


Also, if another line p'he’ be drawn parallel to pq or cr; 
because the rectangles rhe’ p’hq' are still in the same ratio, 
therefore, in general, the rect. pne : pug: : Phe’: pha’. 


That is, the rectangles of the parts of two parallel lines, 
are to one another, as the rectangles of the parts of two other 
parallel lines, any where intersecting the former. 


Corol. 2. And when any of the lines only touch the curve, 
instead of cutting it. the rectangles of such become squares, 
and the general property still attends them. | 


That is, 
GR4s\ cr? >: Te; Te? , 
Or CR 2 Cr LATE 2 Te, 


and cr :cr.:: te : te. 





Corol. 3. And hence Te: Te: : te: fe. 


OF 


a 
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OF THE HYPERBOLA,  « 
THEOREM I, — 


The Squares of the Ordinates of the Axis are to each other 
as the Rectangles of their Abscisses. 


Let ave be a plane passing 
through the vertex and axis of 
the opposite cones ; aGiH an- 
other section of them perpen- 
dicular to the plane of the for- 
mer; as the axis of the hyper: 
bolic sections ; and re, HI, ordi- 
nates perpendicular toit. Then 
it will be, as Fe? : H1?°::AF.FB: 
AH . HB. 

For, through the ordinates re, 
HI, draw the circular sections 
KGL, MIN, parallel to the base of 
the cone, having xv, mn, for their diameters, to which Fc, u1, 
are ordinates, as well to the axis of the hyperbola. 

Now, by the similar irianeles AFL, AHN, and BFK, BHM, 

it is AF : AH *! FL: HN, 
and EB : HB !? KF : MH; 

hence, taking the rectangles of the comresponciis terms, 

it is, the rect, AF. FB: AH.HB i: KF.FL: MH. HN. 
But, by the circle, kr . FL = Fc?, and MH’. HN = BI? ; 
Therefore the rect. aF . FB: AH. HB‘: FG? : HI?, @. E. D. 





THEOREM II, 


As the Square of the Transverse Axis : 
Is to the square of the Conjugate :: 
So is the Rectangle of the Abscisses : 
To the Square of their Ordinate. 


That is, as? : ab? or aN | 
AC? *,aC? °° AD. DB. {DE*. 
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For, by theor. 1, Ac .cB: AD. DB 3 ca? : DE? ; 
But, if¢ be the centre, then ac.. cp = ac?, and cais the 


semicon}. 
Therefore | AC? ; AD 


2 


» DBI aes BEE : 
or, by permutation, ac? : ac? :: aD . DB : DE? 3 « 
or, by doubling, a8? : ab? ¢. aD . DB : DE. Q. ELD. 


ab? , 
Corol. Or by div. an: ——— ¢: ap. DB or cp? —ca? : pe?, 
AB 


that is, AB: p °: AD. DB or cD? —Ca? ; DE? ; ie 


where p is the parameter fa , by the definition of it. 


That is, As the Nunsvieee: 
Is to its parameter, 
So is the rectangle of the abscisses, 
To the square of their ordinate. 


THEOREM It. ° 


As the Square of the Conjugate Axis’ 


To the Square of the Transverse Axis :: 


ee 


The Sum of the Squares of the Semi- conjugate, and 
Distance of the Centre from any Ordinate of the AXIS | 


The a of their eistsates 


That is, 


ca? § ca? 23 ca2?-+cd? : di?. 





For, draw the ordinate xp to the transverse AB. 


Then, by a Ly Cats Cas ort ke 
or - - - - ca? :ca2 2: cd? 
But - -) = (= + ca% sca? +: cg? 


theref. by compos. ca? : ca? :: 
Yn like manner, cA? : ca? : 


Corol. By the last theor. | 
and by this theor, 
therefore - - 
In like manner, 


CA?: 
CA“: 


a 


DE*: 


de2: 


: AD . DB OF cp? — ca?, 
: dE? —~ca2. 
a 0? Gai 


ca2-+-cd2 ; de2. 


: cA? --ep? : pe?. Q. E. D, 
Ca?: 
ca’: 
pe?: 


dm2: ; 


2, CD? ~—Ca?; DE?) 


. 2 ‘A2e 
: cp? -+ca?: pe?, 


: cp? —ca?; cp? ++ ca?, 
cd? —ca?: ed?:-++ca?. 


THEOREM 
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THEOREM IV. 


The Square of the Distance of the Focus from the Centre, 
is equal to the Sum of the Squares of the Semi-axes. 

Or. the Square of the Distan¢e between the Foci, is equal to 
the Sum of the Squares of the two Axes. 





eae: 


eB ry 


For, to the focus r draw the ordinate re ; which, by the 
definition, will be the Beieh peraraeter: Then, by the nature 


- That is, 
cr? = ca? + Ca?, or 
Ff? = a8? -++ ab?. 


of the curve ca? : ca2.:: CF2 —Cca? : FE?, 
and by the def. of the pera Cats cates cy Case, 3FRF4 
therefore ca2 =cr? — ca? ; 

and by addition, - - . cF2=ca?2 + ca? ; 

or, by doabling, ~ - - ¥Ff?>=,p?2 + ab? ; | Q. E. D. 


Corol. 1. The two semi-axes, and the focal distance from 
the centre, are the sidés ef a right-angled triangle caa; and 
the distance aa is = cr the focal distance. 

~Corol. 2. The conjugate semi-axes, ca, is a mean propor- 
tional between ar, Fs, or between af, fe, the distances of el- 
ther focus from the two vertices. 


For ca? = cr? — ca? = cr + 64.cF — Ca = AF. FB, 


THEOREM V. 


TheDifference of two Lines drawn from the two Foci,to meet 


at any Point in the Curve, is equal to the Transverse 
Axis. 


oer 


That is, F*; sate 
fe —. FE =AB. Aas : 





For, draw ac parallel and equal to ca the semi-conjugate ; 
and join ce meeting the ordinate pe produced in H ; also take 
cr a 4th proportional to ca, cr, cp. 


Then, 
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Then, by th. 2, Gar 7 AG? 2: CD? — ca? : pE 5 m 
and by sim. AS, CA? +>.aG? +: cp? — ca? ; pH? —ihe; ee 
consequently, bieigy —~ AG? = pH?—ca?, 


Aliso, ro = cr wm cp, and rp?-= cr? —2cr . cp + cp? ; 
and. by right-angled triangles, re?==rp? 4+ pE? ; 
therefore re? = cr? — ca? ~ 2cr.cp + cp? + pH?. 
But, by theor. 4, cr? — ca? = ca2, 

and by supposition, 2cr .cp = 2ca. cry 

theref. re? = ca? — 2ca . cr + cn? + pH?. 


Again, by suppos. ca? ; op? :: cr? or ca? -- ac? . cr? ; 
and, by sim. tri. CA? : ed? 32a? + AG? : cp? -+- DH? ; 
therefore. - -. - cr? =cp? + pH? =cH? ; 

consequently FE? =ca? — 2ca . ci + ci?. 


And the root or side of this square is re = cl —ca = ar. 
In the same manner it is found that fe = cx + ca = Br, 
Conseq. by subtract. fe — re = Bl — ar = ap. @. EB. D. 


Corel. 1. Hence cu=cr is a 4th proportional to ca, cr, cD. 


Corol. 2. And fe ++ re = 2cn or 2c1; or FE, cn, fe. are in 
continued arithmetical progression, the common difference 
being ca the semi-iransverse. , 


Corol. 3. Hence is derived the common method of de- 
scribiug this curve mechanically by points, thus; 
In the tranverse a3, produced, take the foci Fr, f, and any 
points. Then with the radii a1, Br, and centres F, f, describe 
arcs intersecting in E, which will be a point in the. curve. In 
like manner, assuming other points 1, as many other points 


will be found in the curve 
Then, with a steady hand, the curve line may be drawn — 


through all the points of intersection E. 
In the same manner are constructed the ether two or con- 


jugate hyperbolas, using the axis ab instead of as. 
THEOREM VI. 


If from any Point1in the Axis, a Line ir be drawn touch- 
ing the Curve in one point 1; and the Ordinate Lm 
be drawn ; and if c be the Centre or the Middle of az: 
Then shal! cm be to ci as the Square of am to the Square 


of ar. 


That is, 
OM 2Cl 2: AM? 2 Are. 


> 
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For, from the point 1 draw any line ren to cut the curve 
in two points © and #; from which let fall the perps. ep ue ; 
and bisect pc in kK. 

Then, by theor. 1, ap. DB: AG. GB: : De? : GH, 
and by sim. triaugles, ip? : 16? : : pE? : GH? 5* 
theref. by equality, ap . DB: ac. GB: : 1p? 2 167, 

But pp = cp + cb = cB + cn = cc + cp—~ac = 2cK — ac, 

and 68 = Be —ce = ca-+ ce = CG + cD—ad = 2cK — ap; 

theref. ap . 2cK — AD. AG: AG . 2CK —- AD. AG : 3 ID? : I6?, 

and, by div. pe. 2ck : 1G?— Ip? or pa. 21K :: AD. 2cK — 
. AD. AG? 1D?, 

or = 2cK : 2K Sap. 9ck — ap. AG: 1D2, 

or AD. 2cK >: aD. 21K :: aD. 2CK — AD. AG: ID? ; 

theref. by div. ck : 1K ::AD.aAG: AD. 21K—ID?, 


and, by gen CK : Cl::AD.AG:1D?—AD.. ID-++14, 
or CK;: Chi: AD. AG: Al?, 

But, ihe the fine 1H, by revolving about the point 1, comes 
into the position of the tangent 11, then the points 2 aod a 
meetin the point L, and the points p, k, ¢, coincide with the 
point »; and then the last proportion becomes Gm : cr:: 
AM? : al, ’Q. E..D. 


THEOREM VII. 


if a Tangent. and Ordinate be drawn from any Point in the 
Curve, meeting the Transverse Axis ; the Semi-transverse 
will be a Mean Proportional between the Distances of the 
said Two Intersections from the centre. 


AS 






_ -That is, 
ca is a mean proportional between 
cb and cr; or-cp, ca, cT, are 


; TA 
continued proportionals, 


Bo 






D 


For, by th. 6, cp : cr: : ap? : ar?. 


that is, cD ; ct :: (cb—ca)? : (ca—cr)?, 

or - cb: cT :: co?+ca?:; ca?+cr?, 

and - CD: DT: : cp?+ca? : cop?—cr?, 

or = CPi DT): op? --ca? s(cn-ber), pT, 

or - cD? : cp. DT :: cp2-+ca2 : cD. DT-+-CT .. TD 3 
hence - ED 3042.2 CDS DT 2 CTS PDA ks 

and - Cp?..: CA?-: : cD 3 cT, 

therefore (th. 78, Geom.) cp? : ca? :: ca: cT. Q. E. D. 


Corel, 
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Corol. Smce cr 1s always a third proportional to @D,. CA j 
if the points p, a, remain constant, then will the point 7 be 
constant also ; and therefore all the tangents will meet in this 
point r, which are drawn from the point n, of every hyperbola 
described on the same axis ar, where they are cut by the 
common ordinate pre drawn from the point vp. tt aae 


THEOREM VIII. 


If there be any Tangent meeting Four Perpendiculars to the 
Axis drawn irom these four Points, namely, the Centre, the 
two Extremities of the Axis, and the Point of Contact; 
those Four Perpendiculars will be Proportionals. 


That is, 
“AG: DE: : CH : BI. 





For, by theor. 7, Tc : ac 22 ac: De, 


theref. by div. TA: AD ${; TC: AC OF CB, 
and by comp. TA PDp, <2 yres TB, 
and by sim. tri. AG : DE {3 (CH, BI. QE. D. 


ol. Hence Ta, TD, TC, TB : 
er gies oe gd are also proportionals, 
and Tce, TE, TH, TI 
For these are as AG, DE, cH, B1, by similar triangles. 


THEOREM IX. 


{f there be any Tangent, and two Lines drawn from the Foci 
to the Point of Contact; these two Lines will make equal 
Angles with the Tangent. ; 


That is, 
the Zrev=Z fre. 





For, draw the ordinate pr, and fe parallel to Fr. 
By cor. 1, theor. 5, ca :cp::cer : cA++¥g, 
and by th. 7, CA 8-CD 2°67 HCAS 
therefore 
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therefore =~ (or :cr 2:ca : ca+Pe } 


and by add. and sub.. rr: vf:: Fre: 2ca-+ re or fe bye th. 5. 
But by sim. tri. TR crt.’ :iPe fey 
therefore ~,  fe=fe, aa ht Si Ze=Z fre. 
But, because FE is parallel to fe,the Ze=frET; . 
therefore the ZL¥FeEtT= Zire. Q. E. D. 


Corol, As pplicians find that the angle of incidence is equal 
to the angle of reflection, it appears, from this proposition, 
that rays of light issuing from the one focus, and meeting the 
curve in every point, will. be reflected into lines drawn from 
the other focus. So the ray fe is reflected into re. And this 
is the reason why the points F, f, are called foci, or burning 


points. 
THEOREM X. 


All the Parallelograms inscribed between the four Conjugate 
Hyperbolas are equal to one another, and pace equal to the 
Rectangle of the two Axes. | 


, That i 18, ' 
the parallelogram pans== 
the rectangle ap . ab. 





Let) EG, eg, be two conjugate diameters parallel to the 
sides of the parallelogram, and dividing it into four less and 
‘equal parallelograms. Also, draw the ordinates pz, de, and 
ck perpendicular to re; and let the axis produced meet 
the sides of the parallelograms, produced, if Reeeaaat ys in F 
and t. 

Then, by theor..7, cr: cas: ca: cp, 
and ot cA *! cat cd 
theref. by equality, COR. COS" 6d 1 CDs 
but, by sim. triangles, cr: ct :: rp: cd, 
theref. by equality, © 1p: cd ::.cd: cp, 


and the rectangle, TD : DC is = the square cd?. 
Again, by theor. 7, COCA 2° CR 2 167, 
or, by division, — OD CAT TDA RAT, 


and, by composition, . cp: DB‘%: DA: DT; : 
conseq. the rectangle © cb. pr==cd* = ap. pB*.: 





* Corol. Because cd? = ap. pp = cd? — ca?, 
> 2 
therefore ca* == cp? — cd”, 
‘ ‘ f 9 
In like manner,’ ca® = de? — pz’. 


eVoui lt, | 64 Bet 


498 CONIC SECTIONS. 7 


But, by theor. 2, Gar: ca it (aD. DB or) ca# ¢ Dae, 
herefore mdlee #, Cey ot ee Nie om ah, ah i tine 
n like manner, AeA TE “+6 p: de, ‘wie we 
or 2 ca: de :* ca: cp, oy iG Seas 

But, by thedr. 7, CP RCA ST Ga reps.” 
theref. by equality, CT 20a *3-ca 3 det neces ie > 
But, by sim. tri. CT: cK ¢: ce: de; eee 
theref by equality, ck:cA 1 ca: ce, 
and the rectangle = cK .ce = ca. ca.- at. 

But the rect. cK . ce = the parallelogram cere, 

theref. the rect.. ca .ca = the parallelogram cere, 
conseq. the rect. asp .ab = the paral. Pars. q. BE. Ds 

THEOREM XI. 


_ The Difference of the Squares of every Pair of Conjugate: 
Diameters, is equal to the same constant Quantity, nemeny 
the Difference of the Squares of the two Axes. 





“a ge 7 
That is, ‘ . ae ee 
AB? = ab? = ne? — eg? ; Bah Gh) 5s 
where £G, eg, are any conjugate we 
: diameters. 


Oe Se 
For, draw the ordinates Ep, ed. 

Then, by cor. to theor. 10, ca? = cp? — cd?, 

and: - - - - ca? == de? — DE? 5 

theref. the difference ca? — ca? = cp? -+ DE? — cd? — ae. . 

But, by right- nists As, . cE? = cp? + pe*, 





and. - - ce? = cd? + de? ; : 
theref. the dandietoe cE? — ce? = cp? + pe? — cd? — de®. 
consequently - CA? ——_ Ca? = cE? — ce? ; 

or, by doubling, AB? — ab? = EG? — eg? @. E. D. 


THEOREM XII. 


All the Parallelograms are equal which are formed between 
the Asymptotes and Curve, by Lines drawn soi xt to the 
Asymptotes. | 


That is, the lines. cr, EK, AP, AQ, | 
being parallel to the asymptotes cu, cl ; 
then the paral. cork = paral. crag. 
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For, let a be the vertex of the curve, or extremity of the 
‘semi-transverse axis ac, perp. to which draw at or al, which 
will be equal to the semi-conjugate, by definition 19, Also, 
draw nepeh parallel to Ll. 

Then, by theor. 2, ca? : aL? : ; cb? — ca? : pE?, 
and, by parallels, CA? : aL? : :- cp? : DH? ; 
theref. By subtract. CA? : AL? :: cA? : DH? —-DE? OF 

rect. HE. gh; 
conseq. the square aL?= the rect. ne . Eh. 


But, by sim. tri, PA: aL: : GE. EH, 
_-and, by thesame, qa: al::en: rh; 
theref. by comp, PA. AQ: aL?::GE.EK: HE.rh; 
and, because. aL?=HeE . Eh, theref. pa. aqg==cE . EX. 
But the parallelograms cceK, crag, being equiangular, are 
as the rectangles ce . EK and pa. ag. 
Therefore the parallelogram ck= the paral. re. 
‘That is, all the inscribed parallelograms are equal to one 
another. : Q. E. B. 


Corol. 1. Because the rectangle cgx or cag is constant, 
therefore cE is-reciprocally as cc, or ce: cp: : PA: GE. And 
hence the asymptote continually approaches towards the curve, 
but mever meets it: for ce decreases continually as co in- 
greases : and it isalways of some magnitude, except when ce 
is supposed to be infinitely great, for then cz is infinitely small, 
or nothing. Sothat the asymptote cad may be considered as a 
tangent to the curve at a point infinitely distant from c. 


Corol. 2. If the abscisses cp, 
cE, cc, &c. taken om the one 
asymptote, be in geometrical 
progression increasing ; then 

shall the ordinates pu, pI, cx, 
&c. parallel to the other asymp- 
tote, be a decreasing geometri- C cy Raa aay a 
cal progression, having the same 

ratio. For, all the rectangles CNH, CEI, cox, &c. Reinmenuat 
the ordinates Du, EI, GK, &e. are reciprocally as the abscisses, 
Cb, cE, cG, &c. which are geometricals. And the reciprocals 
of seometricals are also geometricals, and in the same ratio, 
but decreasing, or in converse order. 





THEOREM 
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THEOREM X10. Pie sie os 


mr | 
Ty : 


The three following Spaces, hetweenehe Aatiorote ds aid the 
Curve, are equal ; namely, the Sector or Trilinear Space 


contained by an Arc of the Curve and two Radii, or Lines — 


drawn from its Extremities to the Centre ; and each of the 
two Quadrilaterals, contained by the said Arc, and two Lines 
drawn from its Extremities parallel to one Asymptote, and 

‘the intercepted Part of the other ave Gets: 


That is, wa 
The sector caE==PAEG=QAkK, 
all standing on the same arc az. 





For, by theor. 12, cpaq=cGEK ; 
subtract the common space cela, 
there remains the paral. p1= the par. 1K ; 
to each add the trilineal 1az, then 
the sum is the quadr. PAEG = QAkEk. 


Again, from the quadrilateral carx 
take the equal triangles caq, cEx, 
and there remains the sector cAE = QAEK. Soe 
Therefore cak = QAEK == PAEG. Q. E. D. 


THEOREM XIV. 


Lhe Sum or Difference of the Semi-transverse anda Line 
drawn from the Focus toany point in the Curve, is equal toa 
Fourth Proportional to the Semi-transverse, ‘the distance. 
from the Centre to the Focus, and the Distance from the 
Centre to the Ordinate belonging to that Point of ine 
Curve. 


That is, 

FE + AC = CI, OF FE = AT; 
and fe — ac =cl, or fe == BI. . 
Where ca: cr 7; cp: ci the 4th é 
propor. to ca, CF, cD. 
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For, draw ac parallel and equal to ca the semi- ecaniagate } 
and join cc meeting the ordinate pz produced in a. 


Then, by theor. 2 ca? : ac? 22 cp? — ca? : DE? ; 

and, by sim. As, ca? : ac? 3: ep? — ca? : pH? — AG? ; 
consequently DE? ==pH? — ac? = pH? —ca?. 

Also rp = cr wcp, and Fp? ==cr? — 2cr . cp +- cp? ; 
but, by right-angled triangles, Fp? +- pE?=FE? ; 

therefore re? = cr? — ca? — 2cr . cp -+cp? th DH?. 
But by theor. 4, cF2 — ca? = ca? ; 

and, by supposition, 2cr . cp = 2ca.cr; 

theref. rz? = ca? — 2ca . ci + cp?-++- pH? ; 

But, by supposition, ca? : cp? +: of? or ca? ++ ac? : cr? ; 
and, by sim. As, ca?): cD? ::ca? -b ac? : cp?-++-pH? ; 


therefore - - + ci? =cp?-++ pH? = cH? ; 

consequently - - ¥Fe2=ca?— 2ca.cr-+ ci?. 

And the root or side of this square is FE = cr. —ca = Al. 

In the same manner is found fe = c1 + ca = 81. Q. E. D, 


Corol. From the demonstration it appears, that pz? = pH? 
—AG2=pH? —ca2. Consequently px is every where great- 
er than pe ; and so the asymptote caw never meets the curve, 
though they be ever so far produced; but px and pe ap- 
proach nearer and nearer to a ratio of equality as they recede 
farther from the vertex, till at an infinite distance they become 
equal, and the asymptote is a tangent to the curve at an infi- 
nite distance from the vertex. 


THEOREM XV, 


If a Line be drawn from either Focus, Perpendicular to a 
Tangent to any Point of the curve ; the Distance of their 
‘Intersection from the Centre will be equal to the Semi- 
transverse Axis. ~ 


That is, if re, fp be perpen- 
dicular to the tangent trp. then 
shall cp and cp be each equal to 
to ca Or CB. 
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“Por, through the point of contact cr draw re, and ye meei- 
ing Fe produced inc. Then, the Zcur= Z rep, being each 
equal to the Z fp, andthe docles at P being right, and the side 
re being common, the two triangles Gep, FEP are equal i in all 
why ibe and so GE==FE, and Gp= FP. Therefore: since Fp= 
ire, and end th and the angle at F common, the side cP P will 
be = =t}fe or LaB, that Is cr=ca orcs. 

And in the same manner cp==Ca OT CB. Q@. B.D. 


Corvl. 1. A circle described on the feataverea axis, asa 
diameter, will pass through the. points p, p; because all the 
lines ca, cP, cp, cB, being equal, will be radii of the circle. 


Corol. 2. cris parallel to fe, and cp parallel to FE. 


Corol. 3. If at the intersections of any tangent, with the 
circumscribed circle, perpendiculars to the tangent be drawn, 
they will meet the transverse axis in the two foci.” That is, , 
the per pene Mats PF, pf give the foci F, f. Shara 3 


THEOREM XVI. 


The equal Ordinates, or the Ordinates at equal Distances. 
from the Centre, on the opposite Sides and Ends of an Hy- 

_ perbola, have their Extremities connected by one Right Line 
passing through the Centre, and that Line is bisected by the 


Centre. 






‘That is, if cp = ce, or the 





ordinate pe = cH} then shall as 2 hee 
ce = cH, and ecu will bea Weer AAD 
right dine. L ae 






> 


For, when co=ce, then alse is pe =an by cor. 2, th. 1. 
But the Zp=/¢, being both right angles ; 
therefore the third side. cE=CH, “and the ZOE Lok 
and consequently ecu is a right line. 

Corol. 1. And, conversely, if scx be a right ‘Rite: plane 
through the centre ; then shall it be bisected by the centre, 
or have CR=CH; also pE Will be = GH, and cp=ce. ~ 


Corol. 2. Hence also, if two tangents. be drawn to the two 


ends £,4 of any diameter rn ; they will be parallel to each 
~ other, 


; = eit ‘ 
ae es 
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‘ether, and will cut the axis at equal angles, and at eqnal dis- 
tances from the centre. For, the two cp, ca being equal to 
the two ce, cs, the third proportionals cr, cs will be equal 
also; then the two sides ce, cr being equal to the two cu, 
cS, atid the included angle EcT equal to the included angle 
cs, all the other corresponding parts are equal: and so the 
Zt=Z8, and Te parallel to ns. 

Corol. 3. And kence the four tangents, at the four extremi- 
ties of any two conjugate diameters, form a paralielogram in- 
_ scribed between the hyperbolas, and the pairs of opposite -ides 

are each equal to the corresponding parallel conjugate diame- 
ters.—For, if the diameter eh be drawn parallel to the tangent 
‘re or us, it will be the conjugate to rx by the definition ; ‘and. 
the tangents to eh will be parallel to each other, and.to the 
diameter ex for the same reason. 3 


THEOREM XVII. 


If two Ordinates ep, ed be drawn from the Extremities 5, e 
of two Conjugate Diameters, and Tangents be drawn to 
the same Extremities, and meeting the Axis produced i in 7 

and R; 

Then ‘shall cp be a mean proportional between cd, de, 
and cd.a mean proportional between eget. 





For, by theor. 7, Cp CA 22 CA 2 eT, 


and by the same, Gay CAs: 2 Owes OH 
theref. by equality, cn: cd::cr:cr, 
But by sim. tri. Df :cd::cT: OR; 
theref. by equality, cn:cd:: cd: pr. 
In like manner, cd:cp:: cp: dr, Qe Bie Ds 


Corol. 1. Hence cn: cd: : cr: cv. 
Corol. 2. Hence also cp: cd : : de: pz. 
And the rect. cp’. pe=cd . de, or AcDE=Acde. 
Corol. 3. Also cd2==cn . pr, and cp?=cd . dr. 
Or cd.a mean proportional between ep, pT ; 


and cp a mean proportional between cd, dr. 
: THEOREM 
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“ ‘THEOREM XVIII. 


The same Figure being constructed as in the last Propanltnas 
each Ordinate will divide the Axis, and the semi-axis Sgt, 


to the external Part, in the same Ratio. 


[See the last fig.] 


Corol. 


Corol. 


Corol. 


That is, pa : 

and da : 

For, by theor. 7, cp : 
and by div. cD: 
and by comp. cD: 
Or,- + +s --- DA: 


Iu like manner, da: 


DT: 
dr: 


CA 


Ca‘? 
DB :: 
DT :: 
dr:: 


: dc 


~ . CA 


© 


AD 


AD > 


DC 


> DC: DB, 
: ds. 
: CT, 
2 AT, 
Dry 
: DB.’ 


dc; 


ds. 


Q@. E. Dy 


1. Hence, and from cor. 3 to the last prop. it is, 
cd2==cp . DT=aD . DB=cD? — CA?, , 
andcd . dr=ad . dsp=ca? — cd?. 


2. Hence also, ca? 


3. Farther, because ca? 


therefore ca ; ca: eas, DE. 
likewise CA : C@:: cp: de. 
THEOREM XIX. 


‘ca? : 


=cp? —cd?, and ca? =de? —pn?. 


: AD . DB or cd? : DE?, 


Pd 


if from any Point in the Curve there. be drawn an Ordinate, 
and a Perpendicular to the Curve, or to the Tangent at that 
point: Then, the 7 
Dist. on the Trans. between the Centre and Ordinate, cD: 


Will be to the Dist. pa: 


As Squ 


To Square of the Conjugate. 


CA, CG? : 


Por, by theor. 2, ca? 


and, by cor. 1, theor, 18. 
iicrefose jer Ga? i caa-rs 
OP SS ed Se ORs ys Ogee 4 


are of Trans; eas : 


That iS, 
> DC t DP. 


, C45. 3 


AD. 


TD. DC 


DC 


DB: 


ee es 
But, by rt. angled As, the rect. rp. DP==DE? ; ; 
CD . DT=AD DB; 





: TD. DP, 
2 DP? 


[QE 
THEOREM 


OF THE HYPERBOLA. 508 


THEOREM XX. 


{f there be Two Tangents drawn, the One to the Extremity 
of the Transverse, and the other to the Extremity of any 
other Diameter, each meeting the other’s diameter produc- 
ed; the two Tangential Triangles so formed, will be equal. 


That is, 
the triangle ceT = 
the triangle can, 





For, draw the ordinate ne. Then 

By sim. triangles, cb: ca :: cE: CN; 
but, by theor. 7;- cb: ca: :ca:cT; 
theref. by equal. ca: cr: > cE: cn, 

The two triangles cer, can have then the angle c common, 
and the sides about that angle reciprocally proportional ; those 
triangles are therefore equal, viz. the Acer=Acan. Q. E. D, 

Corel. 1. Take each of the equal tri. cet, can, 

- from the common space care, 

and there remains the external ApAT= APNE. 


Corol. 2. Also take the equal triangles cer, can, 
from the common triangle CED, 
and there remains the A rep=trapez. aNnep. 


THEOREM XXI. 


The same being supposed as in the last Proposition; then any 
Lines Ka, Ga, drawn parallel to the two Tangents, shall] alsg 
cut off equal Spaces. 


That is, 
the A Kac = trapez. aANHG, 
and A kgg = trapez. anhg, 





» For, draw the ordinate p—E. Then 
‘The three sim. triangles can, CDE, caH, 
You. I, 65 arg 
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are to each other as ca?, cp?, ca? ; 

th. by div. the trap. aANep : trap. ANHG : : cD? — ca? : cG2 —ca?. 
But, by theor. 1, yl GQ? :: cD? —ca? :cG? —ca2, 
theref. by equ. trap. anep : trap. ANHG : : DE? 2 8Q3 . rata 
but, by sim. As, tri. TED : tri. KQG.:: DE? “ 3¢69q7 
theref. by equal. anep: TED. : : ANHG : KQG. 


But, by cor. 2, theor. 20, the trap. ANED == A TED ; 
and therefore the trap. ANHG = A KQeé. 
In like manner the trap. anhg = A kKgg. Q. E. D- 
Corol. 1. The three spaces anHG, TEHG, KG are all equal. 
Corol. 2. From the equals anue, Kec, 
take the equals anhg, Kgg. 
and there remains ghuc = gqae. 
Corol. 3. And from the equals ghue, gqaa, 
take the common space gqLue, 
and there remains the A Lrg = A ugh. 
Gorol. 4. Again, from the equals Kac, TEHG, 
take the common space KLHG, 
and there remains TELK = A LQH. 


Corol. 5. And when, by 
the, lines Ka, GH, moving 
with a parallel motion, Ke 
comes into the position 1R, 
where er is the AASB SN to 
@a; then 





the triangle kaa becomes the triangle IRC, 
and the space anuc becomes the triangle anc ; 
and therefore the A IRC = A ANC = A TEC. 


Corol. 6. Also when the lines ke and Hq, by moving pevith a 
parallel motion, come into the position ce, me, 

the triangle Lqu becomes the triangle cem, 

and the space TELK becomes the triangle TEC ; 

and theref. the A cem = A Tec = A aNc = At IRC. 


THEOREM XXII. 


Any Diameter bisects all its Double Ordinates, or the Lines 
drawn Parallel to the Tangent at its Vertex, or to its Con- 
jugate Diameter. 


That 
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‘That is, if ag be parallel 
to the tangent Tx, or to ce, 
then shall Le = xg. 





For, draw qu, gh perpendicular to the transverse. 

Then hy cor. 3, theor. 21, the A ten = A ugh ; 

but these triangles are also equiangular ; 

consequently their like sides are equal, or Le = 1q. 

_ Corol. 1. Any diameter divides the hyperbola into two equal 
parts. 

For, the ordinates on each side being equal to each other, 
and equal in number ; all the ordinates, or the area, on one 
side of the diameter, is equal to all the ordinates, or the area, 
on the other side of it. 

_ Corol, 2. In like manner, if the ordinate be produced to 
the conjugate hyperbolas at @’, q’, it may be proved that re’ 
=1qg. Or if the tangent Tre be produced, then ev = ew. 
Also the diameter acen bisects all lines drawn parallel to Tz 
or qq, and limited either by one hyperbola, er by its two con- 
jugate byperbolas. 


THEOREM XXIII. 


As the Square of any Diameter : 
Is to the Square of its Conjugate : : 
So is the Rectangle of any two Abscisses : 
To the Square of their Ordinate. 
That is, ce? ; ce? :: EL. LG or cL? — cE? : LQ?. 
For, draw the tangent 
TE, and produce the or- 
dinate qu to the trans- 
verse at x. Also draw 
@H, em perpendicular to 
the transverse, and meet- 
ting Ec in Hand. Then, 
similar triangles being as 
the squares of their like 
sides, it is, 
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by sim. triangles, Acer : AciK :: cr? ; cL? ; 
or, by division, AcET: trap. TELK: : ce? + CL2—CE?. 
Again, by sim. tri. Acem: AL@n: : ce? : LQ?. 


But, ‘by cor. 5, theor 21, the fcuk een 

and, by cor. 4, theor. 21, the A1qu=trap. TELK ; 
theref ‘Ay equality, ce? : ce? >: cL? —cE? : 1Q2, ~ 
or - CE? : ce? 5: EL «LG; LQ?" * * @. E. Ds 


Corol. 1, The squares of the ordinates to any diameter, 
are to one another as the rectangles of their respective ab- 
scisses, or as the difference of the squares of the semi-diame 
ter and of the distance between the ordinate and centre. For 
they are all in the same ratio of ce? to ce?, be AY 


Corvl. 2. The above being the same property as that be- 
longing to “the two axes, all the other properties before laid 
down. for the axes, may be understood of any two conjugate 
diameters whatever, using only the oblique ordinates of these. 
diameters instead of the perpendicular ordinates of the axes ; — 
namely, all the one. in theorems 6, 7, 8, 16, Af; 20, 
zt; 


~ 


Corol. 3. tikeviss. when the ordinates are suena ts 
the conjugate hyperbolas at @', 7’, the same properties still 
obtain, substituting only the sum for bit difference of the 
Squares of cp and ci, 

That is, ch? : ce: : cL?-+cr2 : LQ”? 
And so 1Q2.: LQ? :: cL? —tE? : cL? -+—+ck?. 


Corol. 4. When by the motion of 1@ parallel to itself, that 
line coincides with ev, the last corollary becomes 


CE? > CEF.3°% 26K. seve 
OT .ce™ ewer se, Phe 8) ee 
or ce) eves sD of 83 


or as the side of a square to its ihgonal. 
That is, nall conjugate hyperbolas, and all their diameters, 
any diameter is to its parallel tangent, in the constant ratio ro 
the side of a square to its diagonal. 


THEOREM XXIV. 


If any. Two Lines, that any where intersect each other, meet 
the Curve each in Two Points ; then | 
The Rectangle of the Segments of the one :. 
Is to the Rectangle of the Segments of the other: : 
As the Square of the Diam. Parallel to the former: 
Te the Square of the Diam. Parallel to the latter. ‘a 
at 
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That is, if cr and 
cr be Parallel to any 
two Lines PH, pHg ; 
then shall cr? : cr?: : 
PH .HQ: pH. Hg. 





For, draw the diameter cue, and the tangent Te, and its 
parallels px, RI, MH, meeting the conjugate of the diameter 
cr in the points r, k,1, mM. Then, because similar triangles 
are as the squares of their like sides, it is, 

by sim. triangles, cr? : be : AcRI: AGPK, 

and - - = - CR? ; GH? :: AckI: AGHM; 

theref. by division, cr? : cr? —GH? : : CRI: KPAM. 

Again, by sim. tri,. cE? : cH? :: ACTE: ACMH; 

and by division, . ce? : cH® — ce? : : ACTE : TEHM. 


But, by cor. 5, theor. 21, the A cre= Acir, 

and by cor. 1, theor. 21, rEHG=KPHG, Or TEHMKPHM ; 
theref. by equ. ce? : cH? —en? : ; cr? : GP? —GH? or PH . HQ. 
In like manner ce? ; cH? —CE? : : cr? ; pH. Hq. 

Theref. by equ. cr? : cr? : : PH. H@: pH. Hg. Q. E. dD. 


Corol. 1. In like manner, if any other lines p'x'q’, parallel 
to cr or to pg, meet PH; since the. rectangles, pxu’a, pug 
are also in the same ratio of cr? to cr? ; therefore the rect. 
PHQ : pHgY:: PHQ:pHY. 


Also, if another line P’ha’ be drawn parallel to rq or cr; 
because the rectangles rhe’ p‘hq' are still in the same ratio, 
therefore, in general, the rect. pHa: pug: : PhQ’: pha’. 
That is, the rectangles of the parts of two parallel lines, 
are to one another, as the rectangles of the parts of two other 
parallel lines, any where intersecting the former, 


Corol. 2. And when any of the lines only touch the curve, 
instead of cutting it, the rectangles of such become squares, 
and the general property still attends them. 


That 


amd oR : 07 :: tE : fe. 


the rect. HEK or HeK=caA?, 
and rect. hek or hek=ca?2. 
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T hat is, 
CR?; cr2s ¢:-TE®: Te? , 
OL CR :CP, 3.3.TE  P4Ps, 





Corol. 3. And hence TE: Te: : te: te. 


THEOREM XXV. 


If a Line be drawn through any Point of the Curves, Parallel 
to either of the Axes, and terminated at the Asymptotes ; 
the Rectangle of its Segments, measured from that Point, 
will be equal to the Square of the Semi-axis to which it is 
parallel. 


That is, 





For, draw at parallel to ca, and az toca. Then 
by the parallels, ca? : ca? or aL? :: cp?:: DH? ; 
and by theor. 2, ca? : ca? :: Cb? —-CA2 : DE? ; . 
theref. by subtr. ca? : ca? : : ca? : pH? —DE? or HEK. 
But the antecedents ca?, ca? are equal, 
theref. the consequents ca?, HEK must also be equal. 
In like manner it is again, 
by the parallels, ca? : ca? or aL? :.: cp? : pH? ; 
and by theor. 3, ca? : ca? : : cp?-+ca® : pe? ; 
theref. by subtr. ca? : ca? : : ca? ; De? — DH? or HeK. 
But the antecedents ca?, ca? are the same, 
theref. the conseq. cu?, nex must be equal. : 
In like manner, by changing the axes, is hek or hek=ca?. 
Corol. 1. Because the rect. HEk= the rect. Hex, 
therefore EH : eH : : eK : EK. 

And consequently He : is always greater than He: 

Corel. 2. The rectangle hex= the rect. nek. 
For, by sim. tri. ek: BH: : Ek: BK. | 
SCHOLIUM. 
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SCHOLIUM. 


It is evident that this proposition is general for any line 
oblique to the axis also, namely, that the rectangle of the 
segments of any line, cut by the curve, and terminated by.the 
asymptotes, is eqnal to the square of the semi-diameter to 
- which the line is parallel. Since the demonstration is drawn 
from properties that are common to all diameters, 


THEOREM XXVI, 


All the rectangles are equal which are made of the Segments 
of any Parallel Lines cut by the Curve, and limited by the 
eymptates. 


That is, 
the rect. HEK=Hex. 
and rect. hak =hek. 





For, each of the rectangles Hex or Hex is equal to the 
square of the parallel semi-diameter cs; and each of the 
rectangles hek or hek is equal to the square of the parallel 
semi-diameter cr.. And therefore the rectangles of the seg- 
ments of all parallel lines are equal to one another. Qq. £. v. 

Corol. 1, The rectangle ek being constantly the same, 
whether the point «-is taken on the one side or the other of 
the point of contact 1 of the tangent parallel to mx, it follows 
that the parts He; Ke, of any line ux, are equal. 

And because the rectangle Hex is constant, whether the 
point e is taken in the one or the other of the opposite hy- ° 
perbolas, it follows, that the parts He, Ke, are also equal. 

Corol. 2. And when nx comes into the position of the tan- 
gent pit, the last corollary becomes 1:==1p, and im=1N, and 
LM=DN. 

Hence also the diameter crr bisects all the parallels to pr 
which are terminated by the asymptote, namely RH=RK, 

Corol, 
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Corol. 3. From the heir Sot and the last corollary, it 
follows that the constant rectangle HEK or EHE is ==11L?. apd 
the equal constant rect. Hek or eHe=MrN OF IM? —1L?, 

Corol. 4. And hence 11= the parallel wis Wace) iH cS. 

For, the rect. EHE=1IL?, 
and the equal rect. ene=1M? 11L?,. 
theref. 112 1m? —1L?, er 1m? =2IL? ; 
but, by cor. 4, theor. 23, m?==2cs? ; 
and therefore - - - IL =cs. 
And so the asymptotes pass through the opposite angles of all 
the inscribed parallelograms, 


THEOREM XXVII, 


The rectangle of any two Lines drawn from any Point in the 
Curve, Parallel to two given Lines, and limited by the 
Asymptotes, is a Constant Quantity. 

That is, if ap, EG, pi be parallels, 
as also AQ, EK, DM parallels, — 
then shall the rect. pag= rect. cEK= rect. IDM. 





For, produce KE, mp to the other asymptote at n, x, 
Then, by the parallels, HE :GE 33 LD: 1D; 

but - -. = EK > EK 3: DM :-DM; 
theref. the eckeniie HEK :GEK : : LDM : IDM. 
But, by the last theor. the rect. HEK==LDM ; 

and therefore the rect. cex=1pmM=Paq. 


THEOREM XXVIII. 


Every Inscribed Triangle, formed by any Tangent and the 
two Intercepted Parts of the Asymptotes, is equal toa 
Constant Quantity : namely Double the Inscribed Paralle- 


logram, 
That 
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. That is, the triangle crs=2 paral. cx.’ 4 
For, since the tangent. rs is) » | , 
bisected by the point of con- 
tact , and ex is parallel to rc, - 
and ¢m to cx ;. therefore. cx, 
KS, Ge are all equal; as are 
also CG, GT, KE. Consequent- a Shes Spee 
ly the: triangle ere =the tri. ©. ~ 
~ angle xs, and each equal to half the constant ‘ier pa- 
rallelogram ck. And therefore the whole triangle crs, which 
is composed of the two smaller triangles and the parallelogram, 
is equal ' to double the senetant inscribed peraliclopram GK. 
; i Q. E. D. 





THEOREM XXIX. 


if "thats the Point of Contact of any Tangent, a the two 
Intersections of the Curve with a Line parallel to the 
- Tangent, three parallel Lines be drawn in any Direction, 
and terminated by either Asymptote ; those three ‘Lines 
shall be in continued Proportion. 


--That j is, if ukm and the © 
tangent 1 be parallel, then 
are the parallels px, £1, ck 
in continued proportion, 





€ DE Sin Ges M 


For, the Scala EI} 1L.¢¢ DH: HM} 

and, by the same EI? iL 22°GK } KM; 

theref, by compos. EI? : L222 DH. GK ? HMK ; 
but, by theor. 26, the rect. amk= ay | | 
and theref. ee rect. DH. GK=EI?, 
NS See - DH? EL i: EL: GK. QE. D, 


-THEOREM XXX. 


+ 


Bikar the semi-diameters CH, CIN, CK; . 
“Then shall the sector cui = the sector cix, — 


< f 





at 
For, 


| Vor. I. 
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For, because Hx! and all its parallels are bisected by CH 
therefore the triangle cnn = tri. onxk,~ 
and the segment . INH = seg. INK; — 
consequently the sector cim = sec. CIK. 

Corol. If the geometricals px, r1, 6x be parallel to the 
other asymptote, the spaces pie, erKe will be ie for 
they are equal to the equal sectors cu1, cK. 

So that by taking any geometricals CD, CE, CG, &c! and 
drawing pH, er, cx, &c. parallel to the other neers: | as 
also the radii cH, Cl, CK; 

then the sectors cur, crx, &c. 

or the spaces pH1Ec, EIKe, &c. 

will be all equal among themselves. 

Or the sectors cui, cuxK, &c. 

or the spaces DHIE, DHKG, &c. 

will be in arithmetical progression. | 

And therefore these sectors, or spaces, will be analogous to 
the logarithms of the lines or bases cn, cE, eG, &ec.; namely 
cur or pHie the log. of the ratio of 
cb to cE, or of cE to ce, &c. ; or of £1 to ith or of ck to EI, &c.; 

and cHK or pHKG the log. of the ratio of 
cp to ce, &c. or of cx to pH, &c. 


OF THE PARABOLA. 
THEOREM i 


The Abscisses are Proportional to the Squares of their 
Ordinates. : ae 
Let avm be a Section through 
the axis of the cone, and aGciH a 
parabolic section by a plane per- 
pendicular to the former, and 
parallel to the side vm of the 
cone; also let ara be the common. 
intersection of the two planes, or 
the axis of the parabola, and re, 
a1 ordinates perpendicular to it. 


Then it will be, as ar : an : : FG? : HI?. | 
For, through the ordinates rc, ni draw the circular sec- 


tions, KGL, MIN, parallel to the base of the cone, having Kr, 
MN 
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mn for their diameters, to which re, HI are ordinates, as well 
as to the axis of the parabola. 


Then, by similar triangles, ar : AH: : FL: HN; 


but, because of the parallels, KF=MH 3 
therefore - - - AF: AH:: KF .FL: MH. HN. 
But,. by the circle, kr .FL = ra?, and MH . HN = HI? ; 
Therefore - § - - AF: AH: Pht ty Q. E. D. 


Corol. Hence the third proportional << or is a constant 


qnantity, and is equal to the parameter of the axis by defin. 


Or ar: FG :: Fa: Pp the parameter. 
Or the rectangle Pp . ar = Fc?. 


THEOREM II. 


As the Parameter of the Axis : 

Is to the Sum of any Two Ordinates : : 
So is the Difference of those Ordinates : 
To the Difference of their Abscisses ; 


That is, 
Pi GH-- DE::GH—DE: DG 
Or, P : Kl: : 1H : IE. 





For, by cor. theor. 1, P . ac=cu?, 


and - P . AD==DE? ; 

theref.: by subtraction, P . DG=GH? — DE? 

Or, : P . DG==KI . IH, ! 

therefore - - P : KI: :1H: D@ OF El. Q. E. D. 
. Corol. Hence because P . Er =KI . TH, © 

and, by cor. theor, 1 P.AG=GH?, 

{hevehite. - - AG : El :: GH? : KI. IH. 


So that any diameter x1 is as the rectangle of the segments 
Kl, 1H of the double ordinate xu. 


ne Il. 


The Distance: from the Vortex toe the Focus is equal to } of 
the de dea hak os or to Halt the Ordinate at the Focus. . 
“Phat 
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‘That is, — 
AR == FE = 1p, 
sehere: F is the focus. 





Por, the general property is AF : FE :: FR: P. 


_ Bat by definition 17° -) e== 1p ; Bs Rises? 
therefore also. - - aie AP=ire = dPl Qa Be Dp. 
THEOREM IV. 


A Line ‘aviv ‘front the Focus to any Point in the ‘Aes is 
equal to the Sum of the Focal Pistanpe and the Absciss of © 
the Ordinate to that Point. | 


That is, 
FE = ra + ap = cp, 
taking ac = ar. 





For, since rp = ap wh ae) matt eae ie .. 
theref. by squaring, rp?= AF? =24F ap -+ ap2, 
But, by cor. theor. 1, pp?==P . AD = 4aF.. ap; 
theref by addition, . rp2-++ pe? = ar? -++ 2ar. ap a Ab? - 
But, by right-ang. tri. rp? -+ DE? = FE?;~ — aa 


therefore - - FE? = ar2 + Our. ‘AD AD?, vs 
and the root or side is FE = AF + ab, 3 
or . 4 - FE = cp, by taking AG = AF, 


QB. D. 


Corol. 1. If, through the point c, the HEN G WHA 
line Gu be drawn perpendicular to the — | 
axis, it is called the directrix of the pa- 
rabola. The property of which, from 
this theorem, it appears, is this: That 
drawing any line ue parallel to the axis, 
HE is always equal to re the distance of 
the focus from the point E. . 





Corol. 2, Hence also the curve is easily aeieicl by polati 
Namely, in the axis produced take ac = ar the focal distance, 
and draw a number of lines re perpendicular to the axis ap ac 
then with the distances cb, cp, cp, &c. as radii and the éenthe. 
F, draw arcs crossing the parallel ordinates in x, E, Ey &e. 
Then draw the curve through all the points, EE, Be 

| THEOREM 


OF THE PARABOLA. eee, 
THEOREM V. 


If a Tangent be freee to any Point of the Parabola, meet- 
ing the Axis produced ; and if an Ordinate to the Axis be 
drawn from the Point of Contact ; then the Absciss of that 
Ordinate will be ue to the External Part of the Axis. 


‘That i is, 
if re touch the curve TON 
at the point c ; for vncnrnnnnnsnssretee betbesgennse 
then is aT=aM. 





at ie Tt 
For, from the point tT, draw any line cutting- the curve in 
the two points ©, n+: to which draw the ordinates pz, ou; 
also draw the ordinate mc to the point of contact c. 
‘Then, by th. 1, ap: ac: : DE? : GH? ; 
and by sim. tri. Tp? : TG? :: DE? * GH? ; 
theref. by equality, ap : ac : : TD? > T4?; 
and, by division, ap: De :: TD? ‘gS wh? OF DG. (rps), 
or - - > AD: TD :: TD-: TD-+T¢; . 
. and, by division, ap: AT :: TD: Tc, 
and egies by i ADS! AT PSAP AGS 
or | AT Is a mean propor. between AD, AG. 
Howe if the line ru be supposed to revolve a the point 
; then, as it recedes farther from the axis, the points x andy 
apprésel towards each other, the point. descending and the 
point # ascending, till at last they meet in the point c, when 
the line becomes a tangent to the curve atc. And then the 
points p and ¢ meetin the point m, and the ordinates pe, 6x in 
the ordinatescm. Consequently ap, ac, becoming each equal 
to am, their mean proportional at will be equal to the absciss 
am. That is, the external part of the axis, cut off by a tan- 
gent, 1s equal to the absciss of the ordinate te the point of 
contact. “ae Hes oe AR hag Peas 


a 


THEOREM VI. 

If: a ‘tinuent to the Curve meet the Axis produced ; rene the 
Line drawn from the Focus to the Point of Contact, will be 
equal to the Distance of the Focus from the Intersection 
of the Tangent and Axis. . 

That 
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That is, 
FC=FT. 





For, draw the ordinate pc to the point of contact c. 

Then, by theor. 5, ar = ap; 
therefore - FT = aF--AD. 

But, by theor. 4, FC = AF-+-AD; 
theref. by equality, re= Fr. 

Corol. 1.. If ca be drawn perpendicular to the curve, or to 

the tangent, atc; then shallrc=Fre= Pr... 

For, draw rx perpendicular to rc, which will also: bisect 
rc, because rt=rc; and therefore, by the nature of the pa- 
rallels, FH also bisects Te in F. And consequently FG == FT 
=F, | 


So that Fr is the centre of a circle passing through 17, c, ¢ 


Corol. 2. The tangent at the vertex an isa mean propor: 
tional between ar and ap. 


For, because Fur is a right angle, 


therefore - an is a mean between aF, AT, 
or between -. ‘ar, ap, because aD=arT. 
Likewise, - FH is a mean between FA, FT, 


or between FA, Fc. 


Corol. 3. The tangent To makes equal angles with Fe and 
the axis FT. 


For, because Fr=rc, 

therefore the 4 rct=Z FTC. 

Also, the angle ccr= the angle eck, 

drawing ICK ‘parallel to the axis ac. | 

Corol. 4. And because the angle of incidence Gcx is = 

the angle of reflection ccr ; therefore a ray of light falling 
on the curve in the direction xc, will be reflected to the focus 
r. That is, all rays parallel to ‘the axis, are reflected to the 
focus, or barning point. 


THEOREM 
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THEOREM VII, 


if there be any Tangent, anda Double Ordinate drawn from 
the Point of Contact, and also any Line parallel to the Axis, 
limited by the Tangent and Double Ordinate: then shall 
the Curve divide that Line in the same Ratio, as the Line 
divides the double Ordinate. 


That is, 
(Bs BK t S.CK 2 KL, 





Ko rD! 
For, by sim. triangles, cx : KI: : cp: pT or 2pa; 

but by the def. the param. P:cL:: cp: 2pa; 

therefore, by equality, ® SoK 2 CL * Rt. 

But, by theor. 2, - - +. P:CK:: KL: KE; 

therefore, by equality ch: KL: : KI: KE; 

and by division, - - + CK: KL::1E : BK. Q. E. D. 


THEOREM VIIl.. - 


‘The same being supposed as in theor. 7 ; then shall the Ex- 
ternal Part of the Line between the Curve and Tangent be 
proportional to the Square of the intercepted Part of the 
Tangent, or to the Square of the intercepted Part of the 
Double Ordinate. 


That is, 1£ is as ci? or as cK* 
and IE, TA, ON, pL, &c. 
are as CI?, cr?, co®, cp?, &c. 
or as CK?, cp?, cm?, cL?, &c. 





For, by theor. 7, 1© : EK 7: CK: KL, 


or, by equality, 1£ : EK :} CK? : cK. KL. 
But, by cor. th. 2, exis as the rect. ck . KL, 
therefore’ - - - If is as cK?, or as CI?. | Q@AEv'D. 


Corol. As this property is common to every positign of the 
tangent, if the lines rz, Ta, on, &c. be appended on the points 
1, T, 0, &c. and moveable about them, and of such lengths as 
that their extremities zr, a, n, &c. be in the curve ofa parabola 

aia 
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in some one position of the tangent; then making the tangent 
revolve about the point c, it appears that the extremities g, a, 
n, &c. will always form the curve of some Bapeholes & in nae 
poe of the PABONIE 


THEOREM IX,’ 


The Abscisses of any Diameter, are as the Sauaees of their 
_ Ordinates. 


That 1s,ca, cr, cs, &c. 
are aS QE?, RA2, sn?, &c. 
Or cQ: CR *: QE? : RA?, 

&c. 





For, draw the tangent cr, and the Scechale EI, ee No, we. 
parallel to the axis, or to the diameter cs. 

Then, because the ordinates gz, na, sn, &c. are -e parallel to 
the tangent cr, by the definition of them, therefore all the 
figures iq, TR, os, &c. are parallelograms, whore opposite 
sides are equal ; 


‘namely, - -°. TE, Ta, on, &c. 

are equal to - CQ, oR, cs, &c. 

Therefore, by theor. 8, ca, cr, cs, &c. 
are as ~ : c1?, cr?, co?,; &c. > Te ae 
or as their equals: QE7, Ra®, SN?2, WC. 9. | Qs ED. 


Corol. Here like as in theor. 2, the difference of the ab- 
scisses is as the difference of the squares of their ordinates, 
or as the rectangles under the sum and difference of the ordi- 
nates, the rectangle of the sum and difference of the ordi- 
nates being equal to the rectangle under the difference of the 
abscisses and the parameter of that diameter, or a third pro- 
portional to any absciss and its ordinate. 


Si 


"THEOREM 


OF THE PARABOLA. 5Q1 
| THEOREM X. 


if a Line be drawn parallel to any Tangent, and cut the 
Curve in two points; then if two Ordinates be drawn to 
the Intersections, and a third to the Point of Contact, 
these three Ordinates will be in Arithmetical Progression, 
s the Sum of the Extremes will be equal to Double the 
ean. 


That is, 
EG + HI = 2ep. 





Asi IGE Spe Nae 


For, draw £x parallel to the axis, and produce ur to x. 
Then, by sim. triangles, ek : HK :: TD or 2aD: cD; 


but, by theor. 2, - EK : HK :: KL: p the param. 

theref. by equality, 2ap: KL:: cp: P. 

But, by the defin. 2AD : 2cD:: cD: P5 

theref. the 2d terms are equal, ki = cp, 

that is, LO ame EG + HI = 2D. | Q. EsD. 


-Corol. When the point £ is on the other side of ar; then 
HI — GE = 2cp. 


THEOREM XI. 


Any Diameter bisects all its Double Ordinates, or Lines parallel 
_to the tangent at its Vertex. 


That is, 


ME == MH. 





For, to the axis ar draw the ordinates gg, cp, HI, and MN 
parallel to them, which is equal to cn. | 
Vor. 1. | 67 Then 
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Then, by theor. 10, 2mn or 2cn=sze-+a1, © 
therefore mM is the uddlé of EH. 


And, for the same REPROD: all its parallels are bisected. 
Q. E. D. 


Scuo.. Hence, as the abscisses of any dinate and their 
erdinates have the same relations as those of the axis, namely, 
that the ordinates are bisected by the diameter, and their 
squares proportional to the abscisses ; so all the other pro- 
perties of the axis and its ordinates and abscisses before de- 
monstrated. will likewise hold good for any diameter and its 
ordinates and abscisses. And also those of the parameters, 
understanding the parameter of any diameter, as a third 
proportional to any absciss and its ordinate. Some of the 
most material of which are demonstrated in the following 
theorems. 


THOREM XI. 


The Parameter of any Diameter is equal to four Times the 
Line drawn from the Focus to the Vertex of that Diame- 
ter. ; 


That is, 4rc = p, 
the param. of the diam. cm. 





For, draw the ordinate ma parallel ‘to the tangent ct; 


also cp. wn perpendicular to the axis an, and FH | perpendicu- 


lar to the tangent cr. 


Then the abscisses ap, cm or at, being equal, by theor: 5 
the parameters will be as the squares of the ordinates is MA 
orcr, by the definition ; 


‘that iS, - - Pot'p te ep4sivers, 

But, by sim. tri. «SBE Oa ee ODS OC Ree 
therefore 0 s Pip i? FH? : Fr?, 
But, by cor. 2, th. 6, rH? = Fa. Fr; 
therefore ee Pio ps RA FE SETs, 
or, by equality - Pi pty FA: FROPEG 


But, 


” 


~ 
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But, by theor. 3, P= Ara, | 
and therefore - p= 4rr or 4rc. Q. E. D. 


Corol. Hence the parameter p of the diameter cm is equal 
to 4rA ++ 4ap, or tor + 4ap, that is, the parameter of the 
axis added to 4ap. ; 


THEOREM XIII. 
ff an Ordinate to any Diameter, pass through the Focus, it 


will be equal to Half its Parameter ; and its Absciss equal 
to One Fourth of ‘the same Parameter. 


That is, cm = int 
and mE = 1p. 





For, join Fc, and draw the tangent cr. 


By the parallels, cu ==FrT; 
and, by theor.6, Fre =FT; 
also, by theor. 12, rc =1p; 
therefore ee > Lom = Tp. 


Again, by the defin. cm or 1p: ME :: ME: p, 
and consequently . we = tp = 2cm. Q. E. D. 


Corol. 1. Hence, of any diameter, the double ordinate 
which passes through the focus, is equal to the parameter, or 
to quadruple its absciss. | 


Corol. 2. Hence, and from cor. 1 
to theor. 4, and theor. 6 and 12, it 
appears, that if the directrix ou be 
drawn, and any lines ue, HE, parallel 
to the axis ; then every parallel ue 
will be equal to er, or } of the pa- 
vameter of the diameter to the pointe. 





THEOREM ~ 
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THEOREM XIV. 


If there be a Tangent, and any line drawn tebie the onthe of 
Contact and meeting the Curve in some other Point, as 
also another Line parallel to the Axis, and limited by the 
First line and the tangent : then shall the Curve divide this 
Second Line in the same Ratio, as the Second Line divides 


the first Line. 


That is, 
IE: EK :: CK : KL. 





(0 ote AV RUE eer eE ee aan ae en elorv omens ann. 


For, draw xr parallel to 1x, or to the. axis. 


Then by theor. 8, IB PHS ers Cpe 

or, by sim. tri. - IE : PL °: CK2.: CL2. 

Also, by sim. tri. IK 3PL $4 CK’ Ock; 

or - 1K; * PES Cet Flee ees 

therefore by equality TE sk OK. * Ob<! CLAGs 

or, - IE: IK >. CK :€L; 

and, by diviman: Ae eK Eck 3 RES Q. E. D. 


Corol. When ck = KL, then. 1p = EK = Ik. 


THEOREM XV. 


If from any point of the curve there be drawn a Tangent, 
and also Two Right Lines to cut the Curve ; and Diame- 
ters be drawn through the points of Intersection & and 1, 

meeting those Two Right Lines in two other Points c, and 
x: Then will the Line ke joining these last Two Points he 


parallel to the Tangent. 





For, 
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For, by theor. 14, ck : KL}; EI 


seks 


and by composition, ck: CL :: EI: KI; 
and by the parallels ck : cL ::GH: LH; 
But, by sim. tri, - ck: cL:: KI: 1H; 
theref. by equal. - KI : LH::GH: LH; 
consequently . - KI=GH, | 
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and therefore - «ais parallel and equalto m. Q. E. D. 


THEOREM XVI. 


If an Ordinate be drawn to the Point of Contact of any Tan- 
gent, and another Ordinate produced to cut the Tangent ; 
It will be, as the Difference of the PI PRAKER © 

Is to the Difference added to the external Part : 


So is Double the first Ordinate : 
To the Sum of the Ordinaies. 


That is, KH: KI 


LH oR * 


Fer, by cor. 1 theor. 1, Pp: pce:: 


and - ~ - ot CBS OG, £4520 
But, by sim. triangles, xr: kc :: Dc 
therefore by se Son Pos 2p ky 
or, - ei Pa RES KE 
Again, by pisar: 2, Pi? KH: 2 KG 


therefore by equality, Bid: Boa 9 eae 





>2 KL: KG, 


* DA, 
: DT or 2pa. 
:DTs 

: KC, 


3 KG. Coes Db. 


Corol. 1. Hence, by composition and division, 
itis, KM: KI 33 GK: GI, 
aie HI : HK :: HK: KL, 
also IH: 1K :: 1K : 1G 3 

that is, 1K is. a mean proportional Ghtecoan 1G and 1H. 


Corol. 2. And from this last property a tangent can easily 
be drawn to the curve from any given pointi.. Namely, draw 
1H¢ perpendicular to the axis, and take 1k a Mean proportional 
between 1H, 1c ; then draw kc parallel to the axis, and cpwill 
be the point of sContapk: through which and the given point 5 


the tangent rc is to be drawn. 


THEOREM 
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THEOREM: XVIL oo eee Seas 


if a Tangent cut any Diameter produced, ad if'a an n Ordinatil 
to that Diameter be drawn from the Point of Contact; then 
the Distance in the Diameter produced, between the Ver- “a 
tex and the Intersection of the Tangent, will be equal to 
the Absciss of that Ordinate. 


That is, 12==nx. 
for, by the last th. me: EK ::CK : Rb. 
But, by theor. 11, ck=x1, 
and therefore IE==EK. 





Corol. 1. The two tangents ci, xx, at the extremities of 
any double ordinate cL, meet in the same point of the diame- 
ter of that double ordinate produced. And the diameter 
drawn through the intersection of two tangents, bisects the 
line connecting the points of contact. 

‘Coroi. 2. Hence we have another method of ‘drawing a 
tangent from any given point 1 without the curve, Namely, 
from 1 draw the diameter 1x, in which take Exe, and through 
«x draw cx parallel to the tangent ate; then c and x are the 
points to which the tangents must be drawn from 1. 


THEOREM XVIIL. . 


If a Line be drawn from the Vertex of any Diameter,, to cut 
‘the Carve in some other Point, and an Ordinate of that 
Diameter be drawn to that Point: as also another Ordinate 
any where cutting the Line, both produced if necessary : 
The Three willbe continual Proportionals, namely, the two 
Ordinates and the Part of the Latter limited by the said Line 
drawn from the vertex. 


That 1S, (pe, GH, GI are 
continual proportionals, or 
DE: GH i: GH: GI. 





For, by theor.9 °° - + - pe? : GH? :: aD: AGS 

and, by sim. tri. + 0 - + DE :GP 2: AD? 4G; 

theref, by equality, - - DE : GI .:: Dp?! en? ; 

that is, of the three pe, au, at, Ist : 3d: : Ist? 2d? ;> 
therefore © 326 Pk Jets Od: 2 Od Od, RAE 


that is, 20-8080 eee 6 DE PGR O4 GREG Qe De 
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Coral. 1. Or their equals, cx, au, Gr, are proportionals ; : 
where Ex is parallel to the eae AD. ) 


Corol. 2. Hence it is pe: ac: : p 3GI, here pis 
the parameter, OF «AG 4 GI. BE Dp 
For, by the defin. ac: GH:: cH: p. 
Cerol. 3. Hence also the three mn, m1, mo, are: propor- 
tionals, where mo is parallel to the diameter, and aM parallel 
te the ordinates. ; 


_ For, by theor. 9, - mn,mr, mo, 
or their equals - AP, AG, AD, 
are as the squares of | pn, Gu, DE, 
or of their equals GI, GH,.GK, 


which are proportionals by cor. 1. 
THEOREM XIX. 


lf a Diameter cut any Parallel Lines terminated by the Curve ; 
the Segments of the Diameter will be as the rectangle of 
_- the Segments of those Lines. : 


That is, EK : EM: : CK ..KL : NM. Mo, 
Or, «xk is as the rectangle cx . KL, 


For, draw the diameter 
ps to which the parallels 
cL, No are ordinates and 
the ordinate re parallel to 
them. 

Then cx is the differ- 
ence, and xu the sumof ie 
the ordinates ca, cs; also’ N , 
nm the difference, and mo the sum of the ordinates rq, xs. 
And the differences of the abscisses, are qr, Qs, OF EK, EM. 





Then by cor. theor. 9, qn : Qs :: CK. KL: NM. MO, 
_that is aa ee EK: EM :: CK. KL.: NM, MO, 


€orol. J. The rect. cx . xu=rect. ex and the'param. of ps. 
For the rect. cx . KL=rect. qr and the param. of ps, 


Corol. 2. If any line cx be cut by two diameters, Ks, GH: | 
the rectangles of the parts of the line, are as the segments of 
the diameters. . 

For ex is as the rectangle cx . KL. 
and Gu is as the rectangle cn . HL ; 
therefore EK : GH ;; CK. KL: cH, HM, 


Corol, 
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Corol. 3. If two parallels. cL, no, be cut by two diame- 
ters, EM, Gt; the rectangles of the parts of the parallels, will 
be as the segments of the respective diameters. 


For - - - EK :EM::CK., KL: NM .MO,_ 
and - - BR GH. 2) OR ee Oe a 
theref. by agial? EM :GH::NM.MO:CH.4HL, | 


Corol. 4. When the parallels come into the position of 
the tangent at pr, their two extremities, or points in the curve 
unite in the point of contact P; and the rectangle of the parts 
becomes the square of the tanga and the same Prepertist 
still follow them. 

So that, eV : PV :: PV :p the param. 
GW: Pw i: Pw: Dp, 
EV : GW: PV?: Pw?, 
EV : GH :: PV?: CH. HL. 


THEOREM XX. . . 
If two Parallels intersect any other two Parallels ; the Rect- 


angles of the Segments will be respectively Proportional. 
That is, cK. KL? DK. KE::GI.IH: NI. 10. 


4} 
ws 





For, by cor..3, theor. 19, PK : QI:: CK. KL: GI. mH; 
and by the same, - PK : Qi :: DK: KE.NI.10; 
theref. by equal. cK. KL: DK. KE:: GI . IH: NI.10; 
Corvl. When one of the pairs of intersecting lines comes 

into the position of their parallel tangents, meeting and limit- 
ing each other, the rectangles of their segments become the 
squares of their respective tangents. So that the constant 
ratio of the rectangles, is that of the square of their parallel 
tangents, namely, ° 

eK. KL: DK. KE:: tang”. i tocn: tang?. parallel to DE. 


THEOREM XXI. 


if there be Three Tangents intersecting each other ; their 
Segments will be in the same Proportion. 


That 
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That 1 is, GI? Itt : - CG: GD: : DH : HE. 


For, through the points — 
&,1,D, H, draw the diame- 
ters GK, IL, DM, HN; as also 
the lines c1, £1, which are 
double ordinates to the dia- 
meters GK, HN, by cor. 1, 
theor. 16; therefore - 
the diameters Gk, DM, HN, © 
bisect the lines cL, cE, LE; | . 
hence km = em — ck = }cE— ich =1Le = LN OF NE, 

and MN = ME— NE: = lor —iie = lon = CK OF KL, 

But, by parallels, Gl: 1H :: KL: LN, 





and se CG :GD:: CK : KM, 
also - - DH: HE: : MN: NE. 
But the 3d terms KL, CK, MN are all equal ; 


as also the 4th terms LN, KM, NE. 
Therefore the first and second terms,in all the lines, are 
proportional, namely ci: tH :: 0G :GD::DH:HE. @. E. D. 


THEOREM XXII. | 


Tf a Rectangle be described about a Parabola, having the same 
Base and Altitude ; and a diagonal Line be drawn from the 
Vertex to the Extremity of the Base of the Parabola, form- 
ing a right-angled Triangle, of the same Base and Altitude 
also ; then any Line or Ordinate drawn across the three Fi- 

_gures, perpendicular to the Axis, will be cut in Continual 
Proportion by the Sides of those Figures 


That is, 
EY 2G 2 EG: eH, 
Or, EF, BG, EH, are in con- 
_ tinued proportion. 





For, by theor 1, AB: AR : ; BC? : EG?, 
and, by sim. tri. 2 (SB AR SS BO CoS OP, 
theref. of equality, + BR : BC © i. EG? :.Bc4 
thatis - -. - “EF i} EH: : EG? : BH*, 
theref. by Geom. th. 78, eF, Fe, EH are proportionals, | 
or aii SOR OS NG SS Gt) WEL: Q. E. D. 


Vou. L 68>. THEOREM 


530 CONIC SECTIONS. 


THEOREM XXII. 5 
The Area or Space of a Parabola, is equal to . wo-Thirds 0 of 
its Circumscribing Parallelenren 


That is, the space ancca = 2 Axep ; 
or the space apcca = + agcp. 


For, conceive the space apcea to be composed ef or sai 
vided into, indefinitely small parts, by lines parallel to pe or 
‘AaB, such as 1c, which divide ap into like small and equal 
parts, the number or sum of which is expressed by: the line 
ap. Then, 


by the peebiey BC?.: EG? ;: AB: AE, 
thatis, - - SUL AA Y Goibrmiean sles ce 


Hence it follows, that any one of these narrow parts, as 
; DC 

iG, Ils =-—~ Xai? ; hence, ap and ve being given or. constant 
AD? 


quantities, ‘it appears that the said parts 1c, &c. are pro- 
portional to a12, &c. or proportional to a series of square 
numbers, whose roots are in arithmetical progression, and the 


area apcca equal to —— “drawn into the sum of such a series 
AD? 


of arithmeticals, the number of which is expressed by ap. 


Now, by the remark at pag. 227 this vol. the sum of the 
squares of sach a series of arithmeticals, 1s expressed by 
Lin's n+l. 2n-+1, where » denotes the number of them. 
In the present case, n represents an infinite number,.and 
then the two factors n + 1. 2n + 1, become only » and 2n, 
omitting the 1 as inconsiderable in respect of the infinite 
number 2: hence the expression above becomes barely 
in, m. 2n = 4n5, ; 


To apply this to the case above : n wil! denote ap or Ec ; 
and the sum of all the a1?’s becomes 1 ace or LBc? ; conse- 





quently the sum of all the x A126, 3 ADS 34 
AD? | 

an , bc = 1 Bp, which is the area of oe axtener part ADCGA. 

That is, the said exterior part apoea, is 1 of the parallelog ram 

apcp ;.and consequently the interior part apceA is 2 of the 

same parallelogram. (Qe BLD. 


Corol. 


ok 
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Corol. The part arcca, inclosed between the curve and 
the right line arc, is } of the same parallelogram, being the 
difference between azcea and the triangle ascra, that is be- 
tween 2 and £ of the parallelogram. 


THEOREM XXIV. 


The Solid Content of a Paraboloid (or Solid generated by the 
Rotation of a Parabola about its Axis), is equal to Half its 
Circumscribing Cylinder. 


Ler asc be a paraboloid, generated by the rotation of the 
parabola ac about its axis ap. Suppose the axis ap be divided 
into an infinite number of equal parts, through which let cir- 
cular planes pass, as EFrG, all those Ginelee making up the whole 
solid paraboloid. - 

Now if c =the number 
3°1416, then 2c XFe is the cir- 
cumference of the circle ere 
whose radius is Fc; therefore | ‘ 
e XFG?is the area of that circle. z D . G 





But, by cor. theor. 1, Parabola, pXar=re?, where p de- 
notes the parameter of the parabola; consequently pe X ar 
will also express the same circular section rc, and therefore 
pe X the sum of all the ar’s will be the sum of all those cir- 
cular sections, or the whole content of the solid paraboloid. 

But all the ar’s form an arithmetical progression, beginning 
at 0 or nothing, and having the greatest term and the sum of 
all the terms each expressed by the whole axis an. And 
since the sum of all the terms of such a progression, is equal 
to Lap X ap or Lap?, half the product of the greatest term 
and the number of terms ; therefore 4 ap? is equal to the sum 
of all the ar’s, and consequently pe X 4.4n?, or $c XpX av?, 
is the sum of all the circular sections, or the content of the 
paraboloid. | 

De? 

But, by the parabola, pide :: DC: AD, or p = —~; con- 
sequently $c X pX ap? becomes. 4 ¢X avX po* for the solid 
content of the paraboloid. But c X ap X pc? is equal to the 
cylinder ser; consequently the paraboloid is the half of its 
circumscribing cylinder. . Q. E. D, 


THEOREM 
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THEOREM XXV. 


The Solidity of the Frustum pece of the Paraboloid, is equal 


to a Cylinder whose height is pr, and its ‘Base Half the 
Sum of the two Circular Bases Ee, Bc. 


For, by the last theor. 2 1 pe Xan? = the solid anc, 


ag J 
oem OK 


and, by the same, }peXar?= the solid amc, 
theref. the diff. 3 pe X (ap? —aF?)=the frust.. BEGC, 
But AD? ~AF*==prX(ap ++ AF), : 
theref. ine X pF X(ap-+-aF) = the frust. Beec. 


But, BY: the parab. p Xap=pc . and'p X ar=re?; 
theref. 4 1 ¢Xpr X(pe?-+ ra?) = the frust. pecc. 
: 4 Q: E,_D. 


‘ON THE CONIC SECTIONS AS EXPRESSED BY ALGEBRAIC | . 
- EQUATIONS, CALLED THE ab Yas tote OF THE CURVE. 





ot. For the Ellipse. . 


Let d denote as, the transverse or any diameter < 
¢ = 1H its conjugate ; re, 
% == AK, any absciss, from the extremity of the diam. 
y == ox the correspondent ordinate. is 
Then, eo 2, AB? : Hi? ;: AK .KB : DK?, 
that is, d?: c? :: a(d—2): y?, hence d? y?=c? (ema), 
or agg —2x?), the equation of the curve. 


And from these equations, any one of the four letters or 
quantities, d, c, 2, y, may easily be found, by the reduction — 


of equations, when the other three are given. 
Or, if p denote the parameter, = = ¢? = d by its ‘dePetiin ; 


then, by cor. th. 2,d:p :: a(d—x): y?, or dy?=p(de—a?), 


which is another form of the equation of the curve. 


_ Otherwise. 
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- Otherwise: 


Or, if d = ac the semi-axis ; c == cH the semi-conjugate ; 
p =c® +d the semi-parameter ;. x = cx.the absciss counted 
from the centre ; and y = vx the ordinate as before. 
Then is ak = d—2, and ke=d sis and aK . KB = (d—a)X 
(d+ x) = d? —z3, 

Then, by th. 2, d? : cP: d?— 22 : y? and d? 3 =¢2(d2 ex"), 
or dy = OS (#22), the equation of the curve. 

Or,d: p72; d?— x? : y?, and dy? = p (d? — «?), another 
form of the equation to the curve ; from eae any one of the 
quantities may be found, when the rest are given. 


2. F or the Hyperbola. 


Because the general property of the opposite hyperbolas, 
with respect to their abscisses and ordinates, is the same as 
that of the ellipse, therefore the process here is the very same 
as in the former case for the ellipse ; and the equation to the 
curve must come out the same also, with sometimes only the 

change of the sign of a letter or term from + to—, or from 
_-— to +, because here the abscisses lie beyond or without 
the transverse diameter, whereas they lie between or upon 
them in the ellipse. Thus, making the same notation for the 
whole diameter, conjugate, absciss, and ordinate, as at first in 
the ellipse; then, the one absciss ax being x, the other.BxK 
will be d re «x, which in: the ellipse was a. — «3; 80 the sign 
of x must be changed in the general prepeny. and equation, 
by which it becomes d? : c?:: 2 (d-++ x) : y2; hence d?y2= 
c® (dx +2?) and dy=c4/ (de + a), the Papatien of the 

curve. 

Or, using 7 the parameter as belied: itis, @. 2s a (ese) s 
y*, or dy? =p (de--a*), another form of the equation to the - 
curve. 

Otherwise, by using the same letters d, c, g, for the halves 
of the diameters and parameter, and 2 for the absciss ox count- 
ed from the ie then is ak = 2—d, and px==a2-+d and the 
property d? :.c2::(* —d) x (a + d) : y®, gives d272 = ¢? 

(2? — d?), or po ae —d?), where the signs of d? and x? 
are changed from what they were in the ellipre. | 

Or again, watig the semi-parameter, dsp :: a? — d3 > y?, 
and dy? = p (x? — d?) the equation of the curve. 

But for the conjugate hyperbola, as in the figure. to theo- 
rem 3, the signs of both x? and d® will be positive ; for the 
property in that theorem being ca? : ca? : ; cp? + ca? : pe?, 
| . ‘ane 
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it isd? : ¢2 +: 2? ++ d?: y? = pe?, or d?y3 = e? (x2 -+-d2), and 


dy= Cf (22 ays the a anatbe to the conjugate hyperbola, — 


Or, as d: p:: 22 4 d?: y?, and dy? RAE tee 
the equation to the same Barve: 


On the Equation to the Hyperbola between the tenia 


Let ce and cp be the two asymptotes to 
the hyperbola drp, its vertex being r, and 
mF, bd, ar, BD ordimates parallel to the asymp- 
totes Put ar or EF=a, cB=a, and sp=y. 
Then,, by theor. 28, aF . EF = cB. BD, or 

= ay, the equation tothe hyperbola, when © 
the abscisses and ordinates are taken parallel . 
to the asymptotes. 





3. For the Parabola. 


If « denote any "eae tie beginning at the. Vela aaa y its 


ordinate, also p the parameters Then, by cor. theorem 1, 


AK: KD >: KD: p.orag:y::y:p; hence px =y? is the 
equation to the parabola. ealy ta Bee Tam 


A. For we Circle. 


Because the circle is only a species of the ellipse, i in whink 
the two axes are equal to each other; therefore. making the 


two diameters d and ¢ Paral 3 in the foregoing equations to the — 


ellipse, they become y? = dx — x?, when the absciss x begins 


at the vertex of the diameter : and y? == d? —x?, when the. 


absciss begins at the centre. 


Scholium. 


In every one of these equations, we perceive that they rise 
to the 2d or quadratic degree, or to two dimensions ; which 


is also the number of points in which every one of these 


curves may be cut by aright line. Hence it is also that these 
four curves are said to be lines of the 2d order: © And these 
four are all the lines that are of that order, every other curve 


being of some higher, or having some higer Panos or may 


be cut in more points by a right line: 
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- ELEMENTS OF ISOPERIMETRY. 


Def. 1, When a variable quantity has its mutations regu- 
lated by a certain law, or confined wiisin certain limits, it is 
called a maxtinum when it has reached the greatest idagnitude 
it can possibly attain; and, on the contr: ary, when it hes ar- 
rived at the least possible magnitude, if is called a mintucum,. 

Def. 2." Isoperimeters, or lsoperinetrical figures, are those 
which have equal perimeters. 

Def 3. The Locus of any point, or intersection. &c. 
the right lice or curve in which these are always situated. 

‘The problem in which it is required to find, amoug figures 
of the same or of different kinds, those which within equal 
perineters, shall comprehend the greatest surfaces has long 
engaged the attention of mathematicians. Since the admir-’ 
able invention of the meihod of Fluxions, this problem has 
been elegantly treated by some of the writers on that branch 
of analysis ; especially by Maclaurin and Simpson. A much 
more extensive problem was investigated at the time of ‘‘ the 
war of problems,’ between the two brothers John and James 
Bernoulli: namely, ‘‘ lo tind, among all the isoperimetrical 
curves between given limits, such acurve, that constructing 
a second curve, the ordinates of which shall be functions of 
the ordinates or arcs of the former, the area of.the second 
curve shall be a maximum or minimum.” While, however, 
the attention of mathematicians was drawn to the most abstruse 
inquiries connected with isoperimetry, the elements of the 
subject were lost sight of. Simpson was the first who called 
them back to this interesting branch of research, by giving in 
his neat little book of Geometry a chapter on the maxima and 
minima of geometrical quantities, and some of the simplest 
problems concerning isoperimeters. The next who treated 
this subject in an elementary manner was Simon Lhuillier, of 
Geneva, who in 1782, published his treatise De Relatione mu- 
tua Capacitatis et Piroinbs um Figurarum, &c. His principal 
object in the composition of that work was. to supply the de- 
ficiency in this respect which he found in most of the ele-. 
mentary Courses, and to determine, with regard to “both, the 
- most usual surfaces and solids, those which. possessed the 
minimum of contour with the same capacity ; and, recipro- 
_cally; the maximum of capacity with the same boundary. 
M. Legendre has also considered the same subject ina manner 
_. somewhat different from either Simpson or Lhuillier, in his — 

Elements de Géométrie, An elegant geometrical tract, on the’ 
same 
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same subject, was also given, by Dr. Horsley, i in the Philos. 
Trans. vol. 75, for 1775; contained also in the New Abridg- 


ment, vol. 13, page 653... The chief propositions deduced by. 
these four geometers, together with a few additional proposi- 


tions, are reduced into one Fi in the folowing: theo- 
rems. | 


a — 
SECTION fT, SURFACES. 
‘THEOREM I, 


Of all Triangles of the same Base, and whom Verdes fall 
in a right Line given in Position, the one whose Perimeter 


is a Minimum is that whose sides are equally inelined to 


that, Line. 


Let az be the common base af a series at triangles ane’, 


anc, &c. whose vertices ¢, c, fall in the right ling LM; given 


"in position, then is the triangle of least 
perimeter that whose sides ac, Bc, are 
inclined to the line um in equal angles. 


“Por, let su be drawn froth B, perpen- 
dicularly to um, and produced till pm=~ 
BM; join Ap, and from the point c where 





AD cuts 2M draw Bc: also, from any other uainte c, Seaidied in 


um, draw c's, c's, c’p. Then the triangles puc, Buc, having 
"the angle pom==angle act (th. 7 Geom.) =mcs (by hyp.) ome 
5c; Sand pM=5M, and me common to both, have also pc=3e 
(th. 1 Geom.) 

So also. we have c’p=c's.. Hence Freep rs CD=AD, 
is less than ac-+c'p (theor. 10 Geom.), or than its eqtal ac'-+- 


cs. And consequently, AB-FBC-FAC 1 is less than J AB Bc tac % 


Ce QR ED 
Cor. 1. Of all triangles of the same base and the. game al- 


-titude, or of all equal triangles of the same base, the isosceles é 


triangle has the smallest perimeter. 
~ ‘For, the locus of the vertices of all. Seianalee of ihe same 
altitude will’ be a right line tm parailel to the base 5 and 
when itm in the above figure becomes parallel to ap, since 
‘MCB = ACL, MCB = CBA (th. 12 Geom.), acu’ = cap; it follows 
that Janene oir and consequently ac=cs (th. 4 Geom.). 

Cor. 2. Of all triangles of the same Spray which 


has the minimum perimeter is equilateral. 
F or 
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For the triangle of the smallest perimeter, with the same 
surface, must be isosceles, whichever of the sides be consid- 
ered as base: therefore, the triangle of smallest perimeter 
has each two or each pair of its sides equal, and consequently 
it is equilateral. — 

Cor. 3. Of all rectilinear figures, with a given magnitude 
and a given number of sides, that which has the smallest pe- 
rimeter is equilateral. 

_ For so long as any two adjacent sides are not equal, we 
may draw a diagonal to become a base to those two sides, and 
then draw an isosceles triangle equal to the triangle so cut off, 
but of less perimeter: whence the corollary is manifest. 


o 


Scholium. 


To illustrate the second corollary above, the student may 
proceed thus: assuming an isosceles triangle whose base is 
not equal to either of the two sides, and then, taking for a 
new base one of those sides of that triangle, he may construct 
another isosceles triangle equal to it, but a smaller perimeter. 
Afterwards, if the base and sides of this second isosceles tri- 
angle are not respectively equal, he may construct a third 
isosceles triangle equal to it, but of a still smaller perimeter : 
and so on, by performing these successive operations, he will 
find that all the triangles will approach nearer and nearer to 
an equilateral triangle. 


THEOREM II. 


Of all Triangles of the Same Base, and of Equal Perimeters, 
the Isosceles Triangle has the Greatest Surface. 


Let asc, asp, be two triangles of the same 
base az and with equal perimeters, of which 
the one asc is isosceles, the other is not: 
then the triangle azc has a surface (or an alti- 
tude) greater than.the surface (or than the 
altitude) of the triangle aBp. 

Draw’c’p through p. parallel to ap, to cut A EH B 
ce (drawn perpendicular to aB) inc’: then it is to be demon- 
strated that ce is greater than c’e. 

The triangles ac's, apg, are equal both in base and altitude ; 
but the triangle ac's is isosceles, while apg is scalene: there- 
fore the triangle ac’s has a smaller perimeter than the triangle 
apg (th. 1 cor. 1), or than acs an hyp.) Consequently ac’ 

Von. I. < AC; 
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<ac; andin the right-angled triangles AEC, AE, havang AE 
common, we have ¢ es <One, (Qi BE Dairy . 
Cor. | Of all isoperimetrical ples of whieds tees aaoher 
of sides is given, that which is “the ereatest has all it sides 
equal. And in particular, of all isoperimetrical triangles, that > 
whose surface is a maximum, is equilateral. | 
For, so long as any two adjacent sides. are ‘not. equal; “3 
surface may be augmented without increasing the perimeter... 
Remark Nearly. as in this theorem may it be proved-that, 
of. all triangles. of equal heights, and of which the sum of the 
two sides is equal, that which is isosceles has the greatest: 
base. And, of all triangles standing on the same base avd 
having equal vertical angles, the isosceles one is the greatest. 


THEOREM Iit. 


Of all Right Lines that can be drawn through a Given Point - 
between Two, Right Lines Given in Position, that which is 
Bisected by the Given Point forms with the other we Hines 
the Least Triangle. 


Of all right lines Gp, ax, git Z 
can be drawn through a given point — 
p to cut the right lines ca, cp, given 
in position, that an, which is bisect- 
ed by the given point p, forms with 
GA, CD, the least triangle, asc. 

For, let re be drawn through a 
parallel to cp, meeting pe (produc- 
ed if necessary) i in BE: then the triangles PBD, PAE, are mani- 
fesily equiangular ; and, since the corresponding sides PB, px 
are equal, ihe triangles are equal also... Hen¢e prp ‘will be 
less or greater than pac, according as ca is greater or less 
than ca.. In the former case. let Paco, which is common. be 
added to both; then will rac bé less than pce (ax. 4 Geom). 
In the latter case, if pace be added, pce will the greater than 
Bac 3 and aue® in this case also Bac is s less than pee. 

oe. Qa ee De 

Cor. If ew and pw be drawn parallel: to ¢B ‘and ca re- 
spectively, the two triangles pam, pen, will be equal,‘and 





a i i a RA ens hese 








* When two mathematical quantities are separated by the chi serdae << "it den "i 
notes.that the preceding quantity is‘less than the succeeding one : when, on the » 
contrary, the separating character is >, it denotes that the © precerting aay is: 
greuter’ than. the succeeding one. 


’ these 
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these two taken together (since am = PN = mc) will be equal 
to the parallelogram pmcn : and consequently the parallelo- 
gram pMon is equal to half asc, but less than half pec. From 
which. it follows. (consistently with both the algebraical and 
geometrical solution of prob. 8, Application of Algebra to 
Geometry), that a parallelogram is always less than half a 
triangle in which it is inscribed, except when the base of the 
one is half the base of the other, orthe height of the former 
half the height of the latter ; in which case the parallelogram 
is just half the triangle : this being the maximum parallelo- 
tes hacgribas in the triangle. 


-Scholium. 


From the preceding corollary it might easily be shown, 
that the least triangle which can possibly be described about, 
and the greatest parallelogram which can be inscribed in, any 
curve concave to its axis, will be when the subtangent is equal 
to half the base of the triangle, or to the whole base of the 
parallelogram: and that the two figures will be in the ratio of 
2to 1. But this is foreign to the present enquiry. 


THEOREM IV.. 


Of all Triangles in which two Sides‘are Given in Magnitude, 
the Greatest is that in which the two Given Sides are Per- 
pendicular to each other. 


For, assuming for base one.of the given sides, the surface 
is proportional to the perpendicular let fall upon that side from 
the opposite extremity of the other given side: therefore, 
the surface is the greatest when that perpendicular is the 
greatest ; that is to say, when the other side is not inclined 
to that perpendicular, but coincides with it: hence the sur- 
face is a maximum when the two given sides are perpendicu- 
lar to each other. 


Otherwise. Bince the durtade: of.a triangle, in which twe 
sides are given, is proportional to the sine of the angle in- 
cluded between those two sides; it follows, that the triangle 
is the greatest when that sine is the gr eatest: hut the greatest 
sine is the sine total, or the sine of a quadrant; therefore the 
two sides given make a quadranial angle, or are perpendieuise 
to.each other.. @: 5. D. | 
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THEOREM V. 


OF all Rectilinear Figures in which all the Sides exeept one 
are known, the Greatest is that which may be Inscribed in 
a Semicircle whose Diameter is that Unknown Side. 


For, if you suppose the contrary to be the case, then when- 
ever the figure made with the sides given, and the side un- 
known is not inscribable in a semicircle of which this latter — 
is the diameter, viz. whenever any one of the angles, formed 
by lines drawn from the extremities of the unknown side to 
one of the summits of the figure, is not a right angle; we 
may make a figure greater than it, in which that angle shall 
be right, and which shall only differ from it in that respect : 
therefore, whenever all the angles formed by right lines 
drawn from the several vertices of the figure to the extremi- 
ties of the unknown line, are not right angles, or do not fal, 
in the circumference of a semicircle, the figure is not in its 
Maximum state. @Q. E. D. pate 


THEOREM VI. 


Of all Figures made with sides Given in Number and Mag- 
nitude, that which may be Inscribed in a Circle is the 
Greatest. 


Let ancpEFce be the 
polygon inscribed, and G_ 
abcdefg apolygonwith fF 
equal sides. but not in- 
scribable in a circle ; wl 
so that an==ab, sc—Oc, 
&c.; itis affirmed that Neu 
the polygon aBCDEFG re 
is greater than the polygon abcdefg. 

Draw the diameter Ep; join Ap, PB; upon ob = az make 
the triangle abp, equal in all respects to app; and join ep. 
Then, of the two figures edcbp, pagfe, one at least is not (by 
hyp.) inscribable in the semicircle of ‘which ep is the diame- 
ter. Consequently, one at least of these two figures is smaller 
than the corresponding part of the figure arscpere (th. 5 ).: 
Therefore the figure apscoere is greater than the figure 
apbedefg: and if from these there be taken away the respec- 
tive triangles ars, apb, which are equal by construction, there 
will remain (ax. 5 Geom.) the polygen ascpere greater than 
the polygon abcdefg. @. £. D. 
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THEOREM VII. 


The Magnitude of the Greatest Polygon which can be con- 
tained under any number of Unequal Sides, does not at all 
“depend on the Order in which those Lines are connected 
with each other. 


For, since the polygon is a maximum under given sides, it 
is inscribable in a circle (th. 6). And this inscribed polygon 
is constituted of as many isosceles triangles as it has sides, 
those sides forming the bases of the respective triangles, the 
other sides of all the triangles being. radii of the circle, and 
their common summit the centre of the circle. Consequent- 
Jy, the magnitude of the polygon, that is, of the assemblage of 
these triangles, does not at all depend on their disposition, or 
arrangement round the common centre. @. E. D. 


THEOREM VIII. 


If a Polygon [nscribed in a Circle have all its Sides Equal, all 
its Angles are likewise Equal, or it is a regular Polygon, 


For, if lines be drawn from the several angles of the poly- 
gon, to the centre of the circumscribing circle, they will di- 
vide the polygon into as manv isosceles triangles as it has sides ; 
and each of these isosceles triangles will be equal to either of 
the others in all respects, and of course they will have the 
angles at their bases all equal: consequently, the angles of 
the polygon, which are each made up of two angles at the 
bases of two contiguous isosceles triangles; willbe equal to 
one another. @.E. D. 


THEOREM: IX. 


Of all Figures having the Same Number of Sides and Equa! 
Perimeters, the Greatest is Regular. 


For, the greatest figure under the given conditions has all 
sides equal (th. 2 cor.). But since the sum of the sides and 
the number of them are given, each of them is given: there- 
fore (th. 6), the figure is inscribable in a circle: and conse- 
quently cs 8) all its angles are equal; that is, it is regular. 

Q. E. De 

Cor. Hence we see that regular polygons possess the pro- 
perty of a maximum of surface, when compared with any 
other figures of the same name and with equal perimeters, \ 


THEOREM 


at 


- about-the circle ercH ; and let this polygon — 


549 ELEMENTS OF ISOPERIMETRY. 


‘THEOREM x. 3 ae 
A Regular Belyadh bas a Smaller Perimeter than an heen 
Jay ¢ one Equal to it in Surface, and stats 3 the Same Num- 
ber of Sides. 3 | of ie hte 


He 


This is the converse of the preceding thearen, and may 
be demonstrated thus: Let « and 1 be two figures equal in 
eurface and. having the same number of ‘sides, of which x is 
regular, vt itregular ist also nr’ bea regular figure similar to 

RK, x, and! saving a perimeter equal to that of 1. Then (th. 9) 
x’ >1; bati==a; therefore x’ > But rn’ and ek are similar; 
conseqnently, perimeter of & se > perimeter of R; while per. 
pred oe 1 (by hyp). Hence, per. 1>per. Re @ ‘E. D.” 


‘THEOREM XI. 


‘Fhe Surfaces of Polygons. Circumscribed about ‘the Same or 
Equal Circles, are respectively as their Perimeters*. 





Let the polygon ascp be circumscribed , fe aie ae 


be divided into triangles, by lines. drawn 
from its several angles to the centre o of 

the circle.’ Then, since each of the tan- 

gents, aB, pc, &. is perpendicular to its ; 
cor responding radius on, oF, &c. drawn to the. ‘point ‘ae con- 
tact (th. 46 Geom.) 5 and since the area of a triangle is equal 
to the rectangle of the perpendicular and half the base (Mens. 
of Surfaces, pr. 2); it folows, that the area of éach of the 
trianglés ano, Bco, &c. is equal to the rectangle of the radius . 
af the circle ‘and half the corresponding side aB, Bc, &c. : and 
consequently, the area of the polygon ascp, circumscribing 
the circle, will be equal to the rectangle of the radius of the 
circle and half the perimeter of the polygon. But, the sur- 
face of the circle is equal-to the rectangle of the radios and 
half the circumference (th. 94 Geom.). Therefore, the sur- 
face of the circle, is Ae that of the polyg potas as s half the. cir- . 


ae 





* This chepres, together with the Speloanie ones respecting: ‘hiarthen circum- 
scribing cylinders and spheres, were given by Emerson in his Geometry, and 
their use in, the theory of Isoperimeters was just sug rvested ; Bet the at, hs iit 
tion. of them to that theory is due to Simon Lhuillier. ns 
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cumference of the former, to half the perimeter of the lat- 
ter; or; as the circumference of the former, to ihe perimeter : 
of the latter. Now, let p and p! be any two polygons circum: 
scribing a circle c: then, by th. foregoing, we have 

surf. c.: surf, P i: circutn. c. perim: Pe, 

surf.c: surf. P’ : : circum. ¢ : perim. P. 
But, since the antecedents of the ratios in both these propor- 
tions, are oles the consequehis are proportional : that is, 
SUrk. Ps ile > z:perim. Pp: perim. p',  Q. Ey D. : 


be 


Corols 1 . oe one of the triangular portions ABO, Of a po- 
lygon: circumscribing a circle, is to the correspo: ding binenlde 
sector, as the side az of the polygon, to ne are ¢ of the circle 
included between ao and Bo. ~ 


Cor. 2 «Every circular arc is ereater than its chord, and 
less. than ‘the sum of the two tangents drawn from its: extremi- 
ties and produced till they meet. 

The first part of this corollary is evident, beciuws aright 
line is the shortest distance between two given points. ‘The 
second part follows at. once from this ‘proposition : for Ea ++ 
an being to the arch ern, as the quadrangle avon to the. cir- 
cular sector Hino ; and the quadrangle being greater than the 
_ sector, because it contains it; it follows that ean i is greater 
_ than. the arch Ein*, 


Cor.:3.\ Hence also, yes single tangent EA, is Breater than 
its COMeeROONiNG arc Ete 


THEOREM XIE. 


If a Circle aad a Polygon, Circumscribable about another 
Circle, are Isoperimeters, the Surface of the Circle is a 
Geometrical Mean Proportional between that Polygon and 


a Similar Polygon (regular or irregular) Cireumseribed 
weet, that Circle: | 


Let c be a circle, Pa polygon isoperitnetrical to that citcle, 
and circomscribable about some other circle. and p’a poly gon 
similar to p and circumscribable about the circle c: itis af- 
firmed that p : “Giiec: oP : 








* This second Kenttes is ites soe. not, because of its ‘crietiage connec- 
tion with the subject — discussion, bat because, notwithstanding its simplici- 
ty, some authors have nem aig bp whole pages in atte mpfing its de taonstration, and - 
failed at last... . 


For, 
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or, P:P 2: perim? .P:: perim? . p :: circum? .c: perim?. p ‘ 
by oe 89, Geom. and the hypothesis. 

But (th. 11) P:c::per.p’: cir.c:: per. P’: perp’ Xcir. c. 

Therefore P:ic:: - - - - + cir?.c:per.eXcir. c. 
:2Cir.C: per. P’::c:P. Q.E.D, 


THEOREM XIII. 


lf a Circle and a, Polygon, Circumscribable about ibiies | 

_ Circle, are Equal in Surface, the Perimeter of that Figure 
is a Geometrical Mean Proportional between the Circum- 
ference of the first Circle and the Perimeter of a Similar 
Polygon Circumscribed about it. 


Let c=p, and let p’ be circumscribed apentt c and similar: to 


: then itis affirmed that cir. c : per . Bose prs aa P. 
For, cit.c:per e's: e:n si rik s% heen P: per? .. 
Also, per. P°: per. P  - - = + 3: per?.p':perp: aeeke P. 
Therefore, cir..c : per: P) = -\).=) = 32 pert.e: per. Ret af 


>i per. P: per. P’. Q. E. D. 


“THEOREM XIV. 


The Circle is Greater than any Rectilinear Figure of the 
Same Perimeter; and it has a Perimeter Smaller tan any 
Rectilinear Figure of the Same Surface. 


For, in the proportion, P: c::c¢:; P’, (th. 12), since c <r. 
therefore nce. : 
And, in the propor. cir. c : per, Pp : : per. P : per. P’ (th. 13), 
OF, Cif. 0.: per. zi : Cir?.c: per?. P, 
cir. c< per. P'; i 
therefore, cir. c< per?. Pp, orcir. c< per. P. Q. E. De. 

Cor. 1,” It follows at once, from this and the two preced- 
ing theorems, that rectilinear figures which are isoperimeters, 
and each circumscribable about a circle, are respectively in 
the inverse ratio of the perimeters, or of the surfaces, of 
figures similar to them, and both circumscribed about one and 
the same circle. And that the perimeters of equal rectilineal 
figures, each circumscribable about a circle, are respectively 
in the subduplicate ratio of the perimeters or of the surfaces, 
of figures, similar to them, and both circumscribed about one 
and the same circle. 

Cor. 2. Therefore, the déiapaenen of the perimeters of 


equal regular figures, having different numbers of. sides, and 
‘ «that 
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that.of the surfaces of regular isoperimetrical figures, is re- 
duced to the comparison of the perimeters, or of the surfaces 
of regular figures respectively similar to them, and cireums 
scribable about one and the same circle. 


Lemma 1. 


if an acute angle of a right-angled triangle be divided into 
any number of equal parts, the side of the triangle opposite 
to that acute angle is divided into unequal parts, which are 
greater as they are more remote from the right angle. 

Let the acute angle c, of the right- rel, 
angled triangle acr, be divided into equal 
parts, by the lines cg, cp, ce, drawn from 
that angle to the opposite side ; then shall 
the parts as, Bp, &c. intercepted by the Se 
Jines drawn from c, be successively fer ABD E F 
er as they are more remote from the right angle a. 

For the angles acp, scr, &c. peng | pate by cx, cp, &c. 
therefore by theor. 83 Geom. ac: cp : : AB: BD, ‘and Bc : 
CE :: BD : DE, and p¢ : cF:: DE : EF. And by th. 21 
Gaon: CD> CA, CK> CB, CR > cy, and so on: whence it fol- 
lows, that DB > ab, DE> DB, and so on. @. E. D. 

Cor. Hence it is obvious that, if the part the most remote 
from the right angle a, be repeated a number of times equal 
to that into which the acute angle is divided, there will re- 
sult a quantity greater than the side opposite to the divided 
angle. | 





THEOREM XV. 


If two Regular Figures, Circumscribed about the Same Circle, 
differ in their Number of Sides by Unity that which has 
the Greatest number of Sides shall have the Smallest Pe- 

. rimeter. 


Let ca be the radius of a circle, and aB, ap, the half sides 
of two regular polygons circ umscribed about that circle, of 
which the number of sides differ by unity, being ch 
respectively n+ landn. The mDENeE ACB, ACD, 


j 
and the — th 
ti 





therefore are respectively the 


part of two right angles; Souda nhenity Sok A BRB 
angles are as n and n fbi: and hence, the angle may be, 
conceived divided inton + 1 equal parts, of which én is one. 

Yor. I. 79 Gena 
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Consequently, (cor. to the lemma) (n-++ 1) sp> av. Taking, 
poe unequal quantities from equal quantities we shall have 
(n-+-1) av — (n-+1) sp<(n+1) ap — an, 
or (n+-1) aB<m. ap. 

That i is, the semiperimeter of the polygon whibag half cides is 
4B is smaller than the semiperimeter of the polygon whose 

half side is an: whence the proposition is manifest. 

Cor. Hence, augmenting successively by unity the number 
of sides, it follows generally, that the perimeters of polygons 
circumscribed about any proposed circle, become smaller ae 
the number of their sides become greater. 


THEOREM XVI. 


The Surfaces of Regular Isoperimetrical Figures are Greater 
as the Number of their Sides is Greater: and the Perime- 
ters of Equal Regular Figures are Smaller as the Number 
of their Sides is Greater. 


For,. Ist. Regular isoperimetrical figures are bcs 1. th. 14) 
in the inverse ratio of figures similar to them circumscribed 
about the same circle. And (th, 15) these latter are smaller 
when the number of sides is greater: therefore, on the con- 
trary. the former become greater as they have more sides. 

2dly. The perimeters of equal regular figures are (cor. 1 
th. 14) in the subduphcate ratio of the perimeters of similar 
figures circumscribed about the same circle: and (th. 15) 
these latter are smaller as they have more sides: therefore 
the perimeters of the former also are smaller when the num- 
ber of their sides is greater. Q. E. DB. 


SECTION H. SOLIDS. 
THEOREM XVII. 


Of all ‘Prisms of the Same Altitude, whose Base is Given in 
Magnitude and Species, or Figure, or sae the bein 
Prism has the Smallest Surface. 


For, the area of each face of the prism is proparonal to 
its height; therefore the area of each face is the smallest 
when its height i is the smallest. that is to say, when it is equal 
to the altitude of the prism itself; and in that ¢ case the prism 
is evidently a right prism. @. E. D. 

‘THEOREM 
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et THEOREM XVII. 


Of all Prisms whose Base is Given in Magnitude and Species, 
and whose Lateral Surface is the same, the Right Prism has 
the Greatest Altitude, or the Greatest Capacity. 


This is the converse of the preceding theorem, and may 
readily be proved after the manner of theorem 2. 


THEOREM XIX. 


Of all Right Prisms of the Same Altitude, whose Bases are 
Given in Magnitude and of a Given number of Sides, that 
whose Base is a Regular Figure has the Smallest Surface. 


For, the surface of a right prism of given altitude, and base 
given in magnitude, is evidently proportional to the perime- 
ter of its base. But (th. 10) the base being given in magni- 
tude, and having a given number of sides, its perimeter is 
smallest when it is regular: whence, the truth of the propo- 
sition is manifest. 7 


~ 


THEOREM XX. 


Of two Right Prisms of the Same Altitude, and with Irregu- 
Jar Bases Equal in Surface, that whose Base has the Great- 
est Number of sides has the smallest Surface: and, in par- 
ticular, the Right Cylinder has a Smaller Surface than any 
Prism of the Same Altitude and the Same Capacity. 


The demonstration is analogous to that of the preceding 
theorem, being at once deducible from theorems 16 and 14. 


THEOREM XXI. 


Of all Right Prisms whose Altitudes and whose Whole Sur- 
faces are Equal, and whose Bases have a Given Number of 
Sides, that whose Base is a Regular Figure is the Greatest. 


Let pr, P’, be two right prisms of the same name, equal in 
altitude, and equal whole surface, the first of these having a 
regular, the second an irregular base ; then is the base of the 
prism pP, less than the base of the prism P’. 

For, let r’ be a prism of equal altitude, and whose base is 
equal to that of the prism P’ and similar to that of the prism Pp. 
Then the lateral surface of the prism p'is smaller than the 
lateral surface of the prism Pp (th. 19): hence, the total sur- 

face 
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face of re’ is smaller than the total surface of P’, and therefore 
(by hyp.) smaller than the whole surface of Pp. But the 
prisms p’ and p have equal altitudes and similar bases ; there- 
fore the dimensions of the base of Pp’ are smaller than the di- 
mensions of the base of rp. Consequently the base of P’, or 
that of pis less than the base of ; or the base of & greater 
than that of #.. a2. p. 


THEOREM XXII. 


Of Two Right Prisms, having Equal Altitudes, Equal Total 
Surfaces, and Regular Bases, that whose Base has the 
Greatest number of Sides, has the Greatest Capacity. And, 
in particular, a right Cylinder is Greater than any Right 
Prism of Equal Altitude and Equal T otal Surface. 


The demonstration of this is similar to that of the preced: 
ing theorem; and flows, from th. 20. 


THEOREM XXIII. 


The Greatest Parallelopiped which can be contained’ under 
the Three parts of a Given Line; any way taken, will be 
that constituted of Equal length, breadth, and depth. 


. For; let as be the given line; and; 
if possible, let two parts az, ED, be “7 
unequal. Bisect apinc, then wil §& CE OD 5B 
the rectangle under ar (= ac + ce) 
and ep (== ac—ce), be less than ac?, or than ac . cp, by the 
square of ce (th. 33 Geom. } Consequently, the solid ar . 
ED . DB, Will be less than the solid ac. cp. DB; which 1s re: 
pugnant to the hypothesis. 

Cor. Hence, of all the rectangular parallelopipeds, having 
the sum of théir three dimensions the same, the cube is the 
greatest. 


THEOREM XXIV. 


The Greatest Parallelopiped that can possibly be contained un- 
der the Square of one Part of a Given Line, and the other 
Part, any way taken, will be when the former Part i is the 
Double of the latter. 


Let as bea given line, and 
acs=2cB, then is Ac? . cr the eae Oe 
greatgst possible, AL Dao hie B 

it For; 
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For, let A¢ and c's be any other parts into which the given 
line as may be divided; and let ac, ac’, be bisected in p, p’; 
respectively. ‘hen shall ac? .cB=4ap . pc. cB (cor, to 
theor. 31 Geom.) >4ap’. p’c cB, or greater than its equal 
ca? . cB, by the preceding theorem." 


THEOREM EXY. 


Of all Right Parallelopipeds Given in Magnitude, that which 
has the Smallest Surface has all its Faces Squares, or is a 
Cube. And reciprocally, of all Parallelopipeds of Equal 
Surface, the Greatest is a Cube. 


For, by theorems 19 and 21, the right parallelopiped hav- 
ing the smallest surface with the same capacity, or the great- 
est capacity with the same surface, has a square for its base. 
But, any face whatever may he taken for base: therefore, in 
the parallelopiped whose surface is the smallest with the same 
capacity, or whose capacity is the greatest with the same sur- 
face, any two opposite faces whatever are aghast conse- 
quently, this parallelopiped 1s a cube. 


THEOREM XXVI. 


The Capacities of Prisms Circumscribing the Same Right 
Cylinder, are Respectively as their Surfaces, whether Total 
or Lateral. 


For, the capacities are respectively as the bases of the 
prisms ; that is to say (th. 11), as the perimeters of their 
bases ; and these are manifestly as the lateral surfaces : whence 
the proposition is evident. 


Cor. The surface of a right prism circumscribing a cylin- © 
der, is to the surface of that cylinder, as the capacity of the 
former, to the capacity of the latter. 

Def. The Archimedean cylinder is that which circum: 
Scribes a sphere, or whose altitude is equal to the diameter 
of its base. 


THEOREM XXVII. 


The Archimedean Cylinder has a Smaller Surface than any 
other Right Cylinder of Equal Capacity ; and it is Greater 
than any other Right Cylinder of Equal Surface, 


_ Let cand c’ denote two right cylinders, of which the first 
is Arthimedean, the other not : then, 
Ist, 
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Ist, If... c==c’, surf. c< surf. c. 
2Qdly, if surf. c= surf. cy-c>c’. 


For having circumscribed about the cylinders, c,c’, the 
right prisms P, Pp’, with square bases, the former will be a cube, 
the second not: and the following series of equal ratios will 
obtain, viz. c : P: : surf. c : surf. p :: basec: base ep: : base 
c’: base P’:: cc’: P’: : surf. c’ : surf. P’. 

Then, Ist: whenc=c’.. Since c: p:: Cc’: Pp’, it follows 
that p =p’; and therefore (th. 25) surf. p < surf. e. But, 
surf. c : surf. p: : surf. c’: surf. Pp’; consequently surf.c < | 
surf. c’. Q. E. Ip. 


2dly : when surf. c = surf. c’.. Then, since surf. c : surf. 
p:: surf. c’: surf p’, it follows that surf. p = surf. p’; and 
therefore (th. 25) Pe >’. Butc:P::c/: Pp; consequently 
c>c. Q. E. 2p. 


THEOREM XXVIII. 


Of all Right Prisms whose Bases are Circumscribable about 
Circles, and Given in Species, that whose Altitude is Dou- 
ble the Radius of the Circle Inscribed in the Base, has the 
Smallest Surface with the Same Capacity, and the Greatest 
Capacity with the Same Surface. om 


This may be demonstrated exactly as the preceding theo- 
rem, by supposing cylinders inscribed in the prisms. 


Scholium. 


If the base cannot be circumscribed about a circle, the 
right prism which has the minimum surface er the maximum 
capacity, is that whose lateral surface is quadruple of the sur- 
face of one end. or that whose lateral surface is two-thirds 
of the total surface. This is manifestly the case with the 
Archimedean cylinder ; and the extension of the property de- 
pends solely on the mutual connexion subsisting between the 
properties of the cylinder, and those of circumscribing prisms. 


THEOREM XXIX. 


The Surfaces of Right Cones Circumscribed about a Sphere, 
are as-their solidities. 


For, it may be demonstrated, in a manner analogous to 
the demonstrations of theorems 11 and 26, that these cones 
are 


@ 
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are equal to right cones whose altitude is equal to the radius 
of the inscribed sphere, and whose bases are equal to the 
total surfaces of the cones: therefore the surfaces and solidi- 
ties are proportional. Sati 


THEOREM XXX. 


_ The Surface or the Solidity ofa Right Cone Circumscribed 
_ about a Sphere, is Directly as the Square of the Cone’s 

Altitude, and Inversely as the Excess of that Altitude over 

the Diameter of the Sphere. 

Let vat be a right-angled triangle which, 
by its rotation upon va as an axis, generates a 
right cone ; and spa the semicircle which by 
a like rotation upon va forms the inscribed 
sphere: then, the sarface or the solidity of 


2 


the cone varies as —~. 
VB 





For, draw the radius cp to the point of contact of the semi- 
‘circle and vt. ‘Then, because the triangles vat, voc, are 
similar, if is-AT :‘VT :: cD :-ve. 

And, by compos. ar : aT + VT: cD: cD-+--cv =vVa; 
Therefore aT? : (ar + vr) aT :: cp: va, by multiply- 
ing the terms of the first ratio by ar. | 
But, because ve, vp, v4 are continued proportionals, 
itis VB : VA:: VD? : va?.:: cp? : aT? by sim. triangles. 
But cp ; va:: aT? : (at + vr) ar by the last ; and these 
mult. give cD. VB: va? :: cp? : (ar-+ vr) at, 
2 

or vB: CD:: VA?:: (atT-+ vT) aT = cp. — 
But the surface of the cone, which is denoted by z . at? ++ 
4. AT. VT*, is manifestly proportional to the first member 
of this equation, is also proportional to the satis member, 


y2 
or, since cp is constant, it is proportional to 1 ee or to a third 
, , BV 


proportional tosv and av. And, since the capacities of these 
circumscribing cones are as their surfaces (th. 29), the truth 
of the whole proposition is evident. 


Lemma 2. 


The difference of two right lines being given, the third pro- 
portional to the less and ‘the greater of them is a minimum 
when the greater of those lines is double the other. 


_ 





* » being = 3'141593 
Let 
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Let av and By be two right 
t4 =! ms ES OI 
lines. whose difference ap is Vy  - P 


given, and let ap be a third 
proportion! to Bv and av; 
then is AP 4 minimum when av = 2gy. 


For, since’ aP: AV 22 aV 2 BY 
By division AP : AP—-AV !: AV : AV-—BV; 
That is, AP : VP >: AV: AB. 


Hence, vP. AV==AP . AB. | 
But vp . av is either = or <}ap? (cor. to th. 31 Geom. 


and th. 23 of this chapter.) 


Therefore ap . an<iap? : whence 448 <apyor aP > 4aB, 
Consequently, the minimum value of ap is the quadruple of 
AB; and in that case PV = VvaA=2aB. Q. E. D.* 


THEOREM XXXI. 


Of all Right Cones Circumscribed about the Same Sphere, 
the Smallest is that whose Altitude is Double the Diameter 
of the Sphere. 


2 
For, by th. 30, the solidity varies as (see the fig. to that 
theorem): and, by lemma 2, since va — vs is given, the third 
3 ‘ 
proportional — is a minimum when va = 2aB. Q. E. D. 


Cor. 1. Hence, the distance from the centre of the sphere 
to the vertex of the least circumscribing cone, is triple the 


radius of the sphere. 
Cor. 2. Hence also, the side of such cone is triple the ra- 


dius of its base. 


ee 





* Though the evidence of a single demonstration, conducted on sound mathema- 
tical principles, is really irresistible, and therefore needs no corroboration ; yet it is 
frequently conducive as well to mental improvement, as to mental delight, to obtain 
like results from different processes, In this view it will be advantageous to the stu- 
dent, to confirm the truth of several of the propositions in this chapter by means of 
the fluxional analysis. Let the truth enunciated in the above lemma be taken for an 
example: and let aB be denoted by a, av by 2, Bvby »—a. Thenwe shall have 

3 





C—O: Li: 2: — = the third proportional; which is to be a minimum. Hence 
the fluction of this fraction will be equal to zero (Flux. art. 51). That is, (Flux. 


x? x—axx 





arts. 19 and 30), == 0. Consequently, a? — 2ar = o, end # == Qa, 
(x—a)* 


OF. AV = 2B, as above 
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‘THEOREM XXXIi, 
The Whole Ga tees of a Right Cone bee given, the Tne 


scribed Sphere is the Greatest when the Slant Side of the 
Cone is Triple the Radius of its Base. 


For, let c and c’ be two right cones of equal whole surface, 
the radii of their respective inscribed spheres being denoted 
by rand r‘; let the side of the cone c be triple the radius of 
its base, the same ratio not obtaining in c’; and let c’’ be a 
cone similar: toc, and circumscribed about the same sphere 
with c’. Then, (by th, 31) surf. c’’< surf. c’; therefore surf. 
c “<surf. c. But c’ and ¢ Ang ‘similar, therefore all the di- 
mensions of c” are less than the corresponding dimensions of 
e ; and consequently the radius n’ of the sphere inscribed in 
ce” or in c’ , is less than the radius r of the sphere inscribed in 
C, Or RD>R’. Q. E. D. 

Cor. The capacity of a right cone being given, the inscrib- 
ed sphere is the greatest when the side of the cone is triple 
the radius of its base. 

For 2) capacities of such cones vary as their surfaces 
th. 29 


THEOREM XXXII. 


Of all ‘Right Goud of Equal Whole Surface, the Greatest is 
that whose side is Triple the Radius of its Base: and re- 
ciprocally, of all Right Cones of Equal Capacity, that whose 
_ Side is Triple the Radius of its Base has the petit Surface. 


For, by th. 29, the capacity of a right cone is in the com- 
pound ratio of its whole surface and the radius of its inscribed 
sphere. Therefore, the whole surface being given, the ca- 
pacity is proportional to the radius of the inscribed sphere : 
and consequently is a maximum when. the radius of the in- 
scribed sphere is such ; that is, (th. 32) when the side of the 
cone 1s sade ne Tadius of the base™. 

3 ae 


nn asm 








* Here again a similar result may easily be deduced from the siesta of flux- 
ions. Let the radius of pe base be denoted by «, the slant side of the cone by’ 


2, its whole surface by a7, and 3:141593 by m: Then the circumference of the 


cone’s base will be 2rx, its area mz” and the convex surface mxz. The whole 
a ; 


s rid ; , F A * a 

surface is, therefore, == 727 4-nxz: and this being =a? , we have # ee as 

But the altitude of the cone iséqual to the  oquare root of the difference of the ise 
Vor. re ® 
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Again, reciprocally, the capacity being given, the surface — 
is in the inverse ratio of the sphere inscribed: therefore, it 
is the smallest when that radius is the greatest ; that is (th. 32) 
when the side of the cone is triple the radius of its base. 

Q. E. D. 


THEOREM XXXIV, 


The Surfaces, whether Total or Lateral, of Pyramids Cir- 
cumscribed about the Same Right Cone, are respectively 
as their Solidities. And, in particular, the Surface of a 
Pyramid Circumscribed about a Cone, is to the Surface of 
that Cone, as the Solidity of the Pyramid is to the Solidity 
of the Cone ; and these Ratios are Equal to those of the 
Surfaces or the Perimeters of the Bases. , ade 


. For, the capacities of the several solids are respectively as 
their bases ; and their surfaces are as the perimeters of those 
bases: so that the proposition may manifestly be demon- 


strated by a chain of reasoning exactly like that pea tek in 
theorem 11. 


= 








; 4 2 
of the side and of the radius of the base; that is, itis = / ar —-——). And 
Lot at Cope 
oe 
this multiplied into 4 of the area of the base, viz. by 41x2, gives ¢mx2 vi 
nx 
2a i % > # . 
ee gee for the capacity of the cone. Now, this being a maximum, its square 


ato? —2na? xt 





must be so likewise (Flux. art. 53), that is, , or, rejecting the 


° ‘2 . * ° 

denominator, as agrees a‘ x*—2ra* x* must be a maximum. This, in flux- 

lons, is 2a ag — 8a? x? 2 = 0; whence we have a ?_Anz? —0, and consequent- 
2 


a 
ly r= rm and a*==4rx". Substituting this value of a? for it, in the value 
a” Ana? 
of z above given, there results 2 == ——# =——-— 2 = 4e — x= 3. “There- 
mx re 
fore, the side of the cone is triple the radius of its base. Or, the square of 


the altitude is to the square of the hoes of the bine as 8 to 1, or, ® the square of 
the diameter of the base, as 2 te 1 
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THEOREM XXXV. 


The Base of a Right Pyramid being Given in- Species, the 
Capacity of that Pyramid is a Maximum with the same Sur- 
face, and on the contrary, the Surface is a Minimum with 
the Same Capacity, when the Height of One Face is Tri- 
ple the Radius of the Circle Inscribed in the Base. 


Ler pv and P be two right pyramids with similar bases, the 
height of one lateral face of pe being triple the radius ef the | 
circle inscribed in the base, but this proportion not obtaining 
with regard to p’ : then 

Ist. If surf. p= surf. pe’, ep >P’. 
adly. If. . .p=...P',surf. ep < surf. pv, 

For, let c and c’ be right cones inscribed within the pyra- 
mids p and P’: then in the cone c, the slant side Is triple the 
radius of its base, while this is not the case with respect to the 
cone cc’. Therefore, if cc’, surf. c < surf. c’ and if surf. c 
== surf. ¢.c> c’ (th. 33). i 
But, ist. surf. p : surf. c : : surf. p’ : surf. c’; 
whence, if surf. p= surf. P’ surf. c= surf. c’; 
therefore c>c’. Butp:c::e’:c. Therefore p>’. 

Qdly,p:c::p':c. Theref. if pp’, cc’: consequently 
surf. c < surf. c’.. But, surf. p : surf. c: : surf. p’: surf. c’. 
Whence, surf. ep <surf. P’. 


Cor. The regular tetraedon possesses the property of the 
minimum surface with the same capacity, and of the maxi- 
mum capacity with the same surface, relatively to all right 
pyramids with equilateral triangular bases, and, a fortiorz, re- 
latively to every other triangular pyramid. 


THEOREM XXXVI. 


A Sphere is to any Circumscribing Solid, Bounded by Plane 
Surfaces, as the Surface of the Sphere to that of the Cir- 
‘ecumscribing Solid. : 


For, since allthe planes touch the sphere, the radius drawn 
to each point, of contact will be perpendicular to each re- 
spective plane. So that, if planes be drawn through the cen- 
tre of the sphere and through all the edges of the body, the 
body will be divided into pyramids whose bases are the re- 
spective planes, and their common altitude the radius of the 
sphere. Hence, the sum of all these pyramids, or the whole 
circumscribing solid, is equal to a pyramid or a cone whose 

| : base 
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base is equal to the whole surface of that solid, and. altitude 
equal to the radius of the sphere. But the capacity of the 
sphere is equal to that of a cone whose base ts equal to the | 
surface of the sphere, and altitude equal to its radius, © Con- 
sequently, the capacity of the sphere, is to that of the cir- 
cumscribing solid, as the surface of the former to the surface 
of the latter: both having in this mode of considering them, 
a common altitude. Q. EL D. 

Cor. 1. All circumscribing cylin: cones, &c. are to the 
sphere they circumscribe, as their respective surfaces. 

For the same proportion will subsist between their indefi- 
nitely small corresponding segments, and therefore between 
their wholes. 

Cor. 2. All bodies circumscribing the same sphere, are re- 
spectively as their surfaces. 


? 


THEOREM XXXVI. 
The Sphere i is Greater than an y ae he of snk Siinfies 


For, first it may be demionstrated by : a process similar to. 
that adopted in theorem 9; that a regular polyedron: has a 
greater capacity than any other polyedron of equal surface. 
Let p, therefore; be a regular poiyedron of equal surface to 
a sphere s. ‘Then p must either citcumscribe s, or fall partly 
within it and partly out of it, or fall entirely within it.) The 
first of these suppositions is contrary to the ‘hypothesis of the 
proposition, because in that case ihe surface of p could not 
be equal to that of s. Fither the 2d or 3d supposition there- 
fore must obvtain; and then each plane of the surface of r 
must fall either partly or wholly within the sphere s ; which- 
ever of these be the case, the perpendicalars demitted from 
the centre of s upon the planes, will be each ‘less than the 
radius of that sphere : and consequently the polyedron P must 
be less than the sphere s, because it has an_ equal base, byt 
a less altitude. -Q. E. D 


Cor. If a prism, a cylinder, a pyramid, or a cone, be equal 
to a sphere either in capacity, or in surface ; in the first case, 
the surface of the sphere is less than the surface of any of 
those solids; in the second, the capacity of the ERDRE is 
greater than that of either of those solids. 


The theorems in this chapter will suggest a variety of prac- 
tical examples to exercise the student in computation. A few 
such are given in the following page. Meee 

EXERCISES. 


SOLIDS. a a 


EXERCISES. 


Ez. 1. Find the areas of ‘an equilateral triangle, a square, 
a hexagon, a dodecagon, and a circle, the perimeter of each 
being 36. 

Ex. 2. Find the difference between the area of a triangle 
whose sides are 3, 4, and 5, and of an equilateral triangle of 
equal perimeter. 

Ex. 3. What is the area of the greatest triangle which cau 
be constituted with two given sides 8 and 11: and what will 
be the length of its third side ? 

Ex. 4. The circumference of a circle is 12, and the peri- 
meter of an irregular polygon which circumscribes it is 15; 
what are their respective areas ? 

Ex. 5. Required the surface and the solidity of the great- 
est parallelopiped, whose length, breadth, and depth, together 
make a 

Ex. 6. The surface of a square prism is 546: what is its 
solidity. when a maximum ? 

Ex. 7. The content of a cylinder is 169:645968: what is 
its surface when a minimum ? 

Ez. 8. The whole surface of a right cone is 201:061952 : 
what is its solidity when a maximum ? 

Ez. 9. The surface of a triangular pyramid is 43°30127 : 
what is its capacity when a maximum ? 

Ez. 10. The radius of a sphere is 10. Required the soli- 
dities of this sphere, of its circumscribed equilateral cone, 
and of its circumscribed cylinder. 

Ex. 11. The surface of a sphere is 28.274337, and of an 
irregular polyedron circumscribed about it 35: what are their 
respective solidities ? 

Ex. 12. The solidity of a sphere, equilateral cone, and 
Archimedean cylinder, are each 500: what are the surfaces 
and respective dimensions of each ? 

Ex. 13. If the surface of a sphere be represented by the 
number 4, the circumscribed cylinder’s convex surface and 
whole surface will be 4 and 6, and the circumscribed equila- 
teral cone’s convex and whole surface, 6 and 9 respectively. 
Show how these numbers are deduced. 

Ex. 14. The solidity of a sphere, circumscribed cylinder, 
and circumscribed equilateral cone, are as the numbers 4, 6, 
and 9. Required the Proof, | 


PROBLEMS 


ic 


PROBLEMS RELATIVE TO THE DIVISION OF FIELDS of 
OTHER SURFACES. 


PROBLEM I. 


To Divide a Triangle into two parts having a Given Ratio, 
m:n Cc 
ist. By a line drawn from one angle 
of the triangle. 
Make ap: aB::m:m-—-n; draw cD. 





So shall anc, ppc, be the parts required. — A D B 
Here, evident! i : 

ere, evidently, AD = PIG GPS AB, DB = Peat: 

2dly. By a line parallel to one of the sides of the triangle. 

Let asc be the given triangle. to te — Cc Mah 
divided into two parts. in the ratio of m 0D 
to n, by a’line paraliel to the base as. 
Make ce to rp as m ton: erect ep per- 
pendicularly to cx, till it meet the semi- ae fh Lees 


circle described on cs, as a diameter, in of 
p. Make cr=cn: and draw through r, cr ||aB. Soshaller 
divide the triangle azc in the given ratio. 
cn? . 
For, cE ::cB == Br Soe ll (=cr?) : cp?. Butce: EB:: m:n, - 
; - 7 . 
Or CE : cB :: m: m-- n, by the construction; therefore 
cr? : cB2?.::m:m-+n, And since A ceF: A CAB :: CF? : cB? ; 
it follows that car : caB : : m: m-+n, as required. : 
Computation. Since cp? : cr? ::m-- a: m, therslore, 
(m -- n) cr?=m . ce? ; whence cr ,/ (m+n) = cB,4/m, or 


m 
cF = csp ,/——. Inlike manner, co = ca,/- 
m+n 


m+n 


3dly. By aline parallel to a given line. 

Let ni be the line parallel to which 
a line is to be drawn, so as to divide 
the triangle apc in the ratio of m 
to 2. 

By case 2d draw cr parallel-to as, 
so as to divide asc in the given ratio. 
Through r draw Fe parallel to nt. 
On ce as a diameter describe asemi-_— . 
circle; draw cp perp. to ac, to cut ¢ 
the semicircle in p. Make cp = cp: 
through p, parallel to er, draw ra, the line required. 





4 
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The demonstration of this follows at once from case 2 ; be: 
cause it is only to divide rce, by a line parallel te Fe, into two 
triangles having the ratio of FcE, to rca, that is, of cr, to ca. 

Computation. ce and cr being computed, as in case 1, the 
distances cH, ci being given, and cP being to ca as cH to cr: 
the triangles car, cre, also having a common verticle angle, 
are to each other, asca.crtoce.cr., These products there- 
fore are equak; and since the factors of the former are known, 
the latter preduct is known. We have hence given the ratio 
of the two lines cr (=) to ca (=y) as cu to ci; say, asp to 
qg; and their Peas rs = CF .CG, say, = ab : to find x and y. 
Here we find £ == Jey cae =v. That i is, 














CH | 
N. B. If the line of division were to be perpendicular to 
one of the sides, as to ca, the construction would be similar : 


cb, b 





ep would be a geometrical-mean between ca and 


m 
m+n 
being the foot of the perpendicular from 8 upon ac. 

Athly, By a line eee Ege a given point Pp. 





By any of the former cases ee lm (fig, 1) to divide: the 
triangle anc, in the given ratio of m ton: bisect cl in r, and 
through r and m let pass the sides of the rhomboid crsm. 
Make ca == ve, which is given, because the point p is given 
in position: make cd a Jon proportional to ca, cr, cm; 
that is, make ca: cr:: : cd; and let a and d, be two ans 
cit of the rhomboid bbl: figs. 1 and 2. re, in figure 2, be- 

g drawn parallel to ac, describe on ed as a diameter the se- 
aictecle efd, on which set off ef==ce=ap: then set off dm or 
du’ on ca equal to df, and through » and a, p and m’ draw the 


lines 
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draw the lines im, tm’, either of which will divide the triangle 
in the given ratio. vate he construction is given in 2 figs. ‘mere- 
ly to avoid complexness in the diagrams. 

The limitations are obvious from the construction : for, the 
point 1 must fall between g and c, and the point m between 4 
and c; ap must also be less than Pb, otherwise ef cannot be 
applied to the semicircle on ed. 

Demon. Because cr == 1cl, the rhomboid crsm = = iaoale 
lin: and because ca: cr : : cm: cd, we have ca . cd=cm. cr, 
therefore rhomboid cabd = rhomboid crsm = triangle clin. 
By reason of the parallels cp, bd, and ca, ab, the triangles 
aiP, dom, ber, are similar, and are to each. other as the 
squares of their homologous sides ar, du, be: now ed?=ef? 
-+df?, by construction ; and ed=p, ‘ef-=ar, df=dm ; there- 
fore pb? = ar? -+ du?, or, the triangle pbc taken away from 
the rhomboid, is equal to the sum of the triangles apx, dace, 
added to the part cared: consequently ctm=cabd, as requir- 
ed. By alike process, it may be shown that arp, da’, pbc’, 
are similar, and ax’p + de‘ =pbe’; whence rbd’ =ar’ p, and 
cx/m =cabd, as required. 

Computation. cl, cm, being known, as well as, ca, ap, or 
ce, ep, cr =Acl, is known: and hence cd may be found by 
the proportion ca : cr :: cm: cd. Then cd—ce= ed, and 
fed? — eft =, fed? —ar? = bie du =dm'. Thus cm is de-. 


cm 
termined. Then we have - 





=—=CL. 


N, B. When the point is in one of the sides, as at m; then 
make cL. cm. (m-+-n)=ca.cB.m, or cL: ca:!m. cB: 
(m--n) cm, and the thing is done. 


_5thly. By the shortest line possible. 


Draw any line rq dividing the triangle in 
the given ratio, and so that the summit of the 
friangle cra shall be c the most acute of the 
three angles of the triangle. Make cu=cn, 
a geometrical mean proportional between cr 
and cq; so shall mn be the shortest line pos- 
sible dividing the triangle in the given ratio. 
-—The computation is evident. 

Deinons. Suppose mn to be the shortest as 
line cutting off the given triangle cmn, and 
co | MN. MN == Mo + GN = co . cotm + . 
ca . cot n==ce (cut m-+cot n). But, cot m+ 
niles aw sco NTE) .And)equa. 
sinM 'sinN gsinm.sinN 





cot N= 
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avin, Analyt. pl. trigonom.) sin. m . sin ny = cos. (m—n) 
—7C08. (m+n) = cos. (m—N) + tcos.c, Theref. un = ce, 
sin (m-+N ee. abe Aig! 
——-7—~.~—_— ; which expression is a minimum when 
dcos (M—n)-+1c0s ¢ 
its denominator is a maximum ; that is, when cos (m—w) is the 
greatest possible, which is manifestly when m— x = 0, or 
M =, or when the triangle cmn is isosceles. That the isos- 
celes triangle must have the most acute angle for its summit, is 
evident from the consideration, that since 2Acmn = ce. mn, 
MN varies inversely as cc ; and consequently mn is shortest 
when ce is longest, that is, when the angle cis the most acute. 
N. B. Avery simple and elegant demonstration to this 
case is given in Simpson’s Geometry: vide the book on Max. 
and Min. See also another demonstration at case 2d prob. 
6th, below. 





PROBLEM Ii. 


Vv 


To Divide a Triangle into Three Parts, having the Ratio of 
the quantities m,n, p. 


Ist. By lines drawn from one angle of the triangle to the 
opposite side. 


Divide the side as, opposite the angle c - G 
from whence the lines are to proceed, in the \ 
given ratio at p, E; join cp, ce; and acp, ‘ 


DCE, EcB, are the three triangles required. | 
The demonstration is manifest ; as is also thee AD EB 
computation. ; 

If it be wished that the lines of division be the shortest the 
nature of the case will admit of, let them be drawn from the 
most obtuse angle, to the opposite or longest side. 


Qdly. By lines parallel to one of the sides of the triangle: 
.Make cp: pH: up::m:n:p. Erect 
DE, HI, perpendicularly to cz, till they meet 
the semicircle described on the diameter 
cB, in e and 1. Make cr =ce,andck= G, 
cr. Draw cr through Fr, and ix through xk, yf, / 
parallel to aB ; so shall the lines cr and Lr, 
divide the triangle asc as required, ' 
The demonstration and computation will be similar to those 
in the second case of prob. 1. 
_ $dly. By lives drawn from a given point on one of the 
sides. 3 
“Vor, J, 72 | Fig. 
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Fig. 1. 





Let F (fig. 1) be the given point, a and 6 the points which 
divide the side ax in the given ratio of m,n, p: the point P 
failing between a and b. Join rc, parallel to which draw ac, 
bd, to meet the sides ac, zc, in the points c and d: join re, 
rd, so shall the lines cr, rd, sak the triangle in the given 
ratio. 

In fig. 2, where p falls nearer one of the extremities of ak 
than both a and b, the construction is essentially the same ; 
the sole difference in the result is, that the points ¢ and d, both 
fall on one side ac of the triangle. 

Demon. The lines ca, cb, divide the triangle into the given 
- yatio, by case Ist. But by reason of the parallel lines ae, rc, 
bd, A acc Aacp, and A bde=bde. Therefore, in fig. 1; 
aac -+- acp = aoc + acc that is, acp = Aac: and Bbd + bdr 
= bd + bdc, that is, Bdp = Bbc. Consequently, the re- 
mainder ccrpd = cab.—In fig. 2, acp = aac, and adp = ach; 
therefore cred = acr; and ACB — ace = ACB — ach, that i is, 
cppd = csb. 

. Computation. The petnendioniars eg, cD bbl denitted 
Kise >: AacB::m:im--n-+p:: aP.cg:aB.cD. Therefore 

| | 3 mM. AB. CD 
(m-+n-+p) ap.cg==m.aB.cp, and cg = (ana The line 
eg being thus known, we soon find ac; forcp: ac :: ¢g : ace 
AC. se 8 m. AB. AC 
~ (n-En-+p) ar 
deed more simply; for, since acB : acP :: AC. AB: AC. AP 
:m+tntp : m, we have (m--n-+p) AC. AP==m . AB. AC, and 
m. AB. AC 
(m-+-n-bp) ap’ ) | 
Pp AB LBC : _, (m-bn) AB. Ac 
Caney ae and, in fig. 2,.ad (m-bn-Ep) ar obplae 
4thly.. By lines drawn from a given point P wputhen the 
friangle. | 


Indeed this expression may be de- 


By alike process is obtained, in fig. 1, 


Cons’. 
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Const. Through p and c draw the line cpp, and Jet the tri- 
angle be divided into the given ratio by lines pe, pd, drawn 
from p to intersect ac, sc, or either of them ; according te 
the method described in case 3 of this problem. Through p 
draw rc, pd, and respectively parallel to them, from p draw 
the lines pm, pn: join pm, PN; so shall these lines with PD, 
divide the triangle in the given ratio. 

_ Demon. The triangles cpm, cpp, are manifestly equal, as 
are also den, dep; therefore cpm=cpc, and cen = cpd ; 
whence also, in fig. 1, cvpm = cdpc, and, in fig. 2, cappn == 
‘eBpd, 

Comput. Since cr . cn ==cp . cd, we have cn Oe Ai 

be cp .ce 
7 ? cP 
Remark. It will generally be best to contrive that the small- 
est share of the triangle shall! be laid off nearest the vertex ¢ 
of the triangle, in order to ensure the possibility of the con- 
struction. Even this precaution however may sometimes fail, 
of ensuring the construction by the method above given : when 

this happens, proceed thus : i 

By case 1, draw the lines cd, ce, from 
the vertex c to the opposite side as, to di- 
vide the triangle in the given ratio. Upon 
as set off any where mn, so that MN : 4B: : 
pp (the perp. from Pp on as) : cp, the alti- 
tude of the triangle. . If mp and pw are to- 
gether to be the least possible, then set off 1 mn on each side 
the point p: so will the triangle mpn be isosceles, and its pe 
rimeter (with the given Base and area) a minimum. - 

5thly. By lines, one of which is drawn from a given angle 
to a given point, which is also the point of concourse of the 
other two lines. 





In like manner cm = 





Const, 
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A @ a8 


Const. By case ist draw the fides ca, eb, dis the tt 
angle in the given ratio, and so that the smaller portions shall 
lie nearest the angles a and B (unless the conditions of the 
division require it to be otherwise), From p and a@ demit 
upon ac, the perpendiculars rp, ac; and from P and 6, on Be, 
the perpendiculars yg, bd. Make cm : ca: : adc: pp. and en 
:¢B::6d:prg. Draw eM, en, which, with cP, , will besos the 
triangle as required. 

When the perpendicular from 6 or from a, nian BC OF AC, 
is longer than the corresponding perpendicular from Pp, the 
point w or m will fall further from c si B or A does.” Sup- 
pose it to be n; then make n’e : ep : : NE: eP, and draw PH’ 
for the line of division. 

The demonstration of all this ; is too obvinge to need era 
ing here. 


CA. ac 
Comput. The perp. ca=aa.sin a; and cm = < 


bd = 8b. sin B; and ow = is 





— 
«e 





6thly. By lines, one of which falls from the given poe a of 
concourse of all three, upon a given side, in a given Bogle: 

Suppose the given ‘angle to be a right 6 tie 
angle, and ef the given perpendicular: ©. = A 
which will simplify the operation, though 
the principles of construction will be the ~ 
same. * | 
Const. Let ca, cb, divide the triangle 
in the given ratio. Make fw : cp: bd: pf, | 
and fu :ca::ac: Pf; and draw py, pm, thus forma two 
triangles efx, aft, equal to cbs, ca, respectively, If w fall 
between f and B, and herwereh A and f, this’ construction 
manifestly effects the division. But if one of the points, sup- 
pose m, falls beyond the corresponding sei! A, the line pm 
intersecting ac ine: then make m’e: ea: : ep, and draw 
RM: SO shall Pf, eM, PN, divide the aiasule 5 as required, 





Comput, 
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Comput. Here ca and bd, are found as in case 5th; and 
B. bd CA . ac 


hence fx peat and fm = aa Then PM == a/ (uf? + 


fe?).and af sin, m. Also: 180°—(m-+-a) =mea. Then sin: 
MéeA : SiN. M: Sin A oC MA (=mf—af):ae:me. Again pe= 


ae . eM 
pm—Mme ; and lastly m’e=- 








CRs 
Here also the demonstration is manifest. 


7thly. By lines drawn from the angles to meet in a deter- 


~. minate point. ; Cc 
Construc..On one of the sides, as ac, set 
off ap, so that ap: ac::m:m--n+p.. And H 
on the other, as az, set off pz, so that Be: Bc D Ce 


>i”: m-+n+p. Through pv draw ne paral- 

lel to an ; and through £, ea parallel to sc; Ae EXB 
to their point of intersection 1 draw lines ar, 81, cl, which will 
divide the triangle asc into the portions required. 


Demon. Any triangle whose base is az, and whose vertex 
falis in pe parallel to it, will. manifestly be to azc, as ap to 
AC, or as m to m-- n-+p: so also, any triangle whose base is 
Bc, and whose vertex falls in en parallel to it, will be to asc, 
as BE to BA, that is, as n to m-+-n-+-p. 

Thus we have arp : aAcB : : m:m-+n--p, 

MOG ye BIC 7s ACR oF n--nabp, 

therefore . AIB: BIC ::m:%. 
And the first two proportions give, by composition, 
AIB-{-BIc : acB.: : m--n : m-+n-+p ; and by division, acsp— 
(ap + Bic) : acB.: : m-+-n-+-p—(m-bn) : m-+-n-+p, or alc; 
ACB >: p : m-+-n-+p, consequently aiB:: BIC : AIC em: n: p. 

News nhecore ae antlekai ae 
sid ak m-+n-+p’ m+n-+-p) 

right angles—s. Hence, in the triangle sar, there are known 
two sides and the included angle, to find the third side gu. 


Remark. When m= n=p, the construction EV 
becomes simpler. Thus: from the vertex draw iN 
cp to bisect a8 ; and from 5 draw sr in like LIS 
manner to the middle of ac: the point of in- seh 
tersection 1 of the lines cp, Be, will the point sought. 


For, on sr and sr produced, demit, from the angle ¢ and 
4 hy 
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a, the perpendiculars cr, ax: then the triangles cer, aek, are 
equal i in all respects, because ance, kKaE—=1ce, and the an- 
gles at u are equal. Hence ax=ci. But these are the per- 
pendicular altitudes of the triangles erc, gra, which have the 
common base Bp. Consequently those two triangles are equal 
in area.. Ina similar manner it may be proved, that apc==aPs 
or cps: therefore these three triangles are equal to each 
other, and the lines pa, PB, Pc, trisect the A ane. - 


PROBLEM. Iii. 


To Divide a Triangle into Four Parts, having the Proportion 
of “the Quantities m,n, p,q. 

This, like the former problems. might be divided sare seve- 
ral cases, the consideration of all, which would draw us to a 
very great length, and whichis ina great measure unnecessa- 
ry, because the method will in general be suggested immedi- 
ately on contemplating the methed of proceeding in the analo- 
gous case of the preceding problem. We shall therefore 
only take one case. namely, that in which the lines of division 
must all be drawn from a given point of one of the sides. 

Let pe be the given point in the side an. , 

Let the points 1, m, n, divide the base aB 
in the given proportion ; so will the lines cl, 
cm, cn, divide the surface of the triangle in , 
the same proportion. Join cr, and parallel ZN . 
to it as. Pd, m,n, the lines be mu, Al MPD B 
nn, to cut the other two sides of the triangleint,m,N. Draw 
pL, pM, PN, which will divide the triangle ; as required. 

The demonstration is too obvious to need tracing through- 
out: for the triangles tip, tlc, having the same base wl, and 
lying between the same two parallels ul, cr, are equal ; to 
each of these adding the triangle axl, there results aLp==acl. 
And in like manner the truth of the whole construction ney 
be shown. 

The om alatiink may be conducted after the manner of 
that in case 3d. prob 2. (lites 





PROBLEM IV. 


To Divide a Quadrilateral into Two Parts having a Given 
“Ratio, m:n. 
Ist. By a line drawn from any point in the Ree, of 
the figure, , 
Construc. From. Pp aa lines PA, PB, ‘D Pp o. pA 
to the opposite angles 4.8. Through p PA: hihi 
draw pF paraliel to pa, to meet Ba pro- 
duced in F: and through c draw cr pa- 


rallel to rp to meet ap produced in sz. FA “M RE 
| Divide 
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Divide rein m, in the given ratio of m:ton: join P, m 


3 80 
shall the line em divide the quadrilateral as required. 


Demon. That the triangle FPE is equal to the quadrangle 
ABCD, may be shown by the same process as is used to demon- 
strate the construction of prob, 36, Geometry ; of which, in 
fact, this is only a modification. And the line pm evidently ; 
divides rrr in the given ratio. But rpm= app, and pM = 
Bcorm : therefore pm divides the quadrangle also in the given 
ratio. | 


Remark 1. If the line rm cut either of the sides ap, xc, 
then its position must be changed by a process similar to that 
described in the 5th and 6th cases of the last problem. 


Remark 2. The quadrilateral may be divided into three, 
four, or more parts, by a similar method, being subject how- 
ever to the restriction mentioned in the preceding remark. 


Remark 3. The same method may obviously be used when - 
the given point P is in one of the angles of the figure. 


Comput. Suppose i to be the point of intersection of the 
sides pc and as, produced ; and let the part of the quadrila- 
teral laid off towards1, be to the other, as 2 tom. Then we 
nip .1A—IB. 1c) ee 

(m--n)IP 
the angles at a and p, and consequently that at 1, are known), 
they are easily found from the proportionality of the sides of 
triangles to the sines of their opposite angles. 


_/2dly. By a line drawn parallel to a given line. 


~ Construc. Produce pc,’ az, till 
dee meet, as at 1.) Join pp pa- 
rallel to which draw cr. Divide 
ar in the given ratio in 4H. 
Through p draw pe parallel to 
the given line. Make 1p amean 
proportional between in, 1c; through p draw pm. parallel to 
Gp: soshall pm divide the quadrilateral apcpy as required. 

Demon. It is evident, from the transformation of figures, 
so often resorted to in these problems, that the triangle apr 
= quadrilateral arcp (th. 36 Geom.) : and that px divides the 
triangle apr in the given ratio, is evident from prob. 1, case 1. 
We have only then to demonstrate that the triangle IHD is 
equal to the triangle rem, for in that case HpF will emiloetly 
be equal toscmp. Now, by construction, 17: 1p; :1P:1G: 
(by the parallels) im : 1p ; whence, by making the products of 
the means and extremes equal, we haye ID, JH==1P.ImM; but 


when 








have im== 





As tothe distances DI, Al, (since 
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when the products of the sides about the equal angles of two 
triangles having a common angle are equal, those triangles 
are equal; therefore Arap= AtrM. @. E. D. : 


~ Comput. In the triangles api, ape are given all the fells. 
and the side ap ; whence ar, ac, pI, and ic, =p1—pe, become 
known. In the triangle rFc, all the angles and the side 1c are 
known ; whence 1r becomes knowga, as well as Be ass a 
HF::m:n. Lastly, 1p= ,/(H. re), and 1G :ID::IP: 

Cor. 1. When the line of division Pm is to be perpenea. 
lar to aside, or parallel to a given side ; we have only to draw 
pe accordingly: so that those two cases are included in this. 

Cor. 2. When the line pm is to be the shortest possible, it 
must cut off an isosceles'triangle towards the acutest angle ; 
and in that case 16 must evidently be equal to 1p. 

3dly. By a line drawn through a given point. — | 

The method will be the same as that to case 4th pier 1, 
and therefore need not be repeated here. 


Scholium. If a quadrilateral were to be divided into ‘abr 
parts in a given proportion, m,n, p. q: we must first divide 
it into two parts having the ratio of m-+-n, to p-+q; and then 
each of the quadrangles so formed into their respective ratios, 
of m to n, and pto q. | 


PROBLEM V. 


To divide a Pentagon into Two Parts having a Given Ratio, , 
from a Given Point in one of the Sides. 


Reduce the pentagon to a triangle by prob. 37, Geometry, 
and divide this triangle in the given ratio oy case 1, ero 


PROBLEM VI. 
To divide any Polygon into Two Parts having, a Given Ratio, 


Ist. From a given point in the perimeter of the polygon. 
- Construc. Join any tivo opposite 6 P c 
antics. A, D, of the polygon by the line | 
av. Keduce the part agpcp.into an 
equivalent triangle nes, whose vertex : 
shall be the given point p, and base ab v 
produced ; an operation which may be | if \ 
performed at once, if the portion ascp ERM 
be quadrangular ; or by several opera- ia MV 
; “tone 
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tions (as from 8 sides to 6, from 6 to 4, &c.) if the sides be 
more than four. Divide the triangle nrs into two parts hav- 
ing the given ratio, by the line en. In like manner, reduce 
ADEFGA into an equivalent triangle having u for its vertex, and 
Fe produced for its base; and divide this triangle into the 
given ratio by a line from H, as HK. ‘The compound line rax 
will manifestly divide the whole polygon into two parts hav- 
ing the given ratio. To reduce this to a right line, join px, 
and through u draw um parallel to it; jom- pm; so will the 
right line pm divide the polygon as required, provided m fall 
between Fr and £. [If it do not, the reduction may be com- 
pleted by the process described in cases 5th and 6th prob. 2d. 


All this is too evident to need demonstration. 


Remark. There is a direct method of solving this prob- 
lem, without subdividing the figure: but as it requires the 
computation of the area, it is not given here. 


Q@dly. By the shortest line possible. 


_ Construc. From any point P’, By 
in one of those two sides of the / 
polygon which, when produced, 
meet in the most acute angle 1, 
draw a line p’m’, to the other of G 
those sides (er), dividing the 
polygon inthe given ratio. Find F 
the points vp and m, so that 1p or rm shall be a mean propor- 
tional between rp’, 1m’; then will pm be the line of division 
required, 





Fy 42 


The demonstration of this is the same as has been already 
given, at case 5 prob. 1. Those, however, who wish for a 
proof, independent of the arithmetic of sines, will not be dis- 
pleased to have the additional demonstration below. 


The shortest line which, with two other lines given in po- 
sition includes a given area, will make equal angles with those 
two lines, or with the segments of them it cuts off from an 
isosceles triangle. 


Let the two triangles apc, srr, having the common angle 
A, be equal in surface, and let the former triangle be isos- 
eeles, or have ap==ac ; then is zc shorter than er. 


Vou. I. 73 First, 
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First, the oblique base uF cannot pass 
through p, the middle point of sc, asin 
the annexed figure. For, drawing ce 
parallel to an, to meet er produced in 
c. Then the two triangles pBE, pec 
are identical, or mutually equal in all 
respects. Consequently the triangle 
pcF is less than pgpe, and therefore apc 
less ibe AEF. 





rF must therefore cut Bc in some point # ddivpetal B and 
p, and cutting the perp. ap in some point 1 above D, as in the 


2d fig. Upon er (produced if necessary ) 
demit the perp. ax. Then in the right- 
angled A ark, the perp. ax is less than 
the hypothenuse ar, and therefore much 
more less than the other perp. ap. But, 
of equal triangles, that which has the 
greatest perpendicular, has the least base. “fj 
‘Therefore the base sc is less than the base EF. @Q. E. DB. 





This series of problems might have been extended much 
further ; but the preceding will furnish a sufficient variety, 
to suggest to the student the best method to be adopted in’ 
almost any other case that may occur. The following panes 
tical examples are subjoined by way of exercise. 


Ez. 1. A triangular field, whose sides are 20, 18, and 16 
chains, is to have a piece of 4 acres in content fenced off from. 
it, by a right line drawn from the most obtuse angle to the 
opposite side. Required the length of the dividing line, and 
its distance from either extremity of the line on which it 
falls ? vi 


Ex. 2. The three sides of a triangle are 5, 12, and 13. 
{f two-thirds of this triangle be cut off by a line drawn pa- 
ralle) to the longest side, it is required to find the length of 
the dividing line, and the distance of its two extremities from 
the extremities of the longest side. 


Ex. 3. It is required to find the length and siti of the 
shortest possible line, which shall divide, into two equal parts, 
a triangle whose sides are 25, 24, and 7 respectively. 


Ex. 4, The sides of a triangle are 6, 8, and 10: it is re- 
quired to cut off nine-sixteenths of it, by a line that shall pass 
through the centre of its inscribed circle. 
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Ex. 5. Two sides of a triangle, which include an angle 
of 70°, and 14 and 17 respectively. . It is required to divide 
it into three equal parts, by wg drawn parallel to its longest 
side. 

Ex. 6. The base of a triangle is 112-65, the vertical angle 
-§7° 57’, and the difference of the sides about that angle is 8. 
It is to be divided into three equal parts, by lines drawn from 
the angles to meet in a point within the triangle. The lengths 
of those lines are required. 

_ Ex. 7. The legs of a right-angled triangle are 28 and 45, 
Required the lengths of lines drawn from the middle of the 
hypothenuse, to divide it into four equal parts. 

Ex. 8. The length and breadth of a rectangle are 15 and 
9. Itis proposed to cut off one-fifth of it, by a line which 
shall be drawn from a ies on the longest side at the distance 
of 4 from a corner. 

Ex. 9, A regular bewagar each of whose sides is 12, is 
to be divided into four equal parts, by two equal lines ; both 
passing through the centre of the figure. What is the length 
of those lines when a minimum ? 

Ex. 10. The three sides of a triangle are 5, 6, and 7. How 
may it be divided into four equal parts, by two lines. which 
shall cut each other perpendicularly ; 


*.* The student will find that some of these examples will 
admit of two answers. 


On the Construction of Geometrical Problems. 


Problems in Plane Geometry are solved either by means of 
the modern or algebraical analysis, or of the ahcient or geo- 
metrical analysis. Of the former, some specimens are given 
in the Application of Algebra to Geometry, page 369, &c. of 
this volume. Of the latter, we here piaegt a few examples, 
premising a brief account of this kind of analysis. 

Geometrical analysis is the way by which we proceed from 
the thing demanded. granted for the moment, till we have 
connected it by a series of consequences with something an- 
teriorly known, or placed it amlOnE the number of principles 


known to be true.. 
Analysis 
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Analysis may be distinguished into two kinds. In the one, 
which is named by Pappus, contemplative, it is proposed to 
ascertain the truth or the falsehood of a proposition advanced ; 
the other is referred to the solution of problems, or to the — 
investigation of unknown truths. In the first we assume as 
true, or as previously existing, the subject of the proposition 
advanced, and proceed by the donsequences of the hypothesis 
ta something known ; and if.the result be thus found true, 
the proposition advanced is likewise true. The direct de- 
monstration is afterwards formed, by taking up again, in an 
inverted order, the several parts of the analysis. If the con- 
sequence at which we arrive in the last place is found false, 
we thence conclude that the proposition analysed is also false. 
When a problem is under consideration, we first suppose it 
resolved, and then pursue the consequences thence derived 
till we come to something known. If the ultimate result thus 
obtained be comprised in what the geometers call data, the 
question proposed may be resolved: the demonstration (or 
rather the construction), is also constituted by taking the parts 
of the analysis in an inverted order. The impossibility of 
the last result of the analysis, will prove evidently, in this 
case as well as in the former, that of the thing required. | 

In illustration of these remarks take the following examples: 

Ex. 1. Itis required to draw, ina given segment ofa cir- 
cle, from the extremes of the base a and B, two lines ac, Bc, 
meeting at a point c inthe circumference, such that they shall 
have to each other a given ratio, viz. that of m to N. 


Analysis. Suppose that the thing is af- . C 
fected, that i is ba say, that ac: cB::MiN, aN 
and let the base as of the segment be cut 
in the same ratio inthe pointe. Then ec, 
being drawn, will bisect the angle acs (by. 
th. 83 Geom. \s consequently, if the cir- io 
cle be completed, and ce be produced to 
meet it in F, the remaining circomference will also be bidabted 
in ¥, or have Fa==re, because those arcs are the double mea- 
sures of equal angles: therefore. the point r, as well as z, 
being given, the point c is also given. 

Construction? Let the given base if the segment AB be cut 
in the point £ in the assigned ratio of m to x, and complete 
the circle; bisect the remaining circumference in F ; join FE, 
and produce it till it meet the circumference 1 inc: then draw- 
ing ca, cB, the thing is done. 

Demonstration.- Since the arc ra = the arc Fs, the ange 
ack = angle gcr, by theor. 49 Geom. ; ; therefore ACS CBi: 

: AE ; 
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ag: Es, by th. 83. But sae: eB :: M:N, by construction ; 
therefore ac: cB::M:N. Q.E.D. 

Ex. 2. From a given circle to cut off an arc, such that 
the sum of m times the sine, and n times the versed sine, may 
be equal to a given line. 


Anal. Sup one it done, and that ane's is P 


the given cir BEF th e required arc, ED A 
its sine, Bp its Pied Sine ; in DA (prodeced D 
if necessary) take pr and ath part of the 
given sum; join Pr, and produce it ‘o meet 
sF | to az or || torp,inthe pointr. Then. D ‘ 
since m.ke-+-7 .BD=n.BP=n. FD+7. BD; 
consequently m . ep=n. pp; hence rp : De ae 


ED:: m:n. But po: ep:: (by sim. tri.) re: er; therefore 
PB: BF::m:n. Now pp is given, therefore sr is given in 
magnitude, and, being at right angles to ps, is also given in 
position ; therefore the point F is gtven and consequently PF 
given in position ; and therefore the poiat 5, its intersection 
with the circumference of the circle ane's, or the arc BE is 
given. Hence the following 

Const. From, the extremity of any diameter as of the 
given circle, draw sm at right angles to aB; in as (produced 
if necessary) take Br an nth part of the given sum ; and on 
gm take pr so that Br: BP::n:m Join pF, meeting the 
circumference of the circle in & e and E, and Be or BE’ is the . 
are required. 

Bemon. From the points & and &’ she ED and FE’ p’ at 
right angles to as. eam since BF : BP 2: 2; m, and (by 
sim. tri.) BF : BP :: DE: ; therefore BES DP+s snes 
Hence m . pE=n . DP; aad: to each n . Bp, then will m. pe+ 
2%. BD=n.BD+a. DP=n. PB, or the given sum. 

Ex. 3. In a given triangle abu, to inscribe another tri- 
angle abc, similar to a given one, having one of its sides pa- 
rallel to a line msn given by position, and the angular points: 
‘a, 6, c, situate in the sides as, BH, aH, of the triangle ABR 
respectively. 

Analysis. Suppose the thing done: 
and that abc is inscribed as required. 
Through any point c in 8H draw cp 
parallel to msn or to ab, and cutting 
aB in D; draw ce parallel to be, and 
pe to ac, intersecting each other in &. A 
il triangles pEc, acd, are similar, and Poe 

27ab-3s CB: bei: also ppc, Bab, are similar, and pc : ab: 
BC ; 


See 
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: Bb. Therefore sc : > BO: be; and they are about 
oneal angles, conanadenttyts ‘i , c, are inaright line... ;) 


Construc. From any point c in 8H, draw cD parallel to 
nm; on cp constitute a triangle cpe similar to the given one ; 
and thr ough its angles E draw | BE, which produce till it cuts aH : 
inc: through c draw ca parallel to ep and cb parallel to rc; 
join ab, then abe is the triangle required, having its side ab 
parallel to mn, and being similar to the given trigaee- 


Demon. For, because of the parallel lines ac, ve, ek ch, 
Ec, the quadrilaterals spc and gach, are similar ; and there- 
fore the proportional lines pc, ab, cutting off equal angles 
Bbc, Bab; scp, Bba; must make the angles EDc, EcD, respec- 
tively equal to the angles cad, cba; while ab is parallel to “ 
which is parallel to mu, by construction. 


Ex. 4. Given, ina plane triangle, the wartieal angle, the 
perpendicular, and the rectangle of the segments of the base 
made by that perpendicular ; to construct the triangle, 


Anal. Suppose axc the triangle re- 
quired, sp the given perpendicular to 
the base ac, produce it to meet the peri- 
phery of the circumscribing circle aBcH, 
whose centre is 0, in H ; then, by th. 61 
Geom. the rectangle nD . DH==AD . DC, 
the given rectangie: hence, since gp 1s 
given, DH and BH are given ; therefore 
BI=HI is given: as also ip=oF: and the angle EOC is == age 
the given one, because roc is measured by the arc kc, and 
asc by half the arc aKc or by sc. Consequently ec and ac= 
2ec are given. Whence this i ay 





Construction. Find pu such, that pp . pp = the given rect- 


D. DC Macs datas 
: —; then on any right line cr take . 





angle, or find pa= 


rr = the given perpendicular, and ra=pn ; bisect re in o, 
and make noc = the given verticle angle ; then will oc cut 
rc, drawn perpendicular to o£, in c.. With centre o and ra- 
dius oc, describe a circle, cutting ce produced in a: through 
¥ parallel to. ac draw FB, to cut the circle i in B; join AB, CB, 
and asc is the triangle required. 


Remark. In a similar manner we may proceed, ee it 


is required to divide a given angle into two parts, the rect- 
angle 
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angle of whose tangents may be of a given ce epeueh See 
prob. 40, Simpson’s Select Exercises. 


Note. For other exercises, the student. may construct all 
the problems, except the 24th in the Application of Algebra 
to Geometry, at page 369, &c. of this volume. And that he 
may be the better able to trace the relative advantages of the 
ancient and the modern analysis, it will be adviseable that he 
solve those problems both geometrically and algebraically. 


PRACTICAL EXERCISES IN MENSURATION. 


Quest. 1. WHAT difference is there between a floor 28 
feet long by 20 broad, and two others, each of half the dimen- 
‘sions : and what do all three come to at 45s. per square, or 
100 square feet ? 3 

Ans. diff. 280 sq. feet. Amount 18 guineas. 

Quest. 2. Anelm plank is 14 feet 3 inches long, and I would 
have just a square yard slit off it; at what distance from the 
edge must the line be struck? Ans. 711 inches. 


Quest. 3. A ceiling contains 114 yards 6 feet of plaister- 
ing, and the reom 28 feet broad ; what is the length of it ? 
Ans. 365 feet. 
- Quest. 4. A common joist is 7 inches deep, and 21 thick ; 
but wanting a scantling just as big again, that shall be 3 inches 
thick ; what will the other dimensions be ? Z 
J Ans. 112 inches. 
Quest. 5. A wooden cistern cost me 3s. 2d. painting 
within, at 6d. per yard ; the length of it was 102 inches, and 
the hg i 2Vinches ; what was the width ? 
Ans. 271 inches, 
~Quesr. 6. If my court-yard be 47 feet 9 inches square, 
and I have laid a foot-path with Purbeck stone, of 4 feet 
wide, along one side of it, what will paving the rest with flints _ 
come to, at 6d. per square yard ? - Ans. 51. 16s. 01d, 


Quest. ‘7. A ladder 262 feet long, may be so planted, that 
it shall reach a window 22 feet from the ground on one side 
of 
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of the street ; and by only turning it over, without moving the 

foot out of its place, it will do the same by a window 14 feet © 

high on the other side ; what is the breadth of the street ? 
Ans. 87 feet 91 inches, 


Quest. 8. The paving of a triangular court, at 18d. per 
foot, came to 100/.; the longest of the three sides was 88 
feet ; required the sum of the other two equal sides ? 

Ans. 106: 85 feet. 


Quest. 9. There are two columns in the ruins of Perse- 
polis left standing upright : the one is'64 feet above the plain, 
-and the other 50: ina straight line between these stands an 
ancient small statue, the head of which is 97 feet from the 
summit of the higher, and 86 feet from the top of the lower 
column, the base of which measures just 76 feet to the cen- 
tre of the figure’s base Required the distance between the 
tops of the two columns ? Ans. 157 feet nearly. 


Quest. 10. The perambulator, or surveying wheel, is so 
contrived, as to turn just twice in the length of 1 pole, or 
{64 feet; required the diameter ? Ans. 2: 626 feet. 


} 

‘Quesr. 11. In turning a-one-horse chaise within a awot 
a certain diameter, it was observed that the outer wheel made 
two turns, while the inner made but one :.the wheels were 
hoth 4 feet high ; and supposing them fixed at the distance of 
5 feet asunder on the axletree, what was the circumference of 

the track described by the outer wheel? . Ans. 62-83 feet, 


Quest. 12. What is the side of that equilateral triangle, 
whose area cost as mucb paving at 8d. a foot, as the pallisad- 
ing the three sides did at a guinea a yard ? 
Ans. 72:46 feet. 


Quest. 13. In the trapezium agcp, are given, aB = 13, 
Bc=311, co=24, and pa=18, also a right angle ; required 
the area? , Ans. 410°122. 


Quest. 14. A roof which is 24 feet 8 inches by 14 feet 6 
inches, is to be covered with lead at 8lb. per square foot : 
what will it come to at 18s. per cwt.; — Ans. 22/. 19s. 103d. 


Quest. 15. Having a rectangular marble slab, 58 inches 
by 27, | would have a square foot cut off parallel to the short- 
er edge; I would then have the hke quantity divided from 
the remainder parallel to the longer side ; and this alternate- 


ly repeated, till there shall not be the quantity of a foot. 
Deets 
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left : what will be the dimensions of the remaining piece ? 
Ans. 20-7 inches by 6:086. 


Quest. 16, Given two sides of an obtuse-angled triangle, 
which are 20 and 40 poles ; required the third srde, that the 
triangle may contain just an acre of land? 

Ans. 58°876 or 23°099. 


Quest. 17, *The end wall of a house is 24 feet 6 inches 
in breadth, and 40 feet to the eaves ; 1 of which is 2 bricks 
thick, } more is 14 brick thick, and ‘the rest 1 brick thick. 
Now the triangular gable rises 38 courses of bricks, 4 of 
which usually make a foot in depth, and this is but 41 inches, 
or half a brick thick : what will this piece of work come to 
at 5/1. 10s. per statute rod ? Ans. 201. 11s. 71d. 


Quest. 18s How many bricks will it take to build a wall, 
10 feet high, and 500 feet long, of a brick and half thick : 
reckoning the brick 10 inches long, and 4 courses to the foot 
in height ? | Ans. 72000. 


Quest. 19. How many bricks will build a square pyra- 
mid of 100 feet on each side at the base, and also 100 feet 
perpendicular height: the dimensions of a brick being sup- 
posed 10 inches long, 5 inches broad, and 3 inches thick ? 

Ans. 3840000, 


_ Quest. 20. If, from a right-angled triangle, whose base is 
12, and perpendicular 16 feet, a line be drawn parallel to the 
perpendicular, cutting off a triangle whose area is 24 square 
feet ; required the sides of this triangle ? 

Ans. 6, 8, and 10. 


Quest. 21. The ellipse in Grosvenor-square measures 
840 links across the longest way, and 612 the shortest, within 
the rails: now the walls being 14 inches thick, what ‘ground 
do they enclose, and what do they stand upon ? 

Oe } enclose 4 ac. Or. 6 p. 
stand on 1760 sq. feet. 


‘Quest. 22. If around pillar, 7 inches over, have 4 feet 
of stone in it: of what diameter is the column, of equal 
length, that contains 10 times as much ? 
Ans. 22-136 inches. 

Quest. 23. A Gora fish-pond is to be made in a gar- 
den, that shall take up just half an acre; what must be the 
length of the chord that strikes a circle ? -Ans. 272 yards, 

Vou. I, “Qurs‘s 


t ; ’ 
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Quest. 24. When a roof is of a true pitch, or making a 
right angle at the ridge, the rafters are nearly 2 of the breadth 
of the building : now supposing the eves-boards to project 10: 
inches on aside, what will the new ripping a house cost, that 
measures 32 feet 9 inches long, by 22 feet 9 inches broad on 
the flat, at 15s. per square ? Ans. 81. 15s. 91d. 


Quest. 25. <A cable, which is 3 feet long, and 9 inches in 
compass, weighs 2%1b ; what willa fathom of that cable weigh, 
which measures a foot about ?> ° 3 Ans. 783 lb. 


Quest. 26. My plumber has put 281b. per square foot 
into a cistern, 74 inches and twice the thickness of the lead 
long, 26 inches broad, and 40 deep: he has also put three 
stays across it within, of the same strength, and 16 inches 
deep, and reckons 22s. per cwt. for work and materials. [, 
being a mason, have paved him a workshop, 22 feet 10 inches 
broad, with Purbeck stone, at 7d. per foot; and on the ba- 
lance, I find there is 3s. 6d. due to him ; what was the length 
of the workshop. supposing sheet lead of z's of an inch thick 
to weigh 5-899]b. the square foot ? 

Ans. 32 feet, 02 inch. 


Quest. 27. The distance of the centres of two circles, 
whose diameters are each 50, being given, equal to 30; what 
is the area of the space enclosed by their circumferences ? 

Ans. 559-119. 


Quest. 28. If 20 feet of iron railing weigh half‘a ton, 
when the bars are an inch and quarter era what will 50 
feet come to at 31d. per Ib. the bars being 7 of an inch square ? 

| Ans. 201. 0s. 2d. 


Quesv, 29. The area of an equilateral triangle, whose 
base falls on the diameter, and its vertex in the middle of the 
arc of a semicircle, is equal to 100: what is the diameter of 
the semicircle ? Ans. 26°32148. 


Quest. 30. It is required to find the thickness of the lead 
in a pipe, of an inch and quarter bore, which weighs 14lb. 
per yard in length ; the cubic foot of lead weighing 11325 
ounces ? Ans. 20737 inches. 


Quest. 31. Supposing the expense of paving a semicir- 
cular plot, at 2s. 4d. per foot, come to 101. ; what is the dia- 
meter of it ? Ans. 14°7737 feet. 


QugEsT. 
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Quest. 32. What is the length of a chord which cuts off 
4 of the area from a circle whose diameter is 289 ? 


Ans. 278-6716. 


Quest. 33. My plumber has set me up a cistern, and his 
shop-book being burat, he has no means of bringing in the 
charge, and I do not choose to take it down to have it weigh- 
ed; but by measure he finds it contains 64,3, square feet, and 
that it is precisely 1 of an inchin thickness. Lead was then 
wrought at 21/. per fother of 191 cwt. It is required from 
these items to make out the bill, allowing 64 oz. for the weight 
ef a cubic inch of lead ? Ans. 41, 11s. 2d. 


\ Quest. 34. What will the diameter of a globe be, when 
the solidity and superficial content are expressed by the same 
number ? | Ans. 6. 


“Quest. 35. A sack, that would hold 3 bushels of corn, is 
221 inches broad when empty ; what will another sack con- 
tain, which, being of the same length, has twice its breadth, 
or circumference ? Ans. 12 bushels. 


Quest. 36. A carpenter is to put an oaken curb to a round 
well, at 8d. per foot square: the breadth of the curb is to 
be 73 inches, and the diameter within 31 feet ; what will be 
the expense ? Ans. 5s. 21d. 


Quest. 37. A gentleman has a garden 100 feet long. and 
30° feet broad ; and a gravel walk is to be made of an equal 
width half round it; what must the breadth of the walk be 
to take up just half the ground ? Ans. 25°968 feet. 


Quest. 38. The top of a may-pole, being broken off by a 
blast of wind, struck the ground at 10 feet distance from the 
foot of the pole ; what was the height of the whole may-pole, 
supposing the length of the broken piece to be 26 feet ? 

; Ans. 50 feet. 


Quest. 39. Seven men bought a grinding stone, of 60 
inches diameter, each paying } part of the expense ; what part 
of the diameter must each grind down for his share ? 

Ans. the Ist 4.4508, 2d 4-8400, 3d 5°35535, 4th 6°0765, 

5th 7:2079, 6th 9°3935, 7th 22-6778 inches. 


Quest. 40. A maltster has a kiln, that is 16 feet 6 inches 
square: but he wants.to pull it down, and build a new one, 
| that 


680 QUESTIONS IN MENSURATION. 


that may dry three times as much at oncé as the old one, 
what must be the length of its side? . Ans. 28 feet, 7 inches, 


, Quest. 41. How many 3-inch cubes thay be cut out of 2 
12. inch cube? . Ans. 64. 


Quest: 42. How long must the tether of a horse be, that 
will allow him to graze, quite round, just an acre of ground ? q 
; Ans. 39} yards. 


Quest. 43. What will the painting of a conical spire come 
to, at 8d. per yard; supposing the height to be 118 feet, and 
the circumference of the base 64 feet? — Ans. 141. 0s. 83d. 


Quest. 44. The diameter of a standard corn. bushel is 183 
inches, and its depth 8 inches; then what must the diameter 
of that bushel be whose depth is 71 inches ? 

Ans. 19°1067 inches, 


Quest. 45. Suppose the ball-on the top of St. Paul’s church 
is 6 feet in diameter; what did the gilding of it cost at 31d. 
per square inch? Ans. 2371. 10s. Id. 


Quest. 46. What will a frustum of a marble cone come to, 
at 12s. per solid foot; the diameter of the greater end being 
4 feet, that of the less end 14; and the length of the slant 
side 8 feet? Ans. 301. 1s. 103d. 


Quest. 47. To divide a cone into three equal parts by 
sections parallel to the base, and to find the altitudes of the 
three parts, the height of the whole cone being 20 inches ? 

Ans. the upper part 13-867. 
the middle part 3-605. 
the lower part 2-528. 


Quest. 48. A gentleman has a bowling green, 300 feet 
long, and 206 feet broad, which he would raise 1 foot higher, 
ny means of the earth to be dug out of a ditch that goes round 

: to what depth must the ditch be dug, supposing its breadth 
re ‘be every where 8 feet ? Ans. 723 feet. 


QuEST. 49. How high above the earth must a person be 
raised, that he may see 4 of its surface ? 
Ans. to the height of the éarth’s diameter. 


Quest. 
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Quer, 50. A cubic foot of brass is to be drawn into wire, 
ef J, of an inch in diameter; what will the length of the 
wire be; allowing no loss in the metal ? 

Ans. 97784-797 yards, or 55 miles 984°797 yards. 


Quest. 51. Of what diameter must the bore of a cannon 
be, which is cast for a ball of .24lb. weight, so that the diame- 
ter of the bore may he ,; a an inch more than that ef the 
ball ? Ans. 5°647 inches. 


Quest. 52. Supposing the diameter of an iron 9Ib. ball 
to be 4 inches, as it is very nearly ; it is required to find the 
diameters of the several balls weighing 1, 2, 3, 4, 6, 12, 18, 
24, 32, 36, and 42]b, = the caliber of their guns allowing 
ga of the caliber, or ;'5 of the ball’s diameter, for windage. 


Answer. 


Wt. of| Diameter | Caliber of 
ball. ball. gun. 


SD 00 











b 1°9230 1°9622 
2 2°4228 2°4723 
3 2°7734 2°8301 
% 30526 3°1149 
6 3:4943 3°5656 
9 4-0000 4:0816 
12 44026 4°4924 
18 5:0397 5°1425 
24 5:5469 5:6601 
32 6°1051 6°2297 
36 6°3496 86-4792 
42 6°6844 6°8208 


_ Rear. 53. Supposing the windage of all mortars to be 
. of the caliber, and the diameter of the hollow part of the 
ell to be { of the caliber of the mortar: it is required to 
determine the diameter and weight of the shell, and the quan- 
tity or weight of powder requisite to fill it, for each of the 


several sorts of mortars, namely, the 13, 10, 8, 5°8, and 4°6°- 


inch mortar. 


Answer, — 


Ne 
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Calib. of| Diameter | Wt. of shell) Wt. of | Wt. of shell 
mort. | of shell. | empty. | powder. filled. 





ee | eee tee | wee 











4:6 4:523 8°320 0°583 8:903 

5°8 5:703 16°677 1°168 J. $7845 * 

8 7°867 43°764 | 3°065 46°829 
10 9°833 85:°476 5°986 91°462 
13 12:783 187°791 13°151 200:942 


Quest. 54. If a heavy sphere, whose diameter is 4 inch- 
es, be let fall into a comcal glass, full of water, whose di- 
ameter is 5, and altitude 6 inches ; it is required to determine 
how much water will run over ? 

Ans. 26°272 cubic inches, or nearly } of a pint. 


Quest. 55. The dimensions of the sphere and cone being 
the same as in the last question, and the cone only 1 full of 
water ; required what part of the axis of the sphere is im- 
mersed in the water ? - Ans. °546 parts of an inch. 


Quest. 56. The cone being still the same, and 1 full of 
water; required the diameter of a sphere which shall be 
just all covered by the water ? Ans. 2°445996 inches. 


Quest. 57. If a person, with an air balloon, ascend verti- 
cally from London, to such a height that he can just see Ox- 
ford appear in the horizon ; it is required to determine his 
height above the earth, supposing its circumference to be 
25000 miles, and the distanee between London and Oxford 
49-5933 miles ? Ans. ;3;5 of a mile, or 547 yards 1 foot. 


Quest. 58. In a garrison there are three remarkable ob- 
jects a, B, c, the distances of which from one to another are 
known to ‘be, aB 213, ac 424, and Bc 262 yards ; I am desirous 
of knowing my position and distance at a place or station s, 
from which { observed the angle asp 13° 30’, and the angle 
esg 29° 50 both by geometry and trigonometry. 

Answer, . 
as 605-7122 ; + Spy C 


? 
Bs 429-6814 ; SRA 
cs 524-2365. 


Quest. 59. Required the same as in the last question, - 
when the point 8 is on the other side of ac, supposing aB 9, 
AC 
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ac 12, and gc 6 furlongs ; also the angle ass 33° 45’, and the 
angle ssc 22° 30’. B 


Answer, 
as 10°64, Bs 15°64, cs 14:01. | 


Ss 
Quest. 60. It is required to determine the magnitude of 
acube of gold, of the standard fineness, which shall be equal 
to a sum of 480 million of pounds sterling, supposing a guinea 
to weigh 5 dwts 93 grains. , Ans. 18°691 feet. 


Quest. 61. The ditch of a fortification is 1000 feet long, 
9 feet deep, 20 feet broad at bottom, and 22 at top ; how much 
_ water will fill the ditch ? Ans. 1158127 gallons nearly. 


Quest. 62. If the diameter of the earth be 7920 miles, 
and that of the moon 2160 miles: required the ratio of their 
surfaces, and also of their solidities : supposing them both to 
be globular, as they are very nearly ? 

Ans. the surfaces are as 131 to 1 nearly ; 
and the solidities as 493 to 1 nearly. 


END OF THE FIRST VOLUME. 
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